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Abstract

The smoothed particle hydrodynamics (SPH) method is used in this paper to model micropolar fluids,
with emphasis on their dissipation mechanisms. To this aim, a dissipation function is defined at the particle
level which depends on the relative velocity between particles but also on an additional spin degree of
freedom, which modifies such relative velocity as well as introduces spin related intrinsic dissipation
mechanisms, comparable to those related to the rate of deformation tensor in Newtonian fluids. This
dissipation function is then incorporated within the Lagrangian formalism, leading to a set of SPH particle
equations to describe the dynamics. A continuous integral SPH version of the scheme is obtained with a
bottom-up derivation which guarantees the consistency of the SPH term. The model is then enriched with
two additional terms based exclusively on the spin derivatives, which grant it the maximal generality as an
isotropic model for micropolar fluids. Finally, numerical verification and validation tests are documented,

that show that SPH is capable of accurately modeling this type of dynamics.
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I. INTRODUCTION

Smoothed Particle Hydrodynamics (SPH) is a numerical technique that can simulate
macroscopic flows through a Lagrangian description of the fluid dynamics [? ? ]. In regards
to the application of the method to different types of fluids, as expected due to their prevalence,
Newtonian fluids have received much attention (see e.g. [? ? ? ? ]). Beyond, there have been
successful attempts to model more complex fluids with SPH, such as e.g. Oldroyd type [? ? ? ? ],
Jaumann-Maxwell [? ] and inelastic non-Newtonian [? ]. Such attempts have been complemented
by the addition of thermal fluctuations to the SPH model to describe mesoscopic scales (known as
SDPD), which allowed to model polymer molecules in suspension [? ? | and blood flow [? ]. As
the complexity of the fluid behavior increases, there is major concern about how the extensions of
the SPH method affect fundamental aspects of fluid motion, such as the conservation of linear and
angular momentum, and any other property inherited from the underlying microscopic physical
reality.

In [? ? ], the introduction of dissipation functions at the particle level, with the appropriate
symmetries related to Galilean invariance, rotational invariance and tensorial objectiveness [?
], allowed us to derive the SPH form of the Newtonian viscous terms from first principles of
conservation and thermodynamic consistency. This bottom-up approach is proven capable of
producing new force terms to model an arbitrary bulk viscosity, independent of the shear viscosity,
the latter modeled through the usual Monaghan and Gingold’s term [? ], for example. The
objective of present research is to apply this technique to derive SPH equations for more complex
fluids, in particular micropolar ones, with the maximal generality. The application of this method,
in addition, has allowed us to critically review some of the existent approaches within the SPH
framework, which is also of physical interest.

Micropolar fluids are fluids with microstructure, reflected in these fluids having an additional
local degree of freedom, the spin, for which a time evolution equation can be set, evolution which
affects the dissipation characteristics of the flow. The polarity refers to the fact that the spin
dynamics is connected to the presence of torques at the microscopic level. The reader is referred to
references [? ? ? ? ] for extensive descriptions of the physical models for these fluids. In regards
to their practical applications, a review is provided by Ariman et al.[? ]. Lubrication modelling
appears as an important area because the presence of additives and dirt in the lubricating fluids

deviates their physical behavior from the Newtonian model [? ]. More recently, even this kind of



micro-rotation related diffusion processes has been investigated in the context of the transport of
coronavirus in body fluids [? ].

Even though the nature of micropolar fluids seems to intrinsically match with the basis of a
particle method such as SPH, they have scarcely been treated in the SPH literature. In the context
of computer graphics, a number of authors have recently incorporated a spin degree of freedom
to their SPH model, with the aim of tuning the intensity of turbulent structures [? ? 2 2 ? ]. In
SDPD, analogous to SPH but with thermal fluctuations, Miiller ef al. [? ], inspired by previous
works in the Voronoi particle dynamics method [? ], incorporated a spin degree of freedom to
construct a model in which the angular momentum is conserved despite the fact that the forces
between particles are not central, i.e. torques are exerted on the particles. An example of non-
central forces is the type introduced by Morris [? ] for the translational motion of the particles
which, if no description of the rotational dynamics is introduced, leads to the non-conservation of
the total angular momentum. However, although the formulation of Miiller er al. [? ] restores
the conservation of angular momentum, the dynamics of the particle spin is very restrictive, as is
applicable to Newtonian fluids only.

In this article we show, in the first place, that the spin inertia is of molecular size in the
continuum limit and, therefore, is negligible in most of the possible practical cases. This implies
the well known result for Newtonian fluids that the particle spin follows the local vorticity and
has no independent dynamics. As a consequence, the role of the spin in this SPH formulation
is scale-dependent, and its importance vanishes in the continuum limit. Secondly, we propose a
method to assign a moment of inertia to the model particles which reflects such scale-dependence.
With this prescription, we show that the fluid conserves angular momentum even if there are non-
central interparticle forces inducing net torques. Without the explicit description of the spin, such
tangential forces are forbidden if angular momentum is to be conserved, as we demonstrated [? ?
].

In the third place, we generalize the spin dynamics beyond Newtonian fluids, by introducing
new dissipation terms into the SPH bottom-up formulation that have not been modeled at the
discrete level and validated, so far. These new terms eventually induce spatial derivatives of the
spin variable in the continuum limit. Within this model, even though the moment of inertia is of
molecular size (vanishingly small from the SPH perspective), still the spin is not enslaved by the
vorticity, but it behaves as an independent field, coupled to the translational dynamics of the fluid.

Our scheme will, by construction, conserve angular momentum, a property which is desirable in



any numerical scheme, particularly if free surfaces are involved (see e.g. [? ? ? ]), and which has
received particular attention in the SPH literature [? ? ? ]. We show that the new terms included
in the SPH description permit to model the general micropolar fluid described by the pioneering
work of Condiff & Dahler [? ] in the continuum limit. Therefore, the new SPH model presented
in this article can be considered as the most general particulate description for micropolar fluids.
The paper is organized as follows: in section 2 we introduce the SPH framework, and derive
the new contribution to the dissipation force for a general system with an additional spin degree of
freedom. The hydrodynamic limit of the model is derived in section 3 and is shown to be equivalent
to a particular micropolar fluid viscous term, which has no effect on steady-state solutions of
the problem for common macroscopic fluid conditions. The model is then enriched to account
for dissipation mechanisms based on spin variations that eventually lead to a general model for
micropolar fluid dynamics. Numerical verification and validation cases are proposed in sections 5

and 6. Some conclusions are enumerated and future work threads proposed to close the paper.

II. DERIVATION OF A SPH FORMULATION WITH SPIN.
A. The SPH approximation to the hydrodynamic fields

Let us consider an ensemble of N isotropic particles representing fluid elements located at
positions 7;, i = 1,..., N with velocities u;, masses m;, and volumes V;. Since the particles are
considered as macroscopic objects, we can define the internal energy per unit of mass ¢; and the
particle entropy per unit of mass s;. To model micropolar fluids, we assume that the particles are
isotropic but that they can rotate. The case of non-isotropic particles will be treated elsewhere.
In SPH, fields are associated to corresponding physical properties carried by particles, or defined

from the immediate neighborhood. The main example of the latter is the particle mass density [?

]:
N
pi=m; Y Wry; h), (IL1)
j=1

where W is a weight function referred to as kernel. Here, r;; = »; — r; and r;; = |r;;|. The particle

volume V; is estimated as

v =M (I.2)
Pi



The kernel W is a positive definite, monotonously decreasing, integrable function with a
characteristic length h (see [? ] for a recent discussion on the choice of kernels’ characteristic
length), which will be omitted in the notation where no confusion could occur. In this article, this

kernel is isotropic and its volume integral is normalized, i.e.

fdr W(r) = 1. (I1.3)
The spatial gradient of the kernel satisfies
w
ViW(rij) = €ij = —1iiF(rij) = =V;W(r;), (IL4)
ij

where e;; = 7;;/r;; is a unit vector, and F is defined from this equation, being a positively definite
function by construction.

In SPH, to reproduce smooth fields, insensitive to the underlying particulate nature of the
description, it is required that V; < A", i.e. that the number of particles v in a given particle
environment, determined by the range of the kernel s, must be large enough. Here n is
the dimensionality of the space. Otherwise, the local fields show large fluctuations at short
wavelengths of the fields, revealing the aforementioned particulate nature of the model. Moreover,
to recover the hydrodynamic behavior, as described by the Navier-Stokes equation, the so-called
hydrodynamic limit must be invoked [? ]. The latter states that the characteristic wavelengths of
the fields must be much larger than 4 so that spatial variations of the fields up to O(k?) are sufficient
to describe the dynamics, k being the field wave number. Hence, if L ~ 1/k is the characteristic
length for the variation of a hydrodynamic field, the continuous limit description should be reached
when h/L ~ kh — 0 with V;/h* — 0 [? ? ? ]. The latter limit will be discussed in next section.

Following the approach of [? ], the conservative dynamics of the system can be derived from

the Lagrangian

L[7,71,0:,0;] = Z [E (mi 2+ m 01'2) -m Ut r) —m;V(t,0,) —m;e(p;, s)|,  (ALS)

1

where the first term on the right hand side of this equation is the kinetic energy of the particles,
which includes a translational and a rotational term. The rotational term is computed considering
an additional rotational degree of freedom, 6;, with units of angular displacement, and the particle
inertia per unit mass, /;. In equation U is a general external potential field such as gravity, V
is an external potential field leading to a body torque, 7; = u;, and we denote §2; = 6, referring to
it as the spin, from now on. e is the internal energy, which is considered to be a function only on

the particle thermodynamic properties (density, p;, and entropy, s;) in the present model.
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FIG. 1: Schematic representation of two interacting particles, with internal rotation, including all the

variables necessary to define u; It

To introduce the dissipative forces for rotating particles, let us first consider that the viscous
dissipation is generated due to friction at the contact point, defined as the mid point between the
centers of the two interacting particles i, and j. The composition of the translational velocity and
the velocity induced by the spin (see Fig. [I)) at such contact point leads to the following velocity

difference at contact

u; = Wi =y X Ty, (IL6)

with w;; = u; — u; and Q;; := ( + Q;)/2.

The assumption that the contact point can be considered as the mid point is the result of
assuming that the boundaries between two adjacent particles are placed at the mid point, and
therefore there is where the friction is located. Other options could be considered but one expects
they would not significantly affect the long-wavelength behavior of the system.

Together with the Lagrangian, following [? ? ? ] we define the dissipation function, often
referred to as Rayleighian, summing all over the particles’ pairs, as

Op= Y - Aylr) -uij, (IL7)
i,j>i

with a definite positive bilinear form:
A;j(rij) = F(rij) (1 eij®eij+ LI ViV, (IL.8)
in which the coefficients {;, {; have dimensions of dynamic viscosities.
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The introduction of the spin degree of freedom leads to major differences with respect to [? ?
], thus justifying the need for the derivations that follow next.
The right hand side of eq. (IL8)) is the more general form for a second rank objective tensor,

*

constructed from particle coordinates [? ]. So defined, and considering the form of the u; -

this dissipation function is as general as it can be in regards to being invariant to translations
and rigid rotations, a property which is crucial in numerical methods for inducing no spurious
dissipation. These imposed symmetries in the dissipation function are analogous to the symmetries
of the Lagrangian. Effectively, if the dissipation function is invariant under translations and solid
body rotations, the total momentum as well as the total angular momentum of the system will be
unaffected by the dissipative forces derived from the former.

Applied to u;;, it leads to:

4 4 a 2
®p =5 Z F(rij) (e - uz’j)2 ViV + ) Z F(rij) (uij - Q;; X Tij) Viv;, {1.9)

i,j#i i j#i
where the summation takes now each pair twice, a convention which is possible due to the
symmetry of the interactions, and that facilitates some of the deductions later on. Since F(0) = 0
for common kernels, the restriction j # i in the summation in this equation, and in the ones that
follow in the rest of the paper, could ultimately be removed.

The second term in eq. ([I.9) is the new contribution proposed, and represents the friction
between two particles due to the velocity difference in the mid point between the particles, induced
by the translational velocities and the spin induced ones.

Notice that in egs. and we have made the distinction between the independent
variables in the Lagrangian 7;, r;, 0., 0. and the ones in the Rayleighian u,;, €2;, although one
assumes that 7; = u; and 0; = €, at the end. Moreover, the dissipation function must be a

quadratic function of the velocities. Under these conditions, the dynamics of the system is given

by
d(oL) _ oL _ v
dt\or; aor; 7 wL10)
d(oLy oL _ '
dt\opg,) 06, "’

where QY, 7.V are, respectively, the generalized dissipative forces and torques acting among the

particles, which are obtained from differentiation of @, with respect to u; and €2;, respectively,



1.e.

P _
Q,V = _a_ui(DD =-{ Z F(rij) (Uij : eij) e;ViVi—0 Z F(rij) (uij — € X 7“,-]-) ViV, (IL.11)
0 1) _
(]‘iV = _6_fziq)D = 5 Z F(l’ij) T X (uij - Qij X rij) VIVJ (1112)
Eq (IL.11)) can be written as
0
Q= _a_ui(DD =={ Z]: F(rij) (uij : eij) e;;ViV;

- Z F(rij) u;V;V; (IL.13)
J

+ 0 Z F(rij) (ﬁij X 7)) ViV,
J

With this notation, as discussed in [? ], the first contribution corresponds to the Monaghan and
Gingold’s viscous term [? ], and the second to the Morris et al. viscous term [? ]. However, the
first term conserves angular momentum while the second does not. As will be seen later in the
paper, the third term, the contribution due to the spin and the related spin derivative equation, will
allow to correct this matter.

The equation of motion for the roto-translational dynamics of the ensemble of particles obtained

from eq. (II.10) reads:
du,‘

miE = mific +mg; + m iV7 mifiv = sz’
(I1.14)
ds;
m,'I[W :m,‘tic'i'miGi'i'mitlya mit;/::(]-iv’

where m; f€ is the interparticle conservative force, g; the acceleration due to the conservative
body forces, i.e. g; = —AU/dr;, and f are particle accelerations due to the considered dissipative
forces. The second equation of ([I.14)) governs the particle spin dynamics. In analogy with the
first equation, the terms on the right-hand side are: m; t°, the interparticle conservative torque, G,
the angular acceleration due to the body torque field linked to the potential V, i.e. G; = -9V /00;
and finally ¢}’ is torque per unit of particle mass due to the considered dissipative torques.

Making use of the properties of internal energy e and translational invariance, one can write

m; ff in equation [II.14|(see [? ] for details) as:

m; iCE_ijZ_::_ij%S%:Zj:

i J

piVi+ piV}

ViV;

'r'ijF(rij) ViVj, (IIIS)




where we have used the fact that the particle pressure is linked to the internal energy: p =
o° de /(’)p|s. In this derivation we have considered that the entropy s is intrinsically carried by
the particles and is not a function of the environment, as the local mass density p is. Considering
that the density field is affected by the particle positions and not by the spatial rotations, in the
present model ¢¢ is assumed equal to zero.

Equations are integrated in time to describe the dynamics of the system, including the

formulated dissipative forces and torques.

B. Conservation of angular momentum

As discussed after introducing Eq. (IL.13), the terms in Eq. lead to two distinct

contributions to the viscous force considered. The first one is the Monaghan and Gingold’s force:
mi £16 = =41 Y F(ry) (wis - e) €V, (IL.16)
J

The second contribution is the Morris et al. [? ] one, but applied to the spin corrected velocity

difference (I1.6):
m f,-Q =-0 Z F(rij) (uij - ﬁij X T‘ij) Viv;, (I1.17)
J

This contribution results from the mutual influence between the spin dynamics and the particle
translational motion.

According to eqs. (II.16) and ([I.17)), by permuting the indices we arrive to the conclusion that

the contribution of particle j to the force applied to particle i, m; fl.;, and vice-versa, verify:
mi fij = —m; fj. (IL18)

Thus, the total force on the center of mass of the pair is zero and, therefore, the total linear
momentum of the system will be a conserved quantity under the action of this force.

Conversely, the torque induced by this force over the pair is not zero, indeed:

MG Q Q
'riXm,-_fi? + rijjfjvi = rinmifivj = ’rl-ij,-(fij + fij) = rinmifiJ- 0, (1119)

which indicates that the forces involved induce a net change in angular momentum. However, it
can be easily checked that the torque contributions (m; t+m;t) in eq. (II.14)) cancel those in eq.
(IT.19), thus implying that angular momentum is globally conserved.

10



C. Entropy production.

Some energy considerations are necessary in order to compute the dissipation rate of the model as
well as to set reasonable limits to the model’s parameters i, .

The total energy of the system of particles is defined through the following contributions:
1
E = Z |:§ (mi ’U,iz + m; Ii Qiz) + m; U(l, Ti) + m; (V(t, 01) + m; €(pi, Si)l s (IIZO)

Assuming the system is isolated, differentiating Eq. (II.20) with respect to the time and considering

the conservation of & we get:

. du; dSQ; de;
E = Z[m,u,% + miliﬂi'd—tl - mu; - g; — miQ,"Gi + m,%] =0. (1121)

As discussed when deducing Eq. (II.15):

il .22
P; p; ( )

Di =

N
In addition, in accordance with the second law, the temperature 7; of a particle is obtained as the

variation of the specific internal energy as a consequence of variations of the entropy field:

de;
T, = oe) (I1.23)
ﬁsi \%
Considering this and the continuity equation,
dpi Ipi
o |, I1.24
dr ZJ: [87‘ ; “J] ({-24)
the time derivative of the internal energy can be expressed as:
dei (96,' dp, Bei dSl' Di 6/), dSl'
— = —| —+ —| — == —u;| + T —. I1.25
dt = pily dt * dsilv dt P Z[ar, "’ dt (12>

J
Multiplying the first eq. of by u; and the second equation by €2;, substituting both and
de;/dt in (I1.21]), one finally gets:

ds;
Z[m[fiv cu +omit] -+ my T, a’_st] = 0. (I1.26)

If the forces and torques in eq. are dissipative, by the Second Law of Thermodynamics the
entropy production of the system must be positive, i.e.,
Z miT,-@ =—Z[m,fvu,+m,tvﬂl]20 (1127)
- dt 4 l

i

11



If the RHS is expanded in its various terms, one gets:

]

- Z [m; £ - w; + mit] - Q] = Z Sru; - ZF(rij) (uij : eij) e;;ViV;
i j

+Hu; Z F(rij) (uij - Q;; rij) ViV; (I1.28)
J

529,- . ZF(r,-j)r,-jx(u,-j—ﬁijxr,-j) ViV;l.
J

2
It can be seen (see appendix [A]) that the RHS of eq. is equal to dissipation function ®@,.
Therefore, eq. (II.27) implies that:

®p > 0. (11.29)

From the entropy production we can derive important conclusions about the restrictions on the

values of the dissipative coefficients in the present model. To do so, let us rewrite the right-hand

side of eq. as:

1 2 — 2
oy = 5 Z V[VjFij [{1 (U,‘j . eij) + & (u,-j - QU X Tij) ] R (11.30)
ij
and introduce the unit vector 7;; normal to e;;, such that the velocity field u;; is decomposed as
follows:
Wij = (“ij ' eij) €ij + (uij"rij) Tij - (I.31)

Substituting the expression above inside the formula for @, we find:
1 2 2
Op = 5 ,Z,l ViVjFij{fl (uij ' eij) + 0 [(uij : eij) €ij — hij] }
where:

hij = (uij ' ﬂj) Tij — Qi X 1 (11.32)

We observe that h;; - €;; = 0, since e;; is parallel to r;; and 7;; - €;; = 0 by definition. Then,

expanding the second term inside the summation and rearranging, we find:
1 2 2
®p = 5 Z ViViFij| ({1 + &) (Uij : eij) + &kl
ij
To guarantee the positiveness of @, it is sufficient to require:

H 20, and &2 4. (I1.33)

12



III. FROM THE DISCRETE TO THE CONTINUUM
A. Momentum equation

As demonstrated by the authors in [? ], the continuous equivalent of the integral form (the limit
in which the volume of each particle goes to zero) of the force fM¢, eq. (ILT6), is, written in the

continuum as a force per unit volume p f4°:

o fHO(r) = ﬁ Viu(r) + nfjv (V-u)(r)+ Oh?), (II1.34)

where 7 is the spatial dimensionality of the problem.

As for the other contribution to the dissipative force, £, eq. (IL.17), let’s split it in two parts:

pi £ = -5 ) F(rpuy V), (I1L.35)
J
Pi .fiQ” =0 Z F(ri)) (ﬁij Xri) Vi, (II1.36)
J

Regarding fiQ’, also in [? ] it is shown that the continuous equivalent of equation ([II.35)) is:

5] Vzu(r) + O(h?). (I11.37)

pfUr) =
Regarding fl.Q”, using the definition of &;; x r;; in Eq. (I.6), Eq. can be rewritten as:

lle// _ Q %

ZF(rU)'r,j ) % D UF@) (@ x 1) Vs, (I1.38)
J

The first term is zero in the continuum, as it is an approximation of the integral of the kernel
derivative in a system considered isotropic, while the second one is a discretization of V x €2 (see

e.g. [? 1). Both are of order A? in their integral form. Therefore:

& &

p fr) = Vzu( ) + EV xQ + Oh?). (I11.39)
Collecting back the terms together and taking the limit when the smoothing length, 4, goes to zero,
one gets:

pof'(r) = ¢ + é Zu(r) + {—V (V- -u)(r) + é VxQ. (111.40)

2(n+2) n+

The viscous force in Eq. ([I1.40) has the structure of the Newtonian one plus a rotational term.
Together with the pressure term and the body force, they lead to the continuous momentum

equation:
— = =-Vp+pf" + pg. (I11.41)

13



It is germane to mention that Miiller et al. [? | proposed, for their model, this same dissipative
term with however three degrees of freedom: a shear, a second and a rotational viscosity,
postulating a-posteriori restrictions in their values. In present paper, it has been shown that by
deriving this force with a bottom-up approach from the particle level, only two coefficients are
actually necessary to set the intensity of the dissipation mechanisms involved due to the restrictions

imposed by the required symmetry of the dissipation function in eq. (IL.9).

B. Spin equation

Let us recall the second eq. in (II.14), making explicit its RHS:

s, & =
m; 117 = m; G[ + E Zj: F(rl-j) ’I",'j X ('U,,/ - Qij X ’I",'j) VIVJ . (11142)

To move to the continuum, let us divide eq. by the particle volume V; and split the second
term in the RHS in eq. in its two summands:

das; —
pili? = Pi Gi + % ZF(rij)(Tin ’U,U) Vj—ZF(rij)rin(Qinr,-j) Vj . (11143)
J J

The first term is a second order approximation to V X u (see e.g. [? ]) in the integral form, while

for the second term (see appendix [B):

Z F(r,-j) Tij X (ﬁl} X 'rij) Vj =2 Qi + O(hz) . (11144)
J

Combining both, and taking the limit when the smoothing length, A, goes to zero, one gets the

continuum analog of eq.

d2

In appendix [C|a discussion on the physical meaning of the moment of inertia per unit of mass 7
is provided. A proposal for assigning it a specific value in the numerical simulations is also there

included.

C. Identification of the present model with a continuous micropolar model

The micropolar viscous force per unit volume in the momentum equation has the form (see [?

], ch.3):
of™ = (u+u) V’u + U+ A—p)V (V-u) + 21,V xQ, (I1L.46)

14



where u, A and u, are the shear, second and microrotation viscosities, respectively.
Comparing Eq. (III.46) with the force derived in present work (Eq. (II1.40)) one gets the

following dependence of these parameters with the two independent coeflicients of present model

gl’ §2:

4 &
M = + =,
2n+2) 3
A= S u=u-A, (I1.47)
2n+2)
l’lr 4 .

Since, as shown in section [IlIC| {; > {3, {» > 0, the following limits apply to u, , and A:

u =0,

pr 20, (I11.48)
2 2
——'uS/lS,u, = 0§,u,£,u(1+—).

n n

As for the bulk viscosity «p, defined as (see [? ]):

2
kg = A + 7” (I11.49)

the following limits apply for «p in the micropolar fluid model developed herein, as a consequence

of those of u and A:

2
0<kp < p(l + ;). (I11.50)

The lower limit, kz = 0, corresponds to fluids which verify the Stokes’ hypothesis. Contrary to
the standard SPH viscous terms, which, as shown in our previous work [? ], do not allow to model
such fluids, the proposed model certainly allows to reach that lower limit for the bulk viscosity.

Regarding the upper limit, it implies that with the present fluid model, if a large bulk viscosity
is necessary, then a large shear viscosity, u, will have to be considered too. Summarizing, the bulk
and shear viscosity are independent, but the range of admissible bulk viscosities is a function of
the shear one. To overcome this limitation, the bulk viscosity model and associated dissipation
function, developed by the authors [? ], should be added to the present model, which is an

alternative that presents no additional difficulty, and remains in the same theoretical framework.
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It is interesting to point out at this stage that if equation is reshaped using that

Vu=V(V-u)-Vx(Vxu), (I11.51)
one gets:
pf"™ = uViu + W+ DV (V-u) + 4,VXx 292 - Vxu) (I11.52)

If the spin is equal to half the vorticity, eq. becomes the standard Navier-Stokes momentum
equation for Newtonian fluids. Indeed, as discussed in section|C| by inspecting the spin evolution
equation, eq. (II[.43), one can see that, in the present model, the spin is equal to half the vorticity
if the inertial term on its left-hand side is zero, provided the external body torque is zero. Under
these conditions, the model developed so far reduces to that of a Newtonian fluid.

Also, under these conditions, the momentum equation (II1.52)) gets decoupled from the spin
evolution one, eq. ([I1.43). A general isotropic micropolar fluid model, in which the dissipation
function is enriched with terms depending on the spatial derivatives of the spin, can be developed.
For this model, the referred uncoupling does not occur. This general isotropic micropolar fluid
model will be obtained and validated next.

It is important to note that the momentum equation for micropolar viscous flows
adopted in this section is the one proposed by Condift & Dahler [? ] and later used by Lukaszewicz
in his book [? ]. However, authors like Eringen [? ] proposed alternative constitutive laws by

redefining the viscosity coefficients. Indeed, in [? ] the following equation, equivalent to Eq.

(I11.46)), was proposed:
(1.46), was prop
o f" = (/J+K)V2u + W+ DV (V-u) + «kVXQ, (II1.53)

with the corresponding, also equivalent, spin equation:

Q
pfa;l—t =pG - k(29 - Vxu) (I1.54)

In this latter formulation the rotational viscosity is referred to as k. When this alternative
formulation is used, the dependence of its coefficients (i, x, A1) with {; and ¢, needs to be
consistently readjusted, changing Eqs. ([I1.47) accordingly. This Eringen’s [? ] alternative

formulation is used in one of the reference solutions considered in section [V]
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IV. A GENERAL ISOTROPIC MICROPOLAR FLUID MODEL IN SPH.

Inspired by Condiff & Dahler [? ], the following dissipation function @7, is now proposed,

extending @ defined in Eq. (II.7) to account for dissipation mechanisms based on spin derivatives:

D), = Op + DY, (IV.55)
with
(Dg = Z Qij . IB,»j(r,-j) . Qij’ (IV56)
ij>i
where €2;; := ; — €2}, and where B is an objective tensor of second rank, with the same structure

like A, as defined in Eq. (IL8):
Bij(rij) = F(rip(&1ej®e;;+ &I)ViV, (IV.57)

This is the most general form that preserves translational and solid-body rotational invariance of
the dissipation function in eq. (IV.56). It is noted that the dimensions of the viscosity coeflicients
(1, &, and &1, & are different.

From eqs. (IV:36) and (IV.37), the following expression for ®$ is obtained:

ij

(D% = % Z F(l’ij) (eij . ﬂij)z ViVj + % Z F(l’l‘j) 92‘ VIV] , (IVSS)
i, j#i i, j#i
Since @ depends only on the spin derivatives, it impacts only on the viscous torque m; t!, as
computed with eq. (IL.14)), redefined now as:
; 0 0 Is —
m; ti = —EQD — aﬁcbg = 52 Z F(I’,‘j) Tij X ('lL,‘j - Q,‘j X rij) V,'Vj
! ! j (IV.59)
=& 2 F(rij) (eij- Qe ViV = & X F(rip) Qi ViV
This viscous torque modifies the RHS in eq. (II.14)) to get a general micropolar model. The first
term in eq. (IV.59) comes from @, and was already presented in eq. (II.12)). The second and the
third derive from ®%.
It is important to highlight that the two additional terms on & and &, in eq. are
antisymmetric for two generic particles i and j. Therefore, they do not change the angular

momentum of the system, thus keeping the property of the whole scheme of being angular

momentum conservative.
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To take the torque in eq. back to the continuum, the same principles of section are
used, to which the result for the torque in section |lII B|is added, leading to a modified equation for

the spin evolution at the continuous level:
dS)
pIE =pG - 2u, 2Q = Vxu) + 1 V’Q+ (31 +12)V(V-Q) (IV.60)
where the additional spin-viscosity coefficients y; and y, are linked to the parameters &; and &,

through:

y, = (IV.61)

& L & & &
20+2) 210 T |2mr2 T 2|

and where we have implicitly assumed that n > 3. For n = 2, namely, in the case that two-

dimensional simulations are performed (not to be confused with two dimensional flows studied
through three-dimensional simulations), vorticity and spin are transported as scalars. Then, in eq.
the term proportional to &; is exactly zero and should be ignored. In terms of viscosity
coeflicients, this implies that y, = —y;. Hence, the transport coefficients given in (IV.61)), for two
dimensions correspond to the ones of eq. with & = 0. In what follows, & should be set
equal to zero or ignored if two-dimensional simulations are to be considered.

The evolution equation for the spin derivative (IV.60) includes the same additional terms (spin
Laplacian and gradient of spin divergence) like the corresponding one in the referred seminal paper
by Condiftf & Dahler [? ] (eq. 13 there).

The entropy production is increased by these additional terms (the procedure is similar to the
one followed in section [T C)), with analogous restrictions for &; and &, as the ones for ¢; and &,
expressed in eq. ([[.33). Therefore, & > 0 and &; > —&,. It is worth noting that for planar flows
(V- Q) is zero.

An important conclusion of this general model, as given in eq. (IV.60), is that the micropolar
effects can exist even if the rotational inertia of the system is negligible in the continuum
description provided an external body torque is absent. Effectively, for a fluid of small physical
particles with no relevant moment of inertia, J is vanishingly small. However, when equating the
left-hand side of eq. to zero, due to the presence of the new dissipative terms still the spin
field €2 is not equal to the vorticity but satisfies a spatial differential equation. It is thus expected
that this general micropolar model can find application to the modelling of non-Newtonian fluids,
in which the microscopic structure of the molecules can introduce this type of dissipative processes
given in eq. (IV.38). The general micropolar isotropic model proposed in this section will be the

one used in the verification and validation cases that follow next.
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V. NUMERICAL VERIFICATION AND VALIDATION
A. SPH scheme for micropolar fluid

The SPH equations described in the previous sections are implemented numerically and
validated against analytical and numerical solutions available in the literature. For the sake of

clearness, the final SPH equations read:

du,
pid_L;:_Z

—(1 = pr)2(n +2) Z F(rij) (uij . eij) e;Vi — 4y, ZF(rij) (uij — ﬁij X 1) V;
J

J

piVi+piVi
riiF(rip)V; + pi g +

dQy; —
Pi Ii? = piGi + 2, Z F(rij)rij X (Uij —Q;; X ?“ij) V;
J
—(n+7) (1+2) Y Flrp) (ey- Qe Vi = n—y2) Y. Frip) V.
J i
These correspond to the following continuous equations:
d
pd—‘: = Vp4pg+ uViu (Ut DV (V-w) + gV X202 - VXu
(V.63)

dQ2 )

o - PG + iV + (yi+y)V(V-Q) - 2u, 22 - VXu)

where 1 = (u — u,), as implied by the SPH model (see the discussion in the section §IIIC).
Moreover, we recall that an additional constraint, namely y, = —y;, needs to be imposed when the
flow is planar (see the section §IV).

In this latter case, some authors, as for example Venkatadri et al. [? ], provide the numerical
solution of eq. (V.63)) by using a vorticity-spin formulation. The vorticity equation is obtained by
performing the curl of the momentum equation (V.63) and, for an incompressible fluid in a two

dimensional framework, the vorticity-spin formulation reads as follows:

d
P = 1 Vo- p V20 - w)
(V.64)
dQ
— = VIQ- 2u, 2Q - w) + pG
where w is the scalar vorticity field. Incidentally, Venkatadri et al. [? ] set
=ul, (V.65)
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which allows to combine the two equations above in the following compact form:

S 4, 2p
— = (u+u) AS - =5 + £ @,
P (W +ur) 7 7

where § = 2Q — w. In this form, S can be independently evolved in time.

(V.66)

Moreover, as pointed out by Ahmadi [? ], if the relationship (V.63) holds (and assuming that
G = 0), then the spin, Q, would fulfill the vorticity evolution equation in Eq. (V.64), provided the
initial and boundary conditions for both flow fields are the same. However, such an assumption,
(V.63)), is unnecessarily restrictive, preventing the model from covering all the phenomenology it
encompasses.

Before proceeding to the description of the test cases, we address some aspects that are
important for the numerical implementation. In all the simulations u,/u = O(1) is considered and,
according to the constraint in the equation (IIL.48)), i, /u = 2 is selected as limiting case (zero bulk
viscosity). The chosen Reynolds numbers, namely Re = pUL/u and Re* = pUT /(2u,L) where U
and L are the reference velocity and length scales, correspond to moderate regimes. For confined
flows (as for the selected test cases), these regimes represent troublesome simulations for the SPH
scheme.

Indeed, the particle spatial disorder generally increases during the time evolution and induces
large errors. It has to be borne in mind that in the initial condition the particles are placed in a
lattice and that, due the Lagrangian nature of the solver, they are transported by the flow, therefore
breaking that initial lattice. Under these conditions, the accuracy of the differential operators
degrades [? ].

Furthermore, the development of the so-called tensile-instability[? ], which leads to
nonphysical clustering of particles, may even impede the attainment of an accurate numerical
solution. For the above reasons, the -ALE-SPH scheme [? ]| has been adopted for integrating
the SPH equations. In this model a Particle Shifting Technique (PST) is used to regularize the
particle positions during the time evolution, thus improving the robustness and the accuracy of the
numerical scheme.

A Wendland C-2 kernel [? ] has been used in all simulations.

B. Poiseiulle flow with a micropolar fluid

In the literature on micropolar fluid flows there are a number of exact solutions that may be used

for verification of the generalized numerical scheme developed in present paper. An extensive
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review is contained in Ariman et al. [? ] and some of these solutions are discussed in detail
by Stokes [? ]. In particular, in Chapter 6, steady-state 2D flows between parallel plates in the
absence of gravity were presented. Among them we select a Poiseuille flow to be treated from the

practical point of view as a periodic flow in x. The flow fields have the form:
u=(u®),0), Q=Q). (V.67)

The steady-state form of the motion equations reads:

dp d*u dQ
- D) — + 2u,— =0, V.68
dx+(,u+u)dy2+ ey (V.08)
d’Q du

— = 24— — 4, Q = 0. V.6
yldyz H dy H (V.69)

Let’s denote the distance between the plates as 2H. The boundary conditions read:
u(+H) =0, Q(xH) = 0. (V.70)

The general solution of and is (see [? ]):

) = ué) _ 1_¢& _( 2u, ) C().sha [1 ~ cosh(af)] VD)
U U+ u, ) asinha cosha
_uo, . [ 2u \sinh@$)
(@) = & »25 (#ﬂlr o ] (V.72)
_Uo|, sinh(aé)]
Q@) = »6 sinha | (V.73)
with
Yy _ Hdp _H v |1+ pp
§= U= =2 a= ! “wl ] (V.74)

Incidentally, we observe that the analytical solution depends on the choice of two parameters,
namely u/u, and a (or, equivalently, v /).

The Reynolds number adopted for the numerical simulations is Re = puy H/u = 1000. The
fluid starts from rest conditions and, after a certain transient, reaches a steady state condition.
The computational fluid domain is depicted in the left panel of Figure [2] at the steady state for
(u, = 0; a = oo) while the right panel of the same figure shows the velocity profiles recorded at

the center of the fluid domain during the transient for three choices of the parameters (u,, a). The
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FIG. 2: Micropolar Poiseuille flow. Left: snapshot of the velocity field in the fluid domain (¢, = 0; a = o).
Right: time histories of the horizontal velocity recorded at the center of the fluid domain for three cases:

(ur =0; a=00), (u = w;a =5) and (i, = 2u; a = 2). The spatial resolution is N = H/Ar = 50.

U =0;a =00 U =p;a=>5 ur=2u,a=2

N |ey(%)|ex(%)|| N |eu(%)|ex(D)|| N |ey(%)|ex(%)

251021 | 052 || 25| 1.28 | 2.60 || 25 | 0.41 | 0.54

501 0.12 | 0.27 || 50 | 0.75 | 1.51 || 50 | 0.22 | 0.12

100| 0.09 | 0.18 |[100| 0.42 | 0.83 |/100| 0.55 | 0.47

TABLE I: Micropolar Poiseuille flow: Convergence toward the analytical solution for the three test-cases
simulated. Here €y is the relative error on velocity recorded at the center of the fluid domain and ek is the
relative error on the global kinetic energy. The spatial resolution is N = H/Ar where Ar is the initial particle

distance.

case (u, = 0; a = oo0) corresponds to the classic Poiseuille flow with a parabolic profile for the
velocity field. As can be expected, an increase of the viscous parameter u, leads to a decrease of
the steady-state velocity.

Figure [3| displays the profiles of the velocity, vorticity and spin during the transient and at the
steady state for the cases (u,/u = 1,a = 5) (top panels) and (u,/u = 2,a = 2) (bottom panels).
The comparisons with the analytical solution are good in all the cases. In comparison with the

classic Poiseuille flow, the velocity profile remains similar to a parabola and only minor changes
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FIG. 3: Micropolar Poiseuille flow: Profiles of the velocity (left), vorticity (middle) and spin (right) during
the transient (red/orange dots, time instants tU/H = 0,100, 200, 400, 1000, 2500) and the steady-state
(green dots, tU/H = 3000) for (u,/u = 1,a = 5) (top panels) and (u,/u = 2,a = 2) (bottom panels).

Black-diamond dots indicate the analytical solution.

are observed close to the walls. However, the vorticity deviates significantly from the Newtonian
solution linear profile close to the solid boundaries (see the right panel of figure [3).

Despite the steady-state numerical solutions are not affected by the value of the micro-polar
inertia, this plays an important role during the time integration. In all the simulations we adopted
T /H? = 2 which corresponds to a relaxation time tU/H = Re® = pUT/Qu, H) = 1000 for the
test case (u,/u = 1) and TU/H = 500 for the second test case (u,/u = 2) (see the appendix [C| for
details).

Table [ shows a convergence analysis for the chosen cases. Specifically, it displays the relative

errors for the velocity recorded at the center of the domain:

UY - Ul
EU = ana
UC
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and the relative errors for the kinetic energy on the whole domain:

&Y — &l

ana
8K

€Ex =

The spatial resolution is indicated through N = H/Ar where Ar is the initial particle distance.
Apart from the case with (u,/u = 2,a = 2), the SPH model predicts a convergence rate between
I and 2, in agreement with the usual convergence rate observed in standard fluid simulations. For

(ur/pn = 2,a = 2) both relative errors increase for the finest resolution but remain below 1%.

C. Lid-driven cavity with a micropolar fluid

The lid-driven cavity is a well-known benchmark case for validating numerical solvers on viscous
flows. Its physical characteristics resemble those typical of lubrication processes, a field in which
micropolar fluids have received great attention in the literature (see e.g. [? ? ? ]).

In 2012 Chen et al. [? ] showed numerical simulations of a lid-driven cavity with a micropolar
fluid. Since they did simulations for a limited range of parameters and since no velocity profiles
were provided, their study is not suitable for validation purposes. More recently, Venkatadri et
al. [? ] studied the same problem providing the velocity profiles, which makes their study adequate
for a 2D validation of the present SPH scheme.

Venkatadri et al. [? ] adopted the momentum Egq. for modeling this problem. They
studied the influence of selecting different values of K = «/u on the lid-driven cavity flow. Here,
for the sake of brevity the cases K = 0 (that is standard Newtonian fluid) and K = 3 are treated
with the proposed SPH model.

In the left panel of Fig. [ the setup of the problem is shown along with the conditions on the
walls. The Reynolds number is Re = p U L/u = 400 and the spatial resolution is N = L/Ar = 400
where Ar is the initial particle distance. The right panel of the same figure displays the time history
of the kinetic energy for K = 0 and K = 3. In this latter case, we observe a decrease of the kinetic
energy at the steady state, as a consequence of an increase of dissipation due to the spin.

In Fig. [5 the streamlines for the two selected cases are shown. For K = 3, a positive vertical
displacement of the central vortex is visible, as well as a mitigation of the recirculation vortex at
the bottom right corner.

Finally, Fig. [6| shows the comparison between the mid-section velocity profiles as predicted by

the present SPH model, by the finite difference schemes in Venkatadri et al. [? | and by the classic
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FIG. 4: Lid-driven cavity. Left: Sketch of the problem and of the boundary conditions. Right: time histories

of the kinetic energy for K = 0 and K = 3. The spatial resolution is N = L/Ar = 400.
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FIG. 5: Lid-driven steady-state streamlines for Re = 400, u,/u = 0 (left), and w,/u = 2 (right).

reference of Ghia et al [? ] for the Newtonian case. As can be appreciated, the SPH simulation is

in qualitative fair agreement with the reference results of the referred Eulerian schemes.
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FIG. 6: Lid-driven cavity. Steady-state mid-section velocity profiles for Re = 400. Left: horizontal velocity

component. Right: vertical velocity component.

VI. CONCLUSIONS

In this paper we have extended the previous bottom-up approaches [? ? ] to construct a
smoothed particle hydrodynamics (SPH) model to describe the hydrodynamic behavior of general
micropolar fluids, with emphasis on their dissipation mechanisms. To this aim, a dissipation
function has been defined at the particle level which depends on the relative velocity between
particles but also on an additional spin degree of freedom, which modifies such relative velocity
and introduces spin related intrinsic dissipation mechanisms, comparable to those related to the
rate of deformation tensor in Newtonian fluids. This dissipation function is invariant under
translations and solid-body rotations, which ensures that the resulting forces and torques will
respect the conservation of the total momentum and angular momentum of the system. The
dissipative forces derived from the dissipation function have been then incorporated to balance
the expression obtained from the minimization of the Lagrangian of the system, leading to a set of
SPH particle equations to describe the dynamics. The bottom-up approach has also allowed us to
discuss in depth the nature of the moment of inertia per unit of mass of the SPH particles.

The obtained discrete model has been taken to the continuum and compared with micropolar
models from the literature, establishing the corresponding relationships between their coefficients
and the ones of the dissipative terms considered at the particle level.

The developed discrete model has been enriched with additional terms based exclusively on the
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spin derivatives that were not present in previous SPH models, and that have been obtained with
the same bottom-up approach.

Finally, numerical verification (micropolar Poiseuille flow) and validation (micropolar lid-
driven cavity) tests have been documented that show that SPH is capable of accurately modeling
this type of dynamics.

Future work will include using the developed scheme for problems dealing with micropolar
fluids in which the SPH method can be competitive, such as those involving free-surface flows

and/or complex physics.
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APPENDIX A: CONTRIBUTIONS TO THE ENTROPY PRODUCTION

The terms in eq. can be expanded to give:

- Z [f} -wi+q -l =0 ZF(rij) (uij : eij) (eij' ui) ViV;

i i
+0 ) Fy) (w - w) ViVi= & Y F) (@i x i) - wi ViV, (A1)
Lj# i ji
_% Z F(rip)Q; - (rij X ul-j) + %ZF(W) Q, - [Tij x (ﬁij « rij)] Vv,
bj#i i j#i

Let’s analyze each one of them:

{1} =¢ Z F(rij) (uij : eij) (eij : ui) Vivi=4 Z(') +& Z(') =4 Z(') +4 Z(')-(A.Z)

i,j#i i,j<i i,j>i i,j<i Ji<j
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We can rename the indices in the second summation:

1} = & ZF(VU) (’qu : eij) (eij' ui) Vivj +{ ZF(rji) (Uﬁ : eji) (eji' uj) VjVi (A.3)

i,j<i i,j<i
Since F(rﬁ) = F(r[j), Ujj =U; —U; = —Uy, and €;j = —¢€j;, one can write:
2
I} =4 Z F(rij) (Uij : eij) ViV (A.4)
i j<i

As for the second term, a similar arrangement leads to:
2) =& ) F(ry) (i) ViV, (A5)
i,j<i
The third term is a crossed one between spin and velocity:
(3} = - Z F(rij) (ﬁij X Tij) w; ViV =0 Z(') +& Z(')~ (A.6)
i,j#i i j<i Ji<j
Renaming indices in the second summand:
Bl = = ) Flry) (Quxry) - wViVi—& Y F(r) (R xrj) - w; ViV, (A7)

i,j<i i,j<i

and taking into account that Q; ; = L j;, one gets:
3} = & ZF("U) (ﬁij X T“ij) -~ ViV (A.8)
i,j<i
Term {4} is also crossed:
@ = -2 Fop@ - (ryxu) =2 Y0+ 20
=75 2 ij Tij X Wij| = 5 £ 3 £ : (A.9)

Renaming indices in the second summand:
)
{4} = ) Z F(rij) € - ('rijxuij) Y Z F(ri)Q; - (”“ji Xuji) , (A.10)
and due to the anti-symmetry of 7;; and u;;, one gets:

) = -0 Y FoipQy - (riyxwy) ==& > Flry) (@i xmij) - wi ViV = 3}, (a11)
i,j<i i,j<i
Therefore
(31 +{4) = =20 D F(ry) (@i x 7)) - wi ViV, (A12)
i,j<i
Term {5} is only on spin:

(5) = £ Z Flri) Qi - [riyx (@ x7y) | - & Z( )+ Z() (A.13)

1,j#1 i,j<i Ji<j
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Renaming indices in the second summand:
{5) = %ZF(r,-j) Q- [ryx (Qyxry) [ Viv; + %Z F(ri)Q; - [ x (i x i) | Vivia14)
i,j<i i,j<i
Taking into account the symmetry properties already used in previous terms, one gets:
5l =4 Z F(”ij)ﬁij : [Tij X (ﬁij X T’ij)] ViV (A.15)
i,j<i
Using the properties of the mixed product, one gets:
(5) = &> Firy) (@ xr)) Vv, (A.16)
i,j<i
Collecting terms 2-5 together, one gets:
Q) +13) +(4) +15) = & Y F(n) (usy — @y x ) ViV, (A.17)
i,j<i

Adding them all:
NS w9

={ Z F(’”ij) (uij : eij)z ViVj + 0 Z F(”ij) (Uij - ﬁij X ”'ij)2 ViVj

p o (A.18)
:% Z F(rij) (uij . el‘j)z VlV] + % Z F(l’ij) (uij - ﬁij X ’rij)z ViVj

Lj# i
=®p,

as defined in eq. (IL.9).

APPENDIX B: SPIN EQUATION: RHS FROM DISCRETE TO CONTINUUM

The term in eq. can be approximated by an integral, as V; ~ dr, i.e.

— Q(r) + Q'
Z F(I”,‘j) ’I",‘jX(Qij X 'rij) Vj = fF(|’I" - ’I°I|) (’r — ’I"/)X w X (7’ — ’I",) dr’(Bl)
J
Let’s define Ar’ := v’ — r. Then, one can propose a multipolar expansion of the fields around the
point 7:
1
Qr) =Q(r)+VQ - Ar’ + EVVQ AT AT 4L (B.2)

Due to the fact that the range of the function F within the integral is of O(h) every Ar’ in the

integrand brings a contribution of this order. Therefore, we only have to retain up to first order in
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the gradient in the expansion in eq. (B.2)). Moreover, due to translational invariance, we can write

dr’ — dAr’. With this, eq. (B.I) can be written as

f F(Ar'|) Ar'x dAr' =

(Q(r)+%VQ-Ar'+...)XAr'

B.3
= fF(|Ar'|) Ar’ x [Qr) x Ar'] dAT' + O(h?). "
The linear term in the gradient of the spin vanishes because we integrate an odd-rank tensor with
respect to Ar’ isotropically. Then, to the lowest order in & we have only the term on the right
hand side of eq. (B.3). Due to the fact that F is of the order of 1//> (see eq. (IL.3) and (IT.4)) the
remaining integral is overall of O(h°) and the neglected corrections are O(h?).
To carry on the remaining integral, we introduce here the cartesian components of the tensor and
index them with Greek letters. Furthermore, we will assume the Einstein convention of implicit

summation over repeated indices. Hence, we can write, for the @- component:

f F(Ar')) (Ar' x [Q(r) x Ar']), dAT =

= f F(AT)) £apy Arg | £ QAR | dAT =
(B.4)

= f F(AT']) (8auOpr — Sarp) ArsQuAr, dAT’ =

= (60146,31/ - 6(1V6B;1) 6ﬁvQ;1 =2Q,,
where we have used the fact that the remaining isotropic integral is the identity tensor 1, due to

the normalization of the kernel W and the definition of F', namely,

4 o0
f dAr' F(AY)Ar’ Ar’ :?”1 f dAr F(Ar)(AFY =
0

00 (B.5)
47 dW(Ar")
=——1 | dAF(AFY———=1.
3 fo AT A
Therefore, in the continuous integral limit we have
ZF(rlJ)T’JX(ﬁerU) ijZQ + O(hZ) (B6)
J

g.e.d.

APPENDIX C: PHYSICAL MEANING OF THE MOMENT OF INERTIA PER UNIT OF MASS

A discussion with regards to the physical meaning of the left-hand side of eq. (I1I.435)), as well

as on the value of the moment of inertia per unit of mass 7 is in order. To address this problem, we
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have to consider that the SPH particles are in fact coarse-grained lumps of N, physical particles,
the movement of which is summarized into its overall linear and angular momenta. Let us then
take all particles in one of these lumps of characteristic size Ar; ~ Vil/ 3 and index them with Greek
letters. The total momentum is then p; = )}, p,, while the total mass is m; = )}, m,. The velocity
of the lump is then defined from the relation w; = p;/m;. This ratio remains finite in the limit
Ar; — 0, provided that there are always many particles inside the lump for the hydrodynamic
limit to make physical sense. For the rotational motion we have that the cell angular momentum

contains two terms:
No
Li= ) ((re =T) X Po + 1), (C.1)

where [, is the angular momentum of the physical molecules or particles of microscopic size.
The first term on the right-hand side of eq. (C.I)) is the contribution to the angular momentum of
the SPH particle due to the motion around the lump center, while the second term stands for the
angular momentum due to the rotation of the constituent particles around their own center of mass.
In analogy with the case of linear momentum, we can define the tensor of inertia per unit of mass

of the isotropic, homogeneous lump, I;, to be such that

N(Y
ml; = Z[ma(m 1) ®(ry — 1) + myd,], (C2)

@
where 7, is the intrinsic tensor of inertia of the molecules, per unit of mass. In homogeneous
isotropic systems, the tensor of inertia is proportional to the identity matrix I, m;1; = m; I; I, with

No

mili = ) [mo(ty = %) +moT,], (C3)

and the same symmetry is considered for 7, i.e. 7, = 71, where we have assumed that all the
molecules are equal and thus dropped @. Again, the rotational velocity of the lump is given by the
ratio €2; = l;/(m;I;), which remains finite in the limit Ar; — 0. To develop it further, assuming that
the lump is large (it contains many molecules), let us approximate the summation by an integral,

i.e.

Zma---:fd'rp... (C4
a Vi

Then, the right-hand side of eq. (C.3)) can be written as

ml; ~ f drp|lr-rif+1], (C.5)
v
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Then, dividing both sides of eq. (C.5)) by the volume V; and assuming that the density is nearly

constant inside the particle, we have that

pl; ~ chiz/3 +pl (C.6)
where
B fVi dr|r — r?
C = T (C7)

is a geometric dimensionless factor of the order of 1 that depends on the geometrical shape of the
SPH particle. For example if we consider homogeneous spheres ¢ ~ 2/13 while for cube particles

¢ = 1/6. In the general case of a n-dimension fluid, the proper scaling should be of the form
L=cV"+ T (C.8)

For example in a bidimensional context with particles having a disc shape we got ¢ = 1/(2r) while
for squared particles ¢ = 1/6. Because of these small differences from the point of view of the
simulation the choice of the constant c is not critical, but it can be chosen to better suit the system
under scrutiny.

Eq. (C.8) indicates that the moment of inertia of a SPH simulation of a micropolar fluid depends
on the degree of coarse-graining used, due to the fact that the property /; depends on the volume
V; of the SPH particle. However, as far as the continuum limit leading to equation eq. is
concerned, we should take the limit V; — 0 in eq. (C.§) i.e. I; ~ 7. What eq. (C.8) indicates is
that, in taking the continuous limit what remains as moment of inertia is molecular in nature or,
in other words, is proportional to molecular dimensions. Notice that the same limit taken for the
mass, produces a macroscopic property, the mass density, which is independent of such molecular
dimensions. Therefore, the ultimate value 7 will be vanishingly small in normal fluids and typical
applications. For the this reason 7 is called micro-inertia. As pointed-out in [? ], 7 is in general
of order 2, being / a hidden length scale, which can be a molecular scale or, in other contexts, the
Kolmogorov micro scale or the Taylor micro scale.

Moreover, it is also interesting to investigate under which conditions the spin inertia is
physically relevant for the phenomenology that we aim at describing. From equation eq.
and eq. , we can estimate the relaxation time of the spin by a dominating balance between
the inertia, on the left-hand side, and the second term on the right-hand side, i.e. 7 = pZ/2u,.
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If L is a characteristic dimension of the system and U a characteristic velocity of the fluid, the

rotational inertia will be relevant if TU/L > 1. We can rewrite this condition as:

¥ _Re? > 1. Re?= PYL (C.9)
L 2u, L

where we defined the Reynolds number Re* linked to the spin dynamics. This condition is favored
in systems of small size with small y, and large ratio 7/L?, e.g. fluids having large particles with
a significant 7. In this condition it is expected that the rotational relaxation cannot be ignored.
Conversely for flow conditions where 7 is small, for the explicit time integration of eq. ([I1.43)),
we need to ensure that the time step At is always enough smaller than 7.

To end this analysis, let us consider again eq. ([II.43). If 7 depends on molecular dimensions, it
implies that the continuum limit of the micropolar model presented so far has negligible rotational
inertia for all these flows with no extreme conditions as the ones expressed in eq. (C.9), in which
IdS2/dt is not negligible. For the rest of the cases where such extreme situations do not occur, we
can neglect the inertia term in the left-hand side of eq. (IIL.43)). Under the latter circumstances the

spin of the fluid is enslaved by the vorticity, in the absence of external torques, i.e.

1
Q=Vxu, (C.10)

We discuss the implications of this statement in the subsection
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