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Resonant three-dimensional nonlinear sloshing in a square-base basin is analysed numerically to investigate
swirling instability. The aim of this research is based on understanding how viscosity influences this instability.
Four different fluids at increasing Reynolds number were considered in a tank forced to oscillate in a horizontal
motion. The present study investigates the tight relation between the energy dissipation and this instability,
showing that water tends to dissipate more energy during its rotating motion than the other three liquids

characterised by higher viscosity. This aspect is strictly linked to the occurrence of free-surface fragmentation
and liquid impacts. The numerical solutions are provided using an enhanced version of the Smoothed Particle
Hydrodynamics (SPH) model called 5-LES-SPH model which proved to be suitable for the simulation of violent

free-surface flows.

1. Introduction

Sloshing flow phenomena may appear in partially filled tanks pro-
duced by the motion of vehicles as ships, aircraft, spacecrafts, rockets
and satellites, or in containers as a consequence of earthquakes. In turn,
the raising of internal waves may cause impact loads, influencing the
vehicle’s motion and the structure dynamics in their mutual interaction.
In the last decades, sloshing flows have been widely investigated with
analytical, experimental and numerical methods.

Sloshing phenomena are deeply analysed in the book by Faltinsen
and Timokha (2009), where a particular attention is referred to the
land-based and marine applications focusing on ship tanks. Although
three-dimensional flow studies are not widespread in the literature,
it is well known that the fluid can evolve in plane waves, rotational
motion or in a chaotic solution, depending on the tank aspect ratio, the
filling height, the oscillation frequency and the direction of the forced
motion. In particular, when sloshing waves move in a clockwise or
counterclockwise direction along the tank walls, this kind of motion is
called “swirling” and it is a special feature of 3D sloshing flow that may
take place in vertical cylinder, spherical, square-base or nearly square-
base tanks when they oscillate with a forcing frequencies near to the
resonant one.

A weakly nonlinear analysis via multiple timescale method was
developed by Bongarzone et al. (2022) to describe the resonant sloshing
response in a circular cylinder to longitudinal force. That analysis was
confirmed by a dedicated experimental campaign which focused on the

study of the most relevant secondary super-harmonic resonance. Three
possible regimes were identified: stable planar double crest waves,
irregular motion and stable swirling double crest waves. The free
surface response in a cylindrical tank subjected to an elliptic periodic
orbit was investigated by Marcotte et al. (2023). The existence of a
frequency range where stable swirling can be either co- or counter-
directed with respect to the tank’s direction of motion is experimentally
analysed and numerically predicted with an inviscid asymptotic model
and the addition of heuristic damping.

Sloshing in a circular cylinder with a slowly rotating liquid has been
experimentally and theoretically investigated in Tsarau et al. (2021)
for aquaculture fish farms. In particular it is shown that liquid rotation
is able to modify the sloshing resonant regimes and for some specific
conditions the unwanted swirling instability can be suppressed. An
intense examination of resonant three-dimensional nonlinear sloshing
in a square-base basin with finite depth is studied theoretically with
a developed approximate (asymptotic) Narimanov-Moiseev-type multi-
modal theory and compared with experimental results in Faltinsen et al.
(2003, 2005b, 2006), Faltinsen and Timokha (2017), Faltinsen et al.
(2020). In particular, in Faltinsen et al. (2003) the theoretical part is
focused on periodic solutions of the modal system with longitudinal and
diagonal excitations. Three types of solutions are found for each case:
‘planar’/‘diagonal’, ‘swirling’ waves and ‘square’-like resonant standing
waves. In Faltinsen et al. (2005b) a more accurate investigation of the
strong nonlinear amplification of higher modes is performed and the
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effective frequency domains of the secondary resonance are quantified.
A parametric analysis based on the size of the tank shows in Faltinsen
et al. (2006) that the frequency domains, where the wave regimes
are defined, are strongly sensitive to breadth/width ratio also with
small perturbations around 1. Qualitative and quantitative studies are
performed in Faltinsen and Timokha (2017) using the modal theory
from Faltinsen et al. (2003) equipped with the linear damping terms.
Finally, further finalisation of the case studies is performed in Faltin-
sen et al. (2020) by considering the non-parametric three-dimensional
cyclic movements of the tank combining sway, pitch, surge, roll and
yaw.

In Jin et al. (2020) the effect of viscosity was investigated ex-
perimentally in sloshing flows in intermediate liquid depth. The free-
surface profiles of low and high viscous fluids under resonant excitation
are analysed in connection with the dynamic pressures and excitation
accelerations. In Wu and Chen (2009) and Chen and Wu (2011), a 3D
time-independent inviscid Finite Difference Method (FDM) is developed
to simulate sloshing waves in a three-dimensional square base tank.
Surge and sway excitation motions are coupled with various excitation
angles under a wide range of tank motion frequencies and with an
arbitrary depth. The authors observed five types of sloshing waves that
are strictly connected with the excitation frequency and swirling wave
pattern appears when the tank is forced with a frequency near to the
first fundamental mode. In Wu et al. (2013), the results of the same
time-independent finite difference numerical model were compared
with measures from an experimental campaign where a detailed anal-
ysis of sloshing-induced hydrodynamic force resulting from different
types of sloshing waves are presented. In the work of Chen et al. (2023)
the mechanism of swirling waves direction is investigated numerically
and experimentally through the evolution of the hydrodynamic force
of a three-dimensional tank under a nearly-resonant excitation with
oblique excitation angle. Furthermore, the mechanism of the switch of
the swirling direction is claimed to occur at the peak and through the
envelope of the time-history of the vertical force. A further numerical
investigation on a squared tank forced with a coupled surge-sway
motion under various oblique excitation angles and water depths was
made by Wu et al. (2023), studying in depth the evolution of swirling
waves during the initial transient stage in terms of kinematic, dynamic
and energy characteristics of sloshing waves. The mechanism of the
swirling phenomenon is still not clear but its evolution seems to be
very sensitive to the physical conditions such as tank geometry, the
filling height, the excitation frequency, the amplitude and the angle of
the external forcing. Regarding the simulation of 3D nonlinear sloshing
using Navier-Stokes equations, in Liu and Lin (2008) a Finite Volume
Method combined with a Volume of Fluid (VOF) algorithm and a large-
eddy turbulence model was developed to study violent sloshing flows
with breaking waves and liquid fragmentation.

The present work is dedicated to the analysis of how swirling
instability is influenced by the fluid viscosity. This aspect was rarely
addressed in the literature. Furthermore, the energy damping associ-
ated with the onset of the swirling regime is studied in detail, showing
that when the swirling instability is excited the slosh dissipation sig-
nificantly increases. For this purpose, four different fluids inside a
square-base 3D tank are considered with a filling ratio of 50.8%. The
tank is forced horizontally along one of the tank edges at the first
resonant frequency. The liquids considered are water, sunflower oil,
castor oil and glycerine and the associated Reynolds numbers range
from 214.8 up to 253,100, covering four orders of magnitude. As ex-
pected when increasing the viscosity the swirling instability is delayed
in time, and specifically we found that when using the glycerine the
swirling mode is completely suppressed, at least in the considered time
range.

In addition, the highest slosh dissipation is obtained with liquids
characterised by lower viscosity, confirming the conclusions drawn in
other sloshing studies. For example in Bouscasse et al. (2014a,b) the
authors found that the damping of a driven pendulum filled with liquid
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is higher when water is used with respect to sunflower oil or glycerin.
An analogous conclusion is described in Calderon-Sanchez et al. (2023,
2021) where a sloshing rig moving vertically on a mechanical guide
with a tank attached to a set of six springs is studied using different
liquids; again when less viscous liquids are used the damping of its
motion is higher. This is linked with the fragmentation phenomena
occurring at higher Reynolds numbers which induce a larger energy
dissipation.

The numerical simulation performed with water refers to an ex-
periment described in Faltinsen et al. (2005a), where the swirling
instability is excited choosing a horizontal periodical motion with a
frequency that is close to the lowest natural frequency. In the present
work the phenomena is studied through numerical simulations with
Smoothed Particle Hydrodynamics (SPH). Thanks to the conservation
properties of the SPH, this numerical method is particularly suitable for
simulating long-time evolution (Pilloton et al., 2022). In particular in
this work an enhanced model called §-LES-SPH is adopted. The latter
has been demonstrated to be suitable for the simulation of violent
sloshing flow see e.g. (Marrone et al., 2021a; Michel et al., 2022; Malan
et al., 2022).

The article is organised as follows. Section 2 introduces the gov-
erning equations and the 6-LES-SPH model is briefly recalled. The
evaluation of the slosh dissipation is linked to phase lag between the
tank and the liquid centre of mass motions. Section 3 is devoted to
introduce the test-case simulated varying the fluid inside the 3D square-
base tank. Numerical results are presented, underling the effects of
fluid viscosity and the dissipation process. In particular, we will show
how the different viscosity of the fluids produces a different resonant
behaviour supported through the comparison of the free-surface config-
urations, time histories of the mechanical energy and orbital evolution
of the horizontal force components.

2. Model retained and its numerical approximation
2.1. Governing equations

The governing equation used for modelling the sloshing flow in the
present work are the Navier-Stokes equations. Only the liquid phase is
modelled, thermal conductivity and surface tension can be neglected
for the specific problem at hand. Furthermore, the liquid is assumed
to be a weakly compressible medium. The tank is assumed to translate
along the x-axis. The equation are formulated in the non-inertial frame
of reference (Ni-FoR). With these assumptions, the flow evolution is
governed by:

D ) D , )

22— _pdivaw), P2 = div(T) + pg — pa; gy ()i

Dt Dt e
De _T:D Dr _ u = f(p)

Dr = Dt . P I

where D/ Dt represents the Lagrangian derivative, u the fluid velocity,
p the liquid density, g the gravitational acceleration, a,,,,(r) the tank
acceleration, i the unit vector of the x-axis, T the stress tensor, e the
specific internal energy, D the rate of stress tensor and r the position
of material point.

The liquid is assumed to be Newtonian and the flow isothermal i.e:
T = [-p + Adivw)]I + 2uD, where 4 and A are the primary and
secondary dynamic viscosity of the liquid and I is the identity tensor.
The liquid is assumed also as barotropic and therefore the pressure
depends on the density exclusively. As a consequence the internal
energy equation in (1) is decoupled by the momentum equation and it
is used just to control the energy conservation of the numerical scheme.

The assumption of small density variations allows for using a linear
equation of state

p=ct(p—po)

where pj is the density at the free surface and c, is the speed of sound.
By considering that the time integration is performed with a time step
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related to the value of ¢, the latter is always set lower than its phys-
ical counterpart (in the present work, about two orders of magnitude
lower). The weakly-compressible regime is always guaranteed by the
condition:

> 10 max( Uy - N @P)an ) ) . @

where U,,,. and (4p),,,, stand respectively for the expected maximum
velocity and pressure variation within the fluid domain.

2.2. The 6-LES-SPH scheme

Following Marrone et al. (2021b), Michel et al. (2022), Malan et al.
(2022) in the present work the 5-LES-SPH scheme derived in An-
tuono et al. (2021a), Meringolo et al. (2019) is used to approximate
Eq. (1). The main characteristics of the scheme are recalled here and
for specifics the interested reader is referred to the above-mentioned
articles. In order to recover regular spatial distribution of particles and
consequently accurate approximation of the SPH operators (Quinlan
et al., 2006; Nestor et al., 2009), a Particle Shifting Technique (PST) is
used (see also e.g. Lind et al., 2012). For the sake of brevity the specific
law adopted for the shifting velocity u is not reported here, this being
identical to the one adopted by Marrone et al. (2021b), Michel et al.
(2022) in which violent sloshing problems were studied.

This PST velocity is then taken into account within the continuity
and momentum equations by rewriting the governing equations (1) in
an Arbitrary-Lagrangian—Eulerian (ALE) framework. To this purpose a
quasi-Lagrangian derivative

ORI O RN
Pl + V(o) - (u+ o6u)

is used and the SPH schemes reads as:
dp; . . .
5 div(u,) - p; div(su,) + div(p,5u;) + D/
du; Vp, div(p;u; ® du;
- =—l+(p—)+F,.”+g+amnk(t)i &)
dr pi pi
dr; )
T Swtew Vio=m, /o0, p; = ¢j(p; = po)

where m; and F; are the mass and the net viscous force related to the
ith particle, while 2/ is a numerical diffusive term for stabilising the
numerical scheme avoiding spurious noise in the pressure field. For the
sake of brevity D/ is not reported here, the interested reader can find
more details in Antuono et al. (2012) and more specifically in Antuono
et al. (2021a), Meringolo et al. (2019) where the intensity of this term
is determined dynamically in space and time.
The spatial differential operators are approximated by:

div(u;) = Z(uf —u) VWV, 5 div(sw) = 2(5“,' —ou;) - V;W,;V;
- -

divip,u,) = Y (p,8u; + p;du;) - VW,V s
J
divipu; ® u,) = Y (pu; ® du; + pyu; @ u)V,W,;V; .
J

J
Vp; = Z(Pi +Pj)V,'VVijVj
J

where the j index refers to neighbour particles of ith particle. The
spatial gradients are approximated through the convolution with a
kernel function W;;. A C2-Wendland kernel is adopted in the present
work (see Wendland, 1995).

Initially the particles are distributed on a Cartesian lattice with
spacing Ax, consequently the volumes ¥, at time ¢ = 0, are initialised as
Ax3. Regarding the radius of the support of the kernel W, this is fixed
to 2h = 2.74x, being h the smoothing length.

The particle masses m; are calculated through the initial pressure
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field, ie m; = p;,V,y and they remain constant during the time
evolution; while the volumes V; change in time accordingly with the
particle density, i.e. V;(t) = m;/p;(®).

The viscous force acting on ith particle is computed through the
formulation described in Monaghan (2005) and contains both the effect
of the physical viscosity 4 and the turbulent stresses 4! (see also Lo and
Shao, 2002; Rogers and Dalrymple, 2005):

10 _w—uy) (-1
Fy o= D+ wpmy VWV = e
R Iry =1l
T ,T
H; H; o 2
W =2, u = [Cs(l—exp % /25)%] (1D, |

C)

where Cy is the Smagorinsky constant, set equal to 0.18 (see Smagorin-
sky, 1963; Bailly and Comte-Bellot, 2015), while ||D| is a rescaled
Frobenius norm, namely ||D|| = /2D : D. In the present work the
subgrid model for the turbulent viscosity is needed because of the high
Reynolds number related to the simulations with water. More details
related to the LES modelling rewritten in a quasi-Lagrangian formalism
can be found in Di Mascio et al. (2017), Antuono et al. (2021a). In
order to damp the turbulent eddy viscosity u; near the wall boundaries,
a classical van Driest damping function is employed (see Van Driest,
1956) using:

u Twi oy,

W=w T uy = Ty =
CE Vi U =T Ty = Mo
! v pi My | wail

where the normal gradient to the wall is evaluated considering the
velocity u; and the distance y; of the ith particle from the wall and
using n; as the unitary vector to the wall associated to the kth node
closest to the ith particle.

Finally, the scheme is integrated in time using a 4th-order Runge-
Kutta scheme for which the time-step At is obtained by means of CFL
conditions as in Michel et al. (2022):

2h)? p;
at = min (0031 min P o3min, [AX | 062k
P(u+ M,.T) i lla;ll €0

where ||a;|| is the particle acceleration. Even for the lowest Reynolds
number considered in the present article, the last two constraints are
always dominant with respect to the first one related to the viscous
diffusion process.

2.3. Enforcement of the boundary conditions

The solution of the governing equations (1) requires the definition
of the boundary conditions on the free surface and on the tank walls. As
discussed in Colagrossi et al. (2009, 2011), the kinematic and dynamic
conditions of the free surface are intrinsically satisfied in SPH methods.

The adherence boundary condition on the solid surface can be
enforced through a ghost-fluid approach (see e.g. Macia et al., 2011;
Antuono et al.,, 2023 and also Antuono et al., 2021b; Oger et al.,
2016 where a quasi-Lagrangian formulation is used). The latter requires
that at least five particles should be present within the boundary
layer region. An estimation of the wall boundary thickness (WBT) can
be obtained using the Blasius equation, and for the water test-case
(Reynolds number is about 250,000) it results that the WBT is less than
one millimetre and at the maximum spatial resolution only one SPH
particle is present in the boundary layer region. For this reason the
free-slip condition is enforced for the water test-case while for the other
three liquids the no-slip condition can be applied. Similar hypothesis
was also used in previous works (Marrone et al., 2021a; Michel et al.,
2022; Malan et al., 2022).
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2.4. Evaluation of the slosh dissipation

Following the analysis performed in Marrone et al. (2021b), Michel
et al. (2022), the 6-LES-SPH energy balance can be written as:

> 5 plurb 4 g
£K+£P1_£PNF:£PV+PI'/W + 2Py
Ex() = 3 z m; uiz, Ep(t) = Z m;gz;, Pnp = Z m; i - W,
i i i

)

where on the left-hand side, £&¢ and &p are the kinetic and potential
energy of the particle system. For £, the vertical position of the generic
i-th particle is indicated with z;. Py is the power linked to the
non-inertial forces.

The elastic potential energy linked to the compressibility of the
liquid is negligible within the weakly-compressible assumption; hence,
it is not considered in the energy balance (for more details see Antuono
et al., 2015).

The right-hand side of the energy balance (5) contains the dis-
sipation terms due to the real viscosity P), the turbulent viscosity
P{}"”, to numerical diffusion Py . In the specific, the latter takes into
account the effect of the density diffusion and the particle shifting su
(see Michel et al., 2023). The power related to the viscous forces is
directly evaluated through the expression (4) as:

Py + P =10 Y Y+ pl ) myu VW VY, (6)
[

where the quantity P{}"” refers to the viscous dissipation of the mod-
elled sub-grid scales, whereas P; refers to the resolved scales. The
energy dissipated by the fluid is then evaluated by integrating in time
equation (5):

[Ex + EpI(D) — [Ex + Epl(ty) — Wyp(t) = Eyigs(D),

t t
Wyp(D) = / [Z mf<—aranki-ui>] dr, Ey (D) = / (2 + 207 + 2y) dt
o o

)

where Wy is the work performed by the non-inertial forces on the
fluid and [€g + Epl(ty) is the mechanical energy related to the time
instant #,.

The first equation of (7) provides two ways for the evaluation of the
energy dissipated by the fluid: (i) the first is using the left-hand side of
the first equation; (ii) a second way is to directly estimate &;, using the
second equation in which the three dissipation terms are integrated in
time. Both these approaches were adopted in the present simulations in
order to verify that the present model is able to close the energy balance
accurately (see also e.g., Malan et al., 2022; Marrone et al., 2023).

Considering that the fluid is at rest in the initial condition, the
energy balance (7) can be reshaped as:

t
Ex(0) + myg [26() — zg(ty)] + my / XG(T) Qyanp(T) dT = €4 (D)
fo
2 miz(0)

> m;x;(0)
m m,

xg(1) = s zg(t) =

®

where x; and z; are the horizontal and vertical coordinates of the
liquid centre of mass in the Ni-FoR, being m; = Y,; m; the total mass
of the liquid inside the tank.

Following again Marrone et al. (2021b), one can find that the
acceleration of the centre of mass a;(f) = %;(t) along the x-axis, is
linked to the horizontal forces F, that the liquid exerts on the tank:

myag(t) = —F(t) —my a4, (1) €)
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and the work performed by those forces is:

,Wdyn(t)

ext

13
m,/ ag(t) uyy (t)dt =
N (10)
! m oo 2
_/ F (@) gy () d7 — B [utank(t) - utank(to)]

To

where u,,,, is the velocity of the tank. If the fluid is “frozen” (i.e., no
liquid sloshing), the above external work performed by the tank walls
on the fluid is zero since the horizontal position of the centre of mass
x¢ is a constant in the Ni-FoR and the work of the external force F, is
just linked to the change of the kinetic energy of the frozen liquid.

If we consider that the tank oscillates with an harmonic law, using
integration by parts, it follows that:
to+T
fo
where, as explained in Marrone et al. (2021b), the first term on
the right-hand side is linked to differences in the mechanical energy
evaluated in the Inertial frame of reference (I-FoR) and in the Ni-FoR.
If the liquid sloshing reaches a “quasi periodic condition” this term
is negligible and the two work terms W,2" and Wy almost coincide
and are practically both equal to the dissipated energy. Because of the
highly non-linear behaviour of the sloshing phenomenon, in Section 3
it is shown that the quasi-periodicity of the fluid can be reached only
after long time evolution (see also Marrone et al., 2023). Besides this,
in all the test-cases studied in Section 3 the “quasi periodic” condition
is reached in the final parts of the simulations.

In particular, in the quasi-periodic regime the energy dissipated
during the kth period can be evaluated as:

Wdy"(t0+T) =m [X(;(f) ”rank(t)]

ext

+ Wyplty+T) an

. kT+T
g = —m /k a6 dT a2

As shown in Section 3.4, after the transitory stage lasting N p, periods,
Sglfzs remains almost constant for k > Np,, hence, it is possible to
associate an average dissipation power during N, periods as:

P, = /(NPO+NP)Ta () ity (1) d (13)
diss = NpT NpoT G\T) Upan\7) AT

The above equation highlights the role of the motion of the fluid
centre of mass in the Ni-FoR concerning the energy dissipated by the
liquid sloshing. The phase lag between the horizontal tank motion
X;anic (D) and the fluid centre of mass x;(¢) plays a crucial role in the slosh
dissipation (see e.g Marrone et al., 2021b, Marrone et al., 2021a, Malan
et al., 2022). As clear from Eq. (13), high dissipation is obtained when
ag(t) and u,,, (¢) are in phase, while low dissipation occurs when they
are in quadrature (see Section 3.3 and also Marrone et al., 2023; Saltari
et al., 2022; Malan et al., 2022).

3. Numerical results
3.1. Description of the test-case

In the present work, the experimental test-case analysed in Faltinsen

et al. (2005a) is considered. A square-base tank is adopted with length,
width and height denoted with L, W and D whose values are reported
in Fig. 1. The filling height is set equal to H = 0.508 L. The tank is
forced to oscillate in the horizontal x direction with a prescribed time
law:
oo (D) = A1) sin (%) ,
where the maximum amplitude A is equal to 0.0156 L and the ramp time
7 = 15T, which means that A(r) practically reaches its maximum value
A after 15 oscillation periods. The oscillation period T is set equal to
the lowest natural one T; = 0.9059 s. The final time of the simulation
is equal to 7, =85T.

Four different liquids are considered: water, sunflower oil, castor
oil and glycerin. Table 1 reports the liquid mass m;, the kinematic

A() = A erf (2’) a4

T
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Fig. 1. Left: sketch of the tank. Right: geometric tank sizes of the experiments by Faltinsen et al. (2003) and amplitude A and period T of the harmonic motion imposed to the

tank.

Table 1

Liquids adopted in the simulations: m, is the total liquid mass, v the kinematic viscosity, A€ the
reference energy, A2 the reference power and Re the Reynolds number of the sloshing flow.

Test N° Label m; (Kg) v (m/s?) A€ (J) A2 (W) Re = gil 2
1 Water 104.1 1.02107¢ 153.1 1.988 253,100

2 Sunflower Oil 131.7 4991073 138.9 1.804 5155

3 Castor Oil 93.9 1.04107* 147.4 1.914 2469

4 Glycerin 100.3 1.201073 193.6 2.514 214.8

viscosity v (at temperature 25 °C), the reference energy A = 1/2m; g H
(which is the initial potential energy with respect to the tank bottom),
the reference power AP = AE/(nT) (n = 85 is the number of periods
simulated) and the Reynolds number (defined as Re = \/g_H H/v)
related to the different liquids.

3.2. Flow regimes and features

In this section the different sloshing regimes developed during
the 85 oscillation periods are discussed for the four different liquids.
The numerical simulations were performed with a spatial resolution
H/Ax = 80 (ie the initial filling height H is discretised with 80
particles). It follows that the fluid domain is discretised with a total
number of particles of 157 x 157 x 80 ~ 2 millions. All the simulations
were also executed with two coarser spatial resolutions H /Ax = 60 and
H /Ax = 40 to check the influence of the number of particles on the
obtained results as well as to measure the rate of convergence of the
slosh dissipated energy (see Section 3.4).

In order to identify the different flow regimes, the time histories of
the mechanical energy &,, of the fluids (i.e. sum of kinetic and potential
energy) is analysed. Fig. 2 sketches the time histories of &, for the
four liquids. The top plot refers to the water test-case. It is possible to
see that &,, exhibits a complex behaviour in time. We first identify the
first regime I, where the mechanical energy increases up to a maximum
value. This time is close to the end of the time ramp of the tank motion
(see Eq. (14)). Within this first regime the tank walls act a positive work
which is directly converted in an increase of the liquid motion inside
the tank (see Section 2.4), i.e.:

Iy
(M/eij;ﬂ(tl) = / _Fx(t) umnk(t) dt > 0
fo

where [t,,¢;] is the time range of the regime I. Increasing the liquid
viscosity, the maximum of &,, reached in the regime I decreases
because of the reduction of the liquid motion. The first row of Fig. 3
shows the free surface configuration at the end of the regime I for the
four different liquids.

The second regime I is quite counter-intuitive since the mechan-
ical energy largely decreases. For the water test-case it reaches a
minimum value close to zero which means that the liquid motion inside
the tank almost stops (see second row of Fig. 3). In this regime the
liquid returns the energy accumulated during the stage I to the tank
walls, that is, the tank walls act a negative work on the fluid i.e.:

rr
Wer' () — We'(ty) = / —F (0t () dt < 0

I

During the regime /11 the mechanical energy of the fluid increases
again for all the fluids except for the glycerin where &,, oscillates
around a constant value. For the water test-case the sloshing motion
becomes more violent than the regime I, as displayed in the last two
rows of Fig. 3. A transverse symmetric wave system (y direction) is
generated whose wave length is half of the tank size. The amplitude
of this transverse wave system increases in time and, eventually, the
jet run-up on the tank edges collapses giving rise to the first breaking
event in correspondence of the edge middle point (see Fig. 3 at time ¢t =
20.5T7). This behaviour is also documented experimentally in Faltinsen
et al. (2003).

Finally, the regime IV is the last one recorded where the swirling
wave instability takes place. This regime does not appear only in the
glycerin test-case where the high viscous level inhibits this instability
(see Fig. 4). In the water test-case the swirling mode is characterised
by a violent motion of the free surface with the occurrence of roof
impacts and several breaking events. The latter are also observed for
the sunflower oil test-case but in smaller number and considerably less
energetic. Conversely, for the castor oil test case the swirling occurs
without any breaking events. In the water and the castor oil test-
cases clockwise swirling waves take place, while for the sunflower oil
anticlockwise motion occurs (see also Section 3.3). As also commented
in Chen et al. (2023) the direction of rotation depends on the ramp A(r)
(see Eq. (14)) and, numerically, can also depend on parameters such as
the spatial resolution N = H /Ax.
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Fig. 2. Time histories of the mechanical energy for the four different liquids at the maximum spatial resolution H /Ax = 80.

3.3. Forces and tank motion

A further comparison is performed on the horizontal force compo-
nents to describe the different behaviour of the four fluids. The different
regimes previously described in Section 3.2 are also distinguishable in
Fig. 5, in particular for the water test-case. Non-dimensional forces are
computed using the liquid weight F,,, = m, g.

Differently from the F, component, which is related to the tank
motion and the work exchanged between liquid and the walls, the F,
component is strictly connected with the onset of the swirling instabil-
ity caused by the transition from planar wave (2D wave oscillating in
x direction) to rotational ones. Looking at F, evolution, the instability
firstly starts in the water test-case, followed by sunflower and castor
oil. In the glycerin case the swirling instability does not appear at all,
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Fig. 3. Free-surface configurations for time instants 10.57, 16.5T, 19.5T and 20.57 for the four different liquids. The full video of the simulation is available at Link Video N1.

remaining in a plane wave sloshing regime. This was further checked
by extending that simulation up to 150 periods. It is worth remarking
that, for all the swirling cases, the force F, increases in amplitude after
the development of swirling instability.

Fig. 6 depicts the amplitude of the Fourier transform of the hor-
izontal force component F, for the four liquids evaluated when the
final stable regime is reached. In the abscissa the frequency are made
dimensionless using the oscillation period, i.e f* = f T. For the water

test-case the spectrum is quite noisy and present three dominant peaks,
related to the frequencies f* = 1,3,5. The noisy behaviour is linked
to the chaotic nature of the flow, where breaking phenomena and
water impacts introduce erratic events in the time series. However, as
shown in Fig. 7 the time series of F, presents a time behaviour mainly
dominated by the first and the third harmonics. In particular the third
harmonic induces the presence of a double peak which is also observed
in the experiments by Faltinsen et al. (2005a) and further commented
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Fig. 4. Free-surface configurations for time instants 40.5T, 53.75T, 58T and 63.25T for the four different liquids. The full video of the simulation is available at Link Video N1.

in Appendix. Increasing the viscosity the frequency peaks f= * 1,3,5,7
and 9 appear more and more distinct and, at the same time, the weight
of the 3rd harmonic becomes less relevant with respect to the intensity
of the 1st harmonic. This behaviour is expected since in sloshing flows
non-linear interactions generally become more significant with high
Reynolds number.

The orbital evolution of the horizontal force components for the
four fluids is reported in Fig. 8 as a function of time. Again for water,
sunflower and castor oil the development of the swirling instability is
evident. As for the water case, the high intensity of the free surface
fragmentation, the frequent occurrence of roof impacts and several
breaking events appear as a chaotic path of the orbit evolution in the
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Fig. 7. Water test-case: reconstruction of the dimensionless horizontal force component F,/F,,, using the first and third harmonics of the Fourier transform.

highlighted by Fig. 9 where the time evolution of torque M, of the
four liquids is reported. The average value in the quasi-periodic regime
confirms the direction of swirling rotation: negative for clockwise
rotation of water and castor oil, positive for anticlockwise direction
of sunflower oil. Obviously, M, is different from zero only when the
swirling instability is established.

Finally, in Fig. 10 the time histories of the sloshing force m, a; and
of the imposed tank velocity are reported. As mentioned above, the
time histories of the sloshing forces exhibit a clear periodic behaviour

10

except for the water test-case for which a quasi-periodic regime is
observed. As commented in Section 2.4 in periodic and quasi-periodic
regimes the phase shift between the acceleration of the centre of mass
ag(t) along the x-axis and the tank velocity u,,,, (1) is directly linked
with the slosh dissipation. In particular, the maximum dissipation is
attained when a; and u,,,;, are in phase while the minimum dissipation
occur when the two signals are in quadrature.

From Fig. 10 it is evident that phase shift is minimum for the water
test-case while it is maximum for the glycerin one. Furthermore, the



C. Pilloton et al.

H/Ax=80 Water

Oalie et
0.3 -0.2 -0.1 0 0.1 0.2 0.3
F)/FRef
03 .
3 H/Ax=80 Castor Oil
02
01f
?} - t/T
g(); 70
= [ 60
- 50
-0.1F 40
30
20

-uo
0
T
5

PN R B
-0.2 -0.1

0 0.1 0.2 0.3
Fx/FRcf

Wl

=0.

Applied Ocean Research 138 (2023) 103621

H/Ax=80 Sunflower Oil

t/T
70
60
50
40
30
20
10
0
L L1 M IR I 1l 1
_0?0.3 -0.2 -0.1 0 0.1 0.2 0.3
F)/err
0.3 "
3 H/Ax=80 Glycerin
02
o1f
- | t/T
Fol I S 70
<o ;
N 50
0.1+ 40
L 30
L 20
0.2 10
B 0
oalee v b by
0'90.3 -0.2 -0.1 0.1 0.2 0.3

0
Fx/F Ref
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peak intensity is larger for water and decreases with the Reynolds num-
ber. As a consequence, for the water test-case a larger slosh dissipation
is expected and it reduces as the viscosity increases, as further discussed
in the next sub-section.

3.4. Energy dissipation

In the present section the time evolution of the main energy com-
ponents is discussed. As introduced in Section 2.4 the energy balance
is given by three primary terms:

Ey — W = Egigs

where &,, is the mechanical energy of the fluid in the Non-inertial
frame of reference (Ni-FoR), Wy is the work performed by the non-
inertial forces and &, is the energy dissipated by the fluid. Fig. 11
shows the time behaviour of the three energy components for the four
liquids. As for the water test-case, a change of steepness of E;,, is well
visible when entering in the regime III and IV discussed in Section 3.2.
Regime III is characterised by breaking waves and wall impact events
which increase the dissipation rate. However, when the regime IV
commences, corresponding to the establishment of the swirling motion,
the dissipation rate reaches its maximum. The slope of &£, remains
almost constant in time being the flow in quasi-periodic regime. The
double steepness behaviour of E,;, linked to the regime III and IV is
evident also for the sunflower and castor oils.

A different behaviour characterises the glycerin test-case, for which
E,;,, exhibits a constant steepness just after a few oscillation periods.
For this case the dissipation mechanism is mainly linked to the viscous
forces in the boundary layer regions as the free-surface motion is
smooth and periodic for the entire simulation.
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As underlined in Colagrossi et al. (2015), the dissipation linked to
the Viscous Boundary Layer (VBL) and the violent free-surface motion
are two completely different mechanisms: in the water test-case the
former is negligible; conversely, in the glycerin test-case the dissipation
is essentially driven by the VBL. For the sunflower and castor oils the
two mechanisms are coupled in a complex and non-linear way.

Table 2 reports the average dissipation rate ?,;,, for the four liquids
and for three different spatial resolutions. The upper part of the table
contains the dimensionless number using the reference power AP (see
Table 1) whereas in the lower part the table reports the dimensional
number in Watt. For both the cases the tendency is clear: the water
test-case always presents the higher 2, /AP and 2, for all the
simulations. Clearly, the liquids characterised by lower viscosity feature
the highest flow dissipation rate thanks to the large motion of the free-
surface and the several impact events. In the last row of Table 2 the
order of convergence p is also reported. For all the test-cases a rate
of convergence above the fist order is observed. As expected, for the
glycerin test-case the highest p is obtained.

The dissipation rates of Table 2 are also reported in Fig. 12 against
their associated Reynolds numbers in logarithmic scale. Even if the con-
sidered Reynolds numbers are few, it is evident that in both the graphs
the rate of dissipation seems to have a complex dependency on log(Re).
This is mainly linked to the combination of the two dissipation mech-
anisms: (i) the one related with the free-surface motion/fragmentation
and (ii) the one linked to the VBL. This topic deserves further inves-
tigations with a more regular sampling of the considered Reynolds
range and simulations with higher spatial resolutions for the largest Re
numbers.
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Table 2

Rate of dissipated energy ?,,,, in the quasi-periodic regime for the four liquids
at different spatial resolution N = H /Ax. Dimensionless and dimensional values
are reported, the latter are expressed in Watt. Symbol p indicates the measured

convergence rate.

Pyiss/ AP Water Sunflower Oil Castor Oil Glycerin
N =40 3.99 3.12 2.85 1.94
N =60 3.87 3.22 2.84 1.89
N =380 3.82 3.26 2.84 1.89
Pyiss (W) Water Sunflower Oil Castor Oil Glycerin
N =40 7.93 5.63 5.46 4.86
N =60 7.70 5.81 5.44 4.78
N =80 7.59 5.89 5.43 4.75
P 1.12 1.33 1.02 1.81
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3.5. CPU costs

Regarding the CPU costs, the SPH code adopted is an in-house
research code (not optimised for industrial applications) with MPI
parallelisation. For the water test-cases simulation, with N = 80 (about
2,000,000 particles), the SPH solver requires about 4 days on 192 cores
for 260,000 time iterations (47 ~ 0.3 ms). For the lowest resolutions
N=40 and N=60, 48 and 96 cores were used which ran, respectively,
for 8 and 30 h. To run all the 12 simulations, i.e. four liquids with
three different spatial resolutions, approximately 65,000 core hours
were necessary.

The SPH simulations ran on the “Liger” supercomputer at Ecole Cen-
trale de Nantes, which is equipped with 12-core Intel Xeon (Haswell)
E5-2680v3 processors. We evaluated a computational speed defined as:

CPUtime Ncores
N, N ’

iteration * ¥ particles

n = as)
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Fig. 10. Phase comparison of the sloshing force (red solid line) and tank motion (blue dash-dotted line) in the quasi-periodic regime.

and for our SPH solver = 120 us. The performance of the present
SPH solver are not far from other academic fluid dynamic solvers (see
e.g Malan et al., 2022). Moreover, the CPU costs are also related to the
evaluation of the different energy components needed for the analysis
presented in this work.

4. Conclusions

Swirling waves instability is numerically investigated using an en-
hanced version of the Smoothed Particle Hydrodynamic (SPH) model
called 6-LES-SPH model. The flow is studied inside a 3D square-base
tank with filling ratio of 50.8% forced with a horizontal motion at a
frequency equal to the resonant one. The focus is on how viscosity
influences this instability, considering four different liquids: water,
sunflower oil, castor oil and glycerine. The resulting Reynolds numbers
span from 200 up to 250,000.

Because of the highly non-linear behaviour of the sloshing phe-
nomenon we showed that the swirling instability, when it is not in-
hibited by the viscosity, can be reached only after a long time transient
stage. Thanks to the conservation properties of the SPH models, these
simulations are obtained without accumulating significant errors on the
main conservation quantities.

The different flows are studied by analysing the free-surface evolu-
tion as well as global quantities such as mechanical energy and forces
exerted by the fluid. The latter are studied in detail also by means
of Fourier transform and allowed to highlight the signatures of the
different flows.

The results show that energy dissipation largely increases when the
swirling instability takes place. The dissipation phenomenon is strictly
linked to the free-surface fragmentation, occurring at higher Reynolds
numbers. This is the case of water that exhibits a faster and more
pronounced swirling instability and dissipates more energy during its
rotating motion than the other three liquids characterised by higher
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viscosity. These observations confirm the conclusions drawn in other
sloshing studies such as Bouscasse et al. (2014a), Calderon-Sanchez
et al. (2023) where it is found that the damping sloshing flows is higher
when less viscous liquid are used.

It is evident from the present work that the dependency of the
dissipation rate on the fluid viscosity is complex across the considered
range of Reynolds numbers. However, as only four test-cases were
analysed, this topic deserves future investigations to describe more in
details such a relation.
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Appendix. Validation of the numerical method against experimen-
tal data

The §-LES-SPH model adopted in present work has been widely
validated in previous work (see e.g Meringolo et al., 2019; Antuono
et al., 2021a; Calderon-Sanchez et al., 2021; Malan et al., 2022; Mar-
rone et al., 2021a; Michel et al., 2022; Marrone et al., 2023). A further
validation is here performed simulating one of the swirling sloshing
test-case proposed in Faltinsen et al. (2005a) for which experimental
data on the forces are available. The test-case selected is the one with
the filling height H = 0.508L, the tank forced longitudinally with an
oscillation period that is 7,/T = 1.011 with an amplitude equal to
A = 0.46 cm. The experiments was carried out with water and the
numerical simulation is performed with a maximum spatial resolution
H /Ax = 80.

Fig. A.1 depicts the comparison of the time histories of the hori-
zontal force components F, and F,, in the steady state regime. Also
for this test-case the swirling mode is excited and the time history
of the F, components shows a similar behaviour with double peaks
already discussed in Section 3.3. As also remarked in Faltinsen et al.
(2005a) this time behaviour is linked to the third and fifth harmonics.
The §-LES-SPH prediction of F, is in a good agreement with the
experimental data. Regarding the F, component the experimental data
show variations from one cycles to the other which is linked to the
chaotic nature of the flow. For this reason local disagreements between
experiments and numerical results are more visible.
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