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Abstract

In this report, we construct a detailed model for the profile of the electric potential
associated with a tripolar spike. Starting from the morphology of the spike, we first
give local differential forms of such profile about its two extrema and at infinity.
Then we analytically continue each differential form to finite distance from the
extrema and, using the uniqueness of the analytical continuation, we finally give a
global differential form for the profile, holding over the whole real axis. In the limit
of small potential amplitudes, the differential equation associated with this form is
then solved, up to second order, in terms of elementary functions. Simple analytical

models result which are in excellent agreement with observations.
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1 Introduction

Electrostatic tripolar spikes are widely observed in fully ionised, collisionless
plasmas (cf. e.g. Refs. [1-4]). The spatial waveform of the electric potential
within the spike — say ¢(z), conceived as a function of the spatial coordi-
nate x — behaves much in the same way as in solitary waves: it streams in
the plasma along the x coordinate at a constant speed, without any apparent
distortion of its shape. However, unlike solitary waves, ¢(x) shows a distinc-
tive lack of symmetry. More specifically (cf. Fig. 1): (a) it has two extrema
(one absolute minimum and one relative maximum); (b) it displays a distinc-
tive skew about these extrema; (c¢) it shows an asymptotic, and apparently
exponential behaviour as x — +o00; (d) its asymptotic value as © = —o0 in
general differs from its asymptotic value as x = +o00; (e) its asymptotic value
as ¢ = —oo in general differs from its values at the extrema; (f) its asymptotic
value as x = 400 in general differs from its values at the extrema. In earlier
experiments and observations, structures generally reported as double layers
also show the typical three layered distribution of their electric potential wave-
form (cf. e.g. Refs. [5,6]); these structures may also be described by properties
(a)-(f) above.

Analytical models for the waveform of the electric potential associated with
asymmetric electron and ion holes and with non monotonic double layers in
collisionless plasmas were considered e.g. in Refs. [7—11]. These models use ad
hoc velocity distribution functions of the electrons and/or of the ions sustain-
ing the holes or double layers. These distributions usually consist of piecewise
combinations of possibly shifted Gaussian velocity distribution functions. The

electron and ion electric charge densities resulting from these distributions are



then inserted into Poisson’s equation. Finally, this equation is solved in favour
of the electric potential. These models reproduce some, but not all of the prop-
erties of the electric potential waveform of a tripolar spike, as listed in items
(a)—(f) above: specifically, properties (e) and (f) appear to be a stumbling

block for the models so far attempted.

On the other hand, general mathematical models of nonlinear waves occurring
in physical systems have been devised, based on non trivial solitary solutions
of certain types of classical partial differential equations and on advanced
methods to solve them (cf. e.g. Refs. [12,13]). Again, the reported analytical
solutions of this type do not succeed in reproducing the observed morpho-
logical properties of the potential waveform of the tripolar spike. It is so far
unknown whether more elaborated models of this type, worked out with the

assistance of computer algebra (cf. e.g. Ref. [12]), might succeed.

It may thus be concluded that the above mentioned approaches do not produce
a satisfactory analytical formula giving the electric potential ¢(z) as a function
of z, which fits the observed electric potential of a tripolar spike. On the other
hand, the reconstruction of such a formula is undoubtedly desirable, both
in its own right and also for practical use. The search for such analytical

representation of the potential waveform motivates our present undertaking.

Technically, we reduce this task to the construction of a differential equation
for the potential ¢(x). However, unlike the above mentioned approaches, we
do that without making any reference to the velocity distribution functions
of the electrons and of the ions; least of all do we refer to the Vlasov-Poisson
system of equations governing these distributions. In so doing, we are also

advised by our recent result that the velocity distributions of electrons and



ions, which solve these equations and which sustain the tripolar spike, may
be singular (cf. Ref. [14]), and they hardly admit a representation in terms of

simple functions.

Our approach is to rather construct the desired differential equation for ¢(z)
based on the morphological properties (a)—(f) given above and on the sole addi-
tional assumption that ¢(x) be an analytic function of position. One obvious
advantage of basing our analysis on those morphological properties, rather
than on a conjecture on the electron and ion velocity distribution functions,
is that those properties are clear observational facts. The qualitative nature
of these properties also allows for a fair degree of generality in our treatment,
which ensures that the differential equation we work out governs a wide class of
potential waveforms. In particular, this equation holds for arbitrary values of
the potential amplitude. We show that, when this amplitude is suitably small,

the differential equation may be solved by quadrature up to fourth order.

In particular the second order solutions of that equation are described by
a simple analytical formula, giving ¢(x) in terms of elementary functions of
x. This formula easily reproduces the potential waveforms associated with
electron holes, ion holes, monotonic and non monotonic double layers and
indeed tripolar spikes. In the latter case, we show that even such simplified

solutions are in excellent agreement with observations.

2 Asymptotic differential laws

In tripolar spikes, the average, self-consistent electric potential ® is a detailed

experimental datum emerging from the plasma. In the following, we show



that a careful inspection and a judicious functional analysis of its waveform
can lead to the full reconstruction of the space distribution of the potential,

without the assistance of any specific model.

To do so we assume that the tripolar spike occurs in a fully ionised plasma and
that the electric potential ® of the spike depend on one rectilinear coordinate
X only, which ranges from —oo to +00. We also assume that, as X — oo,
the electron density and kinetic temperature respectively approach the values
Neoo and T,o. Then, using Gaussian units and energetic units for the kinetic
temperature and denoting by —|e| the charge of the electron, we introduce the

electron Debye length

ADe = \/{Teoo/[47regneoo]}, (2.1)
the normalised coordinate

x = X/Ape (2.2)
and the normalised electric potential

¢(z) = le|®(Apex) /Teoo- (2.3)

The morphology of the potential waveform within the tripolar spike, as emerg-

ing from observations (cf. e.g. Refs. [1-3]), is characterised as follows:

¢(z) exponentially approaches hI_P o(z) for z — +o0. (2.4a)
¢(x) has an absolute minimum at z = xy;,, (2.4b)
¢(x) has a relative maximum at = Zpax < Tmin, (2.4c)
¢(z) exponentially approaches lim ¢(x) for # — —o0. (2.4d)

In this section, we consider the approximate behaviour of the potential wave-

form ¢(z) about the two extrema x = xp;, and * = Ty, and at the lower



(x — —o0) and upper (x — 400) boundaries of the tripolar spike, as de-
scribed by Eq. (2.4). Throughout the remaining part of our analysis, we make
the sole additional assumption that the potential waveform ¢(x) be an analytic

function of z.

Our first task will be to analyse the potential waveform for x — +oc. There,
we introduce an asymptotic decay scale k=, and we assume that ¢(x) asymp-
totically behave as the superposition of a possibly infinite series of decay-
ing exponential functions (cf. Eq. (2.4a)): exp(—kx), exp(—2kzx), exp(—3kz),
... . Specifically, denoting by a “’” differentiation with respect to z and by
Dioo(exp(—kz)) a series of terms whose order, for + — +o00, is smaller than

exp(—kx), we write

Ox) = lim_o(x) — { lim_[exp(+h2)'(2)]/k} exp(—kz) +

pelesp(—ka), (2.50)
¢'(w) = k{ lim [exp(+kx)¢'(v)]/k} exp(—kx) +

[P+oo(exp(—kz))]', (2.5b)
¢ () = —k*{ lim_[exp(+kx)¢'(v)]/k} exp(—kz) +

[Poc (exp(—k2))]", (2.5¢)
k>0, {xggloo[exp(—kkas)qb'(x)]/k} > 0. (2.5d)

In this way, the behaviour of ¢(x) as x — 400, is akin to that of the hyperbolic

functions tanh(kz/2) and sech(kz/2).

Now, in the domain z;, < < 400, where ¢(x) is an analytic and strictly
monotonic function of x (cf. Fig. 1), Eq. (2.5a) may be inverted by Lagrange’s
inversion theorem (cf. e.g. Ref. [15]), thus giving exp(—kxz) as an analytic
function of ¢. Specifically, denoting by Py ([lim,_ 1 ¢(x) — ¢]) a series of

terms whose order, for ¢ ~ lim, ., o, ¢(x), is smaller than |lim, ., ¢(z) —¢|,



we have

exp(—kz) = {k/ lim [exp(kz)d(z)]}] lim ¢(x) —¢] +

z—+00

Pooe((,lm_o(x) — o). (2.6
Then, we denote by ¢.(¢) and ¢,.(¢), or simply ¢, and ¢, the functional
relations which result from the substitution of exp(—kz), given in Eq. (2.6),
respectively into Eqgs. (2.5b) and (2.5¢) and which give ¢' and ¢" as functions of
¢. Finally, denoting by R ([lim, o ¢(x)—¢]) and R, ([lim,— 1 ¢(x)—3)])
the series of all the terms, respectively resulting from these substitutions, and
whose order, for ¢ ~ lim,_, . ¢(x), is smaller than |lim, . ¢(z) — @], we

respectively rewrite Egs. (2.5b) and (2.5¢) as

62(¢) = K[ lim_¢(x) — ] + RUL( lim_¢(x) - ¢]), (2.7a)
Goa(9) = —K°[ lim_o(x) — 9] + REL([ lim_o(x) — 9]). (2.7h)

for ¢ ~ liI_|I_1 ¢(z) and x — +o0.

Our next task is to analyse the asymptotic behaviour of the potential waveform
in the neighbourhood of = 2y, the position where ¢(z) has a minimum (cf.
Fig. 1 and Eq. (2.4b)). There, denoting by pmin([* — ZTmin]) a series of terms

whose order, for z ~ x,,, is smaller than |z — :cm-m|37 we have

$(x) = ¢(@min) + [¢" (@min) /2] (& — Tawin)* +

[¢III($m1n)/6]( xmin>3 + pmin([$ - xmin]), (28&)
¢'(2) = ¢ (Tmin) (T — Tmin) +

[¢I”($m1n)/2]( xmin>2 + [ min([x - xmin})],, (28b)
¢"(x) = ¢ (wmin) + ¢" (Tmin) (T = Tmin) +

[Prin([# = @min])]", (2.8¢)
¢" (Tmin) > 0. (2.8d)



Now, in each of the domains z,x < T < Tpin and Ty, < < 400, where ¢(z)
is an analytic and strictly monotonic function of x (cf. Fig. 1), Eq. (2.8a) can
be inverted by Lagrange’s inversion theorem (cf. e.g. Ref. [15]), thus giving x as
an analytic function of ¢. Specifically, we denote by \/5 > 0 the non-negative
arithmetic square root of a non-negative real quantity £ and we introduce the

multi-valued function

[ — ¢ (@amin)]"? = + /6 — O(Tmin)], fOr @ > T, (2.9a)
[0 — G(@min)]* = = /6 — (Tmin)], fOr T < Tpnin. (2.9b)

Then, denoting by Puin([¢ — ¢(2min)]*/?) a series of terms whose order, for

¢ 22 ¢(Tmin), is smaller than | /|¢ — ¢(Tmin)|, we have

& = Tmin = /[2/¢" (@uin)][6 — ()] +
Pmin<[¢ - ¢(xmin)]1/2)»

for ¢ ~ ¢(zmin)- (2.10)

Finally, introducing the third order skew of the potential waveform at x = x,;,

(ct. Ref. [14))

AO = ¢W(xrnin)/¢”<xmin>y (211)
and denoting by R\ ([¢ — ¢(2mm)]/?) and R ([¢ — ¢(zmm)]/2) the series
of all the terms, respectively resulting from the substitution of Eq. (2.10) into
Egs. (2.8b) and (2.8¢), and whose order, for ¢ ~ ¢(xpi,), is smaller than

V1® — &(zmin)|, we respectively rewrite Eq. (2.8b) and (2.8¢) as



¢I(¢) = \/[2¢Il(xmin)][¢ - (b(wmin)]l/z +

Rgl)n([¢ - ¢)(xmin)]1/2)7 (2123)
Gz (®) = ¢ (Tmin) + AO\/[2¢”($min)H¢ — O(@min)]'? +

R3L(6 — ¢(zmin)] ), (2.12b)
for ¢ ~ ¢(xmin)-

Our next task is to analyse the asymptotic behaviour of the potential ¢ in the
neighbourhood of = x,.x, the position where ¢(x) has a relative maximum
(cf. Fig. 1 and Eq. (2.4c)). Noticing that ¢"(z) < 0 at a maximum, and
denoting by pumax([* — Tmax]) a series of terms whose order, for @ ~ zy,, is

smaller than |z — Zp.. |3, we have

$(x) = ¢(Tmax) + ¢ (Tmax) /2)(& — Tanax)” +

[Qsm(l‘max)/ ]( xmax) + pmax({l’ - xmax]); (213&)
QS ( ) ¢”<Imax)(l‘ - Imax) +

[QS,//("L‘IH&X)/% (I - xmax)Q + [ max(h - Imax])]/y (213b)
QS”(I) = ¢//(xmax> + ¢/,/(Imax)($ - xmax) +

[Pmax ([ — Tmax])]”, (2.13c)

¢ (Tmax) < 0.

Now, in each of the two domains —o0 < T < ZTpmax aNd Tpmax < T < Trin,
where ¢(z) is an analytic and strictly monotonic function of x (cf. Fig. 1),
Eq. (2.13a) may be inverted by Lagrange’s inversion theorem (cf. e.g. Ref.
[15]), thus giving x as an analytic function of ¢. Specifically, we introduce the

multi-valued function

[6(Zmax) — &% = +/[0(Tamax) — 8], for @ > T, (2.14a)
[6(Tmax) — ¢]1/2 = —\/[qb(xmax) — @], for & < Tpax - (2.14b)

Then, denoting by Prax([¢(Zmax) — ¢]'/?) a series of terms whose order, for



¢() = ¢(Tmax), is smaller than | /|¢(Tmax) — @], we have

£~ T = /20" (T [B(me) — ()] +
P ([6(max) — ¢]'7?),
for ¢ ~ ¢(Tpmax) and T ~ Tpax. (2.15)

Finally, introducing the third order skew of the potential waveform at x = x.x

(ct. Ref. [14])

BO = ¢///(xmax)/¢//<xmax)» (216)

and denoting by R() ([¢(2max) — #]"/?) and RZ)_([¢p(2max) — #]'/?) the series
of all the terms, respectively resulting from the substitution of Eq. (2.15) into
Eq. (2.13b) and Eq. (2.13c), and whose order, for ¢(z) >~ ¢(Tmax), is smaller

than | /|¢(Zmax) — ¢|, we respectively rewrite Eq. (2.13b) and (2.13c) as

( ) = _\/[_2¢//(xmaX)][¢(xmaX) - QS]l/Q +

RO ([¢(@max) — 9], (2.17a)
Pa0(9) = Paa(Tmax) — Boy/[=20" (Tma) ] [@(Tmax) — ¢]'/% +
R ([6(2max) — 0]'7?), (2.17h)

for ¢ ~ ¢(Tmax), and & >~ Tpax.

Last, we analyse the asymptotic behaviour of the potential waveform as x —
—00. There, denoting by k! the same asymptotic decay scale introduced
above for r — 400 (cf. Eq. 2.5), we assume that ¢(z) asymptotically behave as
the superposition of a possibly infinite series of decaying exponential functions:
exp(kx), exp(2kz), exp(3kz), ... . Specifically, denoting by p_..(exp(kz)) a

series of terms whose order, for z — —o0, is smaller than exp(kx), we write

10



o(x) = lim_o(x) +{ lim_lexp(—hka)¢'(2)]/k} exp(ke) +

P_oo(exp(kx)), (2.18a)
# (@) = K{_lim_[exp(—Fa)é!(2)]/k} exp(ke) +

[P (exp (k)] (2.18D)
#(2) = BP{_lim_[exp(—ke)ef (0)]/K} exp(ke) +

[p—co(exp(ka))]", (2.18¢)
k>0, {Igr_noo[exp(—k:x)qb’(a:)]/k} > 0. (2.18d)

Now, in the domain —oco < & < ZTyay, Where ¢(z) is an analytic and strictly
monotonic function of x (cf. Fig. 1), Eq. (2.18a) may be inverted by Lagrange’s
inversion theorem (cf. e.g. Ref. [15]), thus giving exp(kz) as an analytic func-
tion of ¢. Specifically, denoting by P_([¢ — lim,_,_ ¢(x)]) a series of terms
whose order, for ¢ ~ lim, ., . ¢(z), is smaller than |¢ — lim,_, . ¢(x)|, we
have

exp(k) = {k/ lim_exp(~ka)o/ ()]}l — lm_o(x)] +

Polp— lim_o(a)). (2.19)
Finally, denoting by R")([¢ — lim,_._ 6(z)]) and R, ([¢ — lim,_._ o ¢(2)])
the series of all the terms, respectively resulting from the substitution of
exp(kx), given by Eq. (2.19), into Eqgs. (2.18b) and (2.18c), and whose or-
der, for ¢ ~ lim, , o ¢(z), is smaller than |¢ — lim, . ¢(x)|, we rewrite

Egs. (2.18b) and (2.18c) as

9o(6) = klo — lim_¢(z)] + RUL([6 — lim _¢(x))), (2:20a)
Gua(9) = K[0 — lim_o(2)] + R ([0 — lim_o(a)]), (2.20D)

for ¢~ lim ¢(r) and z — —oo.

In the above analysis we produced the desired local differential laws governing

11



the electric potential profile in the neighbourhood of its extrema and at infinity
(cf. Egs. (2.7), (2.12), (2.17) and (2.20)). In Sections 3 and 4, we will extend

these laws over the whole real axis.

3 The structure function of the potential

In Section 2, we derived four asymptotic differential laws relating ¢, and ¢,
respectively the first and second order derivative of the potential waveform,
to ¢ in the neighbourhood of each of the four points z — 400 (cf. Egs. (2.7a)
and (2.7b)), © = Tmin (cf. Egs. (2.12a) and (2.12b)), ¥ = Zpmax (cf. Egs. (2.17a)
and (2.17b)) and z — —oo (cf. Egs. (2.20a) and (2.20b)). These laws were

given in terms of power series.

One important property of these series is their radius of convergence, which we
now analyse in detail. We first consider the series labelled by the superscript
“M)” which are involved in the representation of the first order derivative of the
potential ¢,. Specifically, the series R(jgo([hm%m ¢(x)—¢]), appearing on the
right hand side of Eq. (2.7a), converges over the interval 0 < [lim, ., ¢(x) —
¢] < [limy_ ;o0 () — ¢(Tmin)], covered by its argument [lim,_ .o ¢(z) — @),

as r ranges over the domain xy;, < x < +00.

The series R\ (¢ — ¢(2mm)]"/2), appearing on the right hand side of Eq.

(2.12a), has two determinations (cf. Eq. (2.9)): Rgl)n(%—\/[(ﬁ — &(Tmin)]) for
(1)

T > Tmin, and Rmin(—\/[qﬁ — ¢(xmin)]) for & < xpin. The former converges over

the interval 0 < /[¢ — ¢(Zmin)] < \/[limy—to0 () — (Zmin)], covered by its
argument \/[¢ — &(Tmin)], as x ranges over the domain Z,;, < r < +00. The

latter converges over the interval — /[¢(Zmax) — ¢(Tmin)] < —/[¢ — @(Tmin)] <

12



0, covered by its argument —\/[é—aﬁ(ﬁmin)], as x ranges over the domain 2., <
2 < Tmin. Thus, in the overall, the series Rl(ii)n([gzﬁ — @(Tmin)]?) converges over
the interval —\/[qb(:rmax) — O(zmin)] < [¢ — <;§(xmin)]1/2 < \/[]imx_,+oo o(x) —
G(Tmin)], covered by its argument [¢p — ¢(zmin)]'/?, as x ranges over the domain

Tmax < T < +00.

The series R{!) ([¢ — ¢(7max)]/?), appearing on the right hand side of Eq.
(2.17a), also has two determinations (cf. Eq. (2.14)): RS&&X(—F\/[QS(xmaX) —¢))
for © > Tpax, and R{) (— V10(@max) — ¢]) for © < @iax. The former con-
verges over the interval 0 < /[¢(Zmax) — @] < |/[¢(Tmax) — @(Tmin)], covered
by the argument \/[gzﬁ(xmax) — ¢|, as x ranges over the domain ., < = <
ZTmin- The latter converges over the interval — \/[d)(xmax) — lim, .o ¢(x)] <
— /[0(Zmax) — @] <0, covered by the argument —, /[¢(2max) — ¢}, as x ranges
over the domain —0o < & < T Thus, in the overall, R(Y) ([¢(Zmax) — 6]*/?)

converges over the interval — /[¢(Zmax) — im0 ¢(2)] < [#(Tmax) — ¢]"/? <

\/[qb(:rmax) — &(Tmin)], covered by the argument [¢(7yay) — ¢]'/2, as = ranges

over the domain —o0o < = < Tpyin.

Last, the series R(_lc)x)([gb —lim,_._ ¢(x)]), appearing on the right hand side of
Eq. (2.20a), converges over the interval 0 < [¢p — lim,_ o0 ¢(7)] < [A(Tmax) —
lim,_,_ ¢(x)], covered by the argument [¢ — lim,_._, ¢(x)], as x ranges over

the domain —oc0 < & < Tpax-

The analysis of the radius of convergence of the series which are labelled by the

«(2)»

superscript , and which are involved in the representation of the second

order derivative ¢,, in Egs. (2.7b), (2.12b), (2.17b) and (2.20b), gives the

very same radius of convergence of the corresponding series labelled by the

«(1)»

superscript analysed above and needs not be expanded further.
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It is now convenient to rearrange the relations appearing in Egs. (2.7a), (2.7b),
(2.12a), (2.12b), (2.17a), (2.17b), (2.20a) and (2.20b). We first consider the
relations between ¢, and ¢ and between ¢,, and ¢ in the domain < x,;, <
x < +00, as respectively given in Egs. (2.7a) and (2.7b). We introduce the

potential jump (cf. Fig. 1)

A = [¢(Tmax) = ¢(Zmin)]; (3.1)

and the function

s(@(x)) = +y/{yA + /[6(x) = d(min)]},

for xpmin < T < +00. (3.2)

We notice that, since in the domain x;, < < +00, ¢(z) is a monotonically
increasing function of x (cf. Fig. 1), then s(¢(x)) monotonically increases there

and, introducing its limit value

lim s(o(x)) =2 =

VAVA T LI 6(z) — b))} > 0, (33)
we have

VA < s(¢) < Z,

for i < z < +00. (3.4)

Next, we consider the series given by the difference

Quoe = { lim_o(z) — 0} ~{42[2* = yAJIZ — s(0)]}, (33

and, denoting by ¢, ([lim, 1 ¢(x) — @]) a series of terms whose order, for

¢ ~lim,_, o ¢(), is smaller than |lim, ., ¢(z) — ¢|?, we notice that

14



Qroc = —{[32 — yA/B2*(2° — YAV} lim_o(x) — o> +
Gl 1m_6(x) ),

for ¢ ~ lim ¢(x). (3.6)

T—-+00

Therefore, if, in Eq. (2.7a), we replace the quantity [lim,_ . ¢(z) — ¢| by the
expression [lim, . o ¢(x) — ¢] = 4Z2[2? — VAIZ = s(¢)] + Q+oo, resulting
from Eq. (3.5), the two series R{([limy_. o0 ¢(z) — ¢]), appearing on the
right hand side of Eq. (2.7a), and (), may be incorporated in a single series,
which we call S(jgo, containing terms whose order, for ¢ ~ lim, ., ¢(z), is

smaller than |lim,_ . ¢(z) — ¢|.

Likewise, if the same replacement of [lim, . ¢(z) — ¢ is made in Eq. (2.7b),
the two series R7L ([limy— 00 ¢(z) — ¢]), appearing on the right hand side of
Eq. (2.7b), and Q4 may be incorporated in a single series, which we call
ngo, also containing terms whose order, for ¢ ~ lim, . ¢(x), is smaller

than |lim,_, 1 ¢(z) — @|.

Furthermore, since, by Egs. (3.2) and (3.3),

[lim ¢(z) — ¢] = [Z — s(0)[{22 — [Z — s()]} ¥

T——+00

{2[2% — yA] = 22[Z — s(9)| + [Z — s(d))}. (3.7)

both Q o, in Eq. (3.5), RY ([limy— o0 ¢(x)—¢]), in Bq. (2.7a), and REL ([lim, .o ¢(x)—
¢]), in Eq. (2.7b) may be arranged as functions of the variable [Z —s(¢)]. Thus,
the above mentioned series S(jgo and ngo may be respectively conceived as

Silgo([Z — s(¢)]) and ngo([Z — s(¢)]), i.e. series containing powers of the

variable [Z — s(¢)], whose order, for s(¢) ~ Z, is smaller than |Z — s(¢)].

Finally, taking into account the above considerations, we respectively write

the desired rearrangements of Egs. (2.7a) and (2.7b) as

15



0a(9) = 4kZ[ 2% — JAI[Z — 5(6)] + S{%(1Z — s(9)]), (3.82)

bua(9) = —4K*Z[Z% — JA)Z — 5(¢)] + ST ((Z — s(9)), (3.8b)
for s(¢) ~ Z.

The procedure described above will now be applied to rearranging the relations
between ¢, and ¢ and between ¢,, and ¢ in the domain < x;, < * < 400,
as respectively given in Egs. (2.12a) and (2.12b). To do so, we consider the

series given by the difference

Qmin - \/[¢ - qb(xmin)] - 2\4/A[5(¢) - {I/A]a (39)

and, denoting by guin([¢ — ¢(2min)]/?) a series of terms whose order, for ¢ ~

(T min), is smaller than {\/|gz§ — ¢(Tmin)|}?, We notice that

Qmin = [(b - (b(xmm)}/(ll\/A) + Qmin([¢ - gb(xmin)]lm)a
for ¢ ~ ¢(zmin)- (3.10)

Therefore, if, in Eq. (2.12a), we replace the quantity \/[qb — @(Tmin)] by the
expression | /[¢ — ¢(Tmin)] = 2 yA[ /A — ()] + Quin, resulting from Eq. (3.9),
the two series R ( V¢ — ¢(zmin)]), appearing on the right hand side of Eq.
(2.12a), and @, may be incorporated in a single series, which we call st

min?

containing terms whose order, for ¢ = ¢(z i), is smaller than  /|¢ — ¢(2min)|-

Likewise, if the same replacement of \/[qb — @(Tmin)] is made in Eq. (2.12b),
the two series Rfm)n(\/[d) — ¢(Tmin)]), appearing on the right hand side of Eq.
(2.12b), and Qi may be incorporated in a single series, which we call S

min»

also containing terms whose order, for ¢ ~ ¢(zym), is smaller than \/|¢> —

¢(xmin)|'

Furthermore, since, by Eq. (3.2),
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VIO = d(@min)] = [5(0) — yAH{2¢A +[s(9) — yAl}, (3.11)

both Quin, in Eq. (3.9), R4 (/[0 — 6(2min)]), in Eq. (2.12a), and R, (/16 —
&(Tmin)]), in Eq. (2.12b) may be rearranged as functions of the variable [s(¢)—
\AyA]. Thus, the above mentioned series Sr(nli)n and Sr(fi)n may be conceived as

Smin([s(¢) — \4/A]) and Sr(fi)n([s(@ - \AL/A]), i.e. series containing powers of the
variable [s(¢) — ¢/A] whose order, for s(¢) ~ A is smaller than [s(¢) — wA|.

Finally, taking into account the above considerations, and recalling the defini-
tion of Ay, the skew of the potential waveform at = i, (cf. Eq. (2.11)), we

respectively write the desired rearrangement of Eqs. (2.12a) and (2.12b) as

Pa(9) = 2/A /120" (wmin)][5(¢) — yA] +

Stin([5(6) — yA]), (3.12a)
Bua() = & (Tmin) + 240 YA /[20" (i) [5(0) — YA] +

Siin([s(6) — yA]), (3.12b)
for s(¢) ~ wA.

This relation may be extended into the domain . < T < ZTpin by extending
the function s(¢) into that domain, i.e. by changing the sign of \/[qﬁ — O(Tmin)]

in Eq. (3.2), according to the prescription given in Eq. (2.9):

S(¢) = +\/{\/A - \/[¢ - ¢(xmin)]}a

for Tmax < T < Tmin - (3.13)

We notice that, since in the domain @, < & < Tpin, ¢(x) is a monotonically
decreasing function of = (cf. Fig. 1), then s(¢(x)) monotonically increases

there, and we have

0 < s(¢) < YA,
for Tyax < T < Tmin - (3.14)
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Our next task will be to rearrange the relations between ¢, and ¢ and between
¢, and ¢ in the domain Ty, < & < Ty, as respectively given in Egs. (2.17a)

and (2.17b). To do so, we consider the series given by the difference

Cmax = /[0(Tmax) — ¢] — /[2/A]5(6), (3.15)

and, denoting by Gumax([@(Tmax) — ¢]'/?) a series of terms whose order, for

¢ = ¢(Tmax), is smaller than {,/|¢(Tmax) — ¢|}%/2, we notice that

Quax = [3(Tmax) — 1%/ (8A) + Gumax ([(Tmax) — ¢1'*),
for ¢ ~ &(Tmax)- (3.16)

Therefore, if, in Eq. (2.17a), we replace the quantity \/[gb(xmax) — ¢| by the
expression \/[gzﬁ(xmax) — ¢ = \/[2\/A]s(¢) + Qmax, resulting from Eq. (3.15),
the two series R{!) ( \/[qb(a:max) — ¢]), appearing on the right hand side of Eq.
(2.17a), and Qmax may be incorporated in a single series, which we call S{!)

max?

containing terms whose order, for ¢ >~ ¢(Zyay), is smaller than \/|¢(xmax) —&|.

Likewise, if the same replacement of \/[qb(:zzmax) — ¢| is made in Eq. (2.17b)
the two series Rggx(\/[qb — &(Tmin)]), appearing on the right hand side of
Eq. (2.17b), and Quax may be incorporated in a single series, which we call

S92

max?

\/|¢($max) - ¢|

also containing terms whose order, for ¢ ~ @(Tyax), is smaller than

Furthermore, since, from Eq. (3.13),

VN0(Zmax) — 6] = s(¢)/[2/A — s*(9)],

for Tmax < T < Tmin, (3.17)

both Quax, in Eq. (3.15), Rggx(\/[ﬂwmax)—qﬁ]), in Eq. (2.17a) and Rg;x(\/[(b(a:max)—

¢]), in Eq. (2.17b), may be rearranged as functions of the variable s(¢), whose
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order, for s(¢) ~ 0, is smaller than |s(¢)|. Thus, the above mentioned series

S and S

max

may be conceived as S{)_(s(¢)) and S@) (s(¢)), i.e. series con-

taining powers of the variable s(¢), whose order, for s(¢) ~ 0, is smaller than

|s(0)]-

Finally, taking into account the above considerations, and recalling the defi-
nition of By, the skew of the potential waveform at x = .y (cf. Eq. (2.16)),
we respectively write the desired rearrangement of Eqgs. (2.17a) and (2.17b)

as

( ) \/[2\/A]\/[_2¢”(xmax)]8(d)) +
SW (s(4)), (3.18a)
G02(9) = ¢ () — v/2Bo Y/ /[~ 20 () ]5(0) +
SE.(s(0)), (3.18b)
for s(¢) ~ 0.

The relations given in Egs. (3.18a) and (3.18b) may be extended into the
domain —00 < & < Tyax by extending the function s(¢) into that domain, i.e.
by changing the sign of | /{,/A — | /[¢ — ¢(2min)|} in Eq. (3.13), according to

the prescription given in Eq. (2.14):

s(0) = —/{vA = V/I¢ = d(zmn)]},

for — o0 < 7 < Tax- (3.19)

We notice that, since in the domain —0o < & < Zyay, ¢(2) is a monotonically
increasing function of z, the function s(¢(z)) monotonically increases there

and, introducing its limit value

lim s(¢p(x)) =—2=

r——00

—/ivA = L lm é(z) — ¢(zmm)]} <0, (3.20)

r——00
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we have

—z < s(¢) <0,

for — o0 <& < Tpax- (3.21)

Our last task will be to rearrange the relations between ¢, and ¢ and between
¢z and ¢ in the domain —00 < & < Ty, as respectively given in Eqgs. (2.20a)

and (2.20b). To do so, we consider the series given by the difference

Qoo = {6 — lim_o(x)} —{ 42[yA — [z + s(6)]}, (3.22)

Tr——00

and, denoting by ¢_([¢ — lim,_,_ ¢(x)]) a series of terms whose order, for

~ lim,_,_ oo &(x), is smaller than |¢ — lim,_,_~ ¢(z)|?, we notice that
¢ b b

Q- = {[32" + A]/[8° (=" + AV} — lim_o(x)]” +
-co([¢ — lim_o(z)]),

for ¢ ~ lim ¢(x). (3.23)

Tr——00

Therefore, if, in Eq. (2.20a), we replace the quantity [¢p — lim, ., ¢(z)] by
the expression [¢ — lim,—, o ¢(2)] = 42[\/A — 2%][z + 5(4)] + Q-cc, resulting
from Eq. (3.22), the two series R(_lc)x}([qﬁ — lim, . ¢(x)]), appearing on the
right hand side of Eq. (2.20a), and @), may be incorporated in a single series,
which we call S(_lgo, containing terms whose order, for ¢ ~ lim, . o ¢(z), is

smaller than |¢ — lim, . ¢(x)|.

Likewise, if the same replacement of [¢ —lim,_,_ ¢(z)] is made in Eq. (2.20b)
the two series R(,ng(w —lim, . o ¢(z)]), appearing on the right hand side of
Eq. (2.17b), and Quin may be incorporated in a single series, which we call
S(,ng, also containing terms whose order, for ¢ ~ lim, . ¢(z), is smaller

than |¢ — lim, . ¢(z)].
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Furthermore, since, by Egs. (3.19) and (3.20),

[0 — lim o(x)] = [z + s(0){22 — [z + 5(¢)]} X

Tr——00

{2[\/A — 2] + 22[z 4 5(9)] — [z + s(9)]*}, (3.24)

both Q_o, in Eq. (3.22), RY. ([¢—lim, 00 #()]), in Eq. (2.20a) and R ([¢—
lim, 1o ¢(x)]), in Eq. (2.20b), may be arranged as functions of the variable
[z + s(4)]. Thus, the above mentioned series S and S may be conceived
as SU. ([z + s(¢)]) and SZ([z + s(¢)]), i.e. series containing powers of the

variable [z + s(¢)], whose order, for s(¢) ~ —z, is smaller than |z + s(¢)|.

Finally, taking into account the above considerations, we respectively write

the desired rearrangement of Eqgs. (2.20a) and (2.20b) as

0a(9) = dkz[ /A — 2%][2 + s(¢)] + SUL([= + s(9))), (3.25a)
Gua(9) = 422 /A — 2%][2 + 5(¢)] + SCL([= + 5(9))), (3.25b)
for s(¢) ~ —=z.

In the above analysis we produced the desired rearrangements of the relations
between ¢, ¢.., respectively the first and second derivative of the potential
waveform, and ¢. Starting from their primaeval forms, given in Egs. (2.7),
(2.12), (2.17) and (2.20), the rearranged relations are given in terms of power

series of the function s(¢), respectively in Eqs.(3.8), (3.12), (3.18) and (3.25).

Now, the function s(¢) was piece-wise defined in each of the three intervals
—00 < T < Tpax (cf. Eq. (3.2)), Tmin < T < Tmax (cf. Eq. (3.13)) and zpax <
x < 400 (cf. Eq. (3.19)). Using the prescriptions given in Egs. (2.9) and (2.14),
s(¢) may more conveniently be defined over the whole domain —oco < x < +00

as a multi-valued function:
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S(¢) = {\/A +[ ¢ - ¢(xmin)]1/2}1/27 (326&)
where A = [¢(Zmax) — ¢(Zmin)]- (3.26D)

This function has a number of remarkable properties and, for the importance it
will have in the following analysis, it will be called the “structure function” of
the potential. As shown above, s(¢(z)) is a monotonically increasing function
of x over the three open domains —00 < T < Tmax, Tmax < T < Tmin, Tmin <
x < 400 and, being obviously continuous at * = . and = xy;,, it is a
monotonically increasing function of x over the whole domain —co < x < 400

and its bounds are

lim s(¢(x)) =—2<s(p) < Z= lim s(o(x)). (3.27)

T——00 T—-+00

Here, Z > 0 (cf. Eq. (3.3)) and z > 0 (cf. (3.20)), and thus s(¢(x)) has exactly

one simple zero, this latter indeed occurring at * = yax-

It is also easily verified that ds(¢(x))/dz is a continuous function of z over the
whole domain —oco < x < 400, and in particular at £ = x5, and £ = Tpax.
Last, since ¢(x) was assumed to be analytic and strictly monotonic over the
three domains —00 < T < Tmax, Tmax < T < Tmin and Ty < T < 400, SO i8S

s(¢(z)) there.

4 The shape factor of the potential

One of the anticipated advantages in rearranging the relations between ¢,
and ¢ and between ¢,, and ¢ in terms of the structure function s(¢) lies in
the simplicity of their analytic extensions. Indeed, we notice that both ¢'(z),

¢"(x) and s(¢(z)) are analytic function of z over the three open domains
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—00 < T < Tmax, Tmax < T < Tmin and Ty < £ < +o0o. Therefore, each of
the relations given in Egs. (3.8), (3.12), (3.18) and (3.25) define ¢,(¢) and
022 (¢) as analytic functions of the variable s(¢(z)), which may be extended

by analytic continuation.

Specifically, the relations in Eq. (3.8) can be extended over the interval YA <
s(¢) < Z, which s(¢(x)) covers as x ranges over the domain z,;, < x < 400.
The relations in Eq. (3.12) can be extended over the interval wA < s(¢) < Z,
which s(¢(x)) covers as x ranges over the domain z,;, < r < 400, and over
the interval 0 < s(¢) < A, which s(¢(z)) covers as x ranges over the domain
Tmax < T < Tmin. The relations in Eq. (3.18) can be extended over the two
intervals —z < s(¢) < 0 and 0 < s(¢) < @A, which s(¢(z)) covers as x
respectively ranges over the domains —00 < & < Tpayx and Tpax < T < Tmin.
Last, the relations in Eq. (3.25) can be extended over the interval —z < s(¢) <

0, which s(¢(x)) covers as x ranges over the domain —00 < & < Zpax.

In this way, three pairs of analytic extensions of the function ¢,(¢) and three
pairs of analytic extensions of the function ¢,.(¢) are produced, each pair
holding in one of the three domains —z < s(¢) < 0, 0 < s(¢) < A and
VA < s(¢) < Z. Specifically, the pair of extensions of ¢,(¢) originating
from Egs. [(3.8a), (3.12a)] and the pair of extensions of ¢,.(¢) originating
from Egs. [(3.8b), (3.12b)] hold over the domain A < s(¢) < Z, respectively
starting from its right and left bound. Likewise, the pair of extensions of ¢, (¢)
originating from Egs. [(3.12a), (3.18a)] and the pair of extensions of ¢,.(¢)
originating from Egs. [(3.12b), (3.18b)] hold in the domain 0 < s(¢) < yA.
Last, the pair of extensions of ¢,(¢) originating from Eqs. [(3.18a),(3.25a)]
and the pair of extensions of ¢..(¢) originating from Eqs. [(3.18b),(3.25b)]

hold in the domain —z < s(¢) < 0. Notice in particular that the extensions
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of ¢.(¢) given in Eqs. (3.12a) and (3.18a) and the extensions of ¢,,(¢) given
in Egs. (3.12b) and (3.18b) belong, at the same time, to two pairs of analytic

extensions.

Now, because of the uniqueness of analytic continuation, the two extensions in
each of the above mentioned pairs should coincide. One important consequence
of this uniqueness is that, although ¢, and ¢,, are not an analytic function
of ¢, their relation to s(¢) is in fact analytic over the whole s-domain —z <
s < Z. Indeed we have already established that these relations are analytic
over the three open intervals —z < s < 0,0 < s < \4/A and \yA <s< Z.To
produce the analytic Taylor expansions of ¢, and ¢,, at s = 0, we respectively
use the series defined by the right hand side of Egs. (3.18a) and (3.18b), both
of which hold for —z < s < \4/A. Likewise, to produce the analytic Taylor
expansions of ¢, and ¢, at s = \ZL/A, we respectively use the series defined
by the right hand side of Eqgs. (3.12a) and (3.12b), both of which hold for

O0<s< Z.

One second consequence of the uniqueness of the analytic continuation is that,
once the coefficients of one of the four analytic extensions of ¢, and ¢,, are
given, the coefficients of the other three extensions are uniquely determined.
We shall use this result to work out the analytic representation of ¢, (¢) holding

over the whole z-domain.

To do so, we fix the extension in Eq. (3.8a) (the one holding at the right
boundary of the tripolar spike as x — +o00) and compare the two extensions
on the right hand sides of Egs. (3.8a) and (3.12a), which belong to the same
pair of extensions of ¢,: in this way, we see that the right hand side of Eq.

(3.12a) should vanish at s(¢) = Z. In other words, in Eq. (3.12a), the quantity

24



¢ not only has [s(¢) — yA] as its obvious factor but also [Z — s(¢)]. Having
established this, we proceed by comparing the extensions given in Eqs. (3.12a)
and (3.18a) and, by the same argument, we see that the quantity ¢, in Eq.
(3.18a) not only has s(¢) as its factor, but also [s(¢) — wA] and [Z — s(¢)].
Finally, by comparing Eqs. (3.18a) and (3.25a), we prove that ¢, admits the
four factors [z + s(9)], s(¢), [s(¢) — yA] and [Z — s(¢)].

In conclusion, the sought relation between ¢, and ¢, holding over the whole
x domain, will be given by factoring all of these four factors and a fifth ex-

tra factor which, without loss of generality, we write as [4k/(Z + 2)][s(¢) +

JAIS(s(6):

$a(0) = 5()[s%(¢) — \/Allz + 5(9)][Z — 5(9)] x
[4k/(Z + 2)]5(s(¢))- (4.1)

In practice, the factor S(s) accounts for the fine adjustments of the potential
waveform, whose main morphological properties are accommodated by the
first four factors appearing on the right hand side of Eq. (4.1). In the follow-
ing, the quantity S(s) will be known as the “shape factor” of the potential

waveform.

Eq. (4.1) might be regarded as a differential equation for the potential ¢(z),
provided the shape factor S(s) were related to ¢ by way of some physical
argument. Now, through Poisson’s law and the obvious relation d?¢(z)/dz? =
d{[px(V)]?/2} /| y=p(a), the quantity S?(¢) is related to the electric charge
density in the plasma. However, this latter quantity is generally not known
at any arbitrarily given value of x. Therefore, its relation to ¢ — and hence
the relation between S?(¢) and ¢ — cannot be generally worked out on ex-

perimental grounds. The remaining part of this section will be devoted to the
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reconstruction of the relation between S?(¢) and ¢, based on the functional

properties of the structure function s(¢).

To this end, we notice that the first four factors on the right hand side of
Eq. (4.1) are obviously analytic functions of s(¢) over the whole s-domain
—z < s < Z, covered by s(¢(x)) as x ranges over the domain —oo < & < +00
(cf. Eq. (3.27)). On the other hand, the quantity ¢.(¢) was also shown to be
an analytic function of s(¢) over that domain. Thus S(s) is itself an analytic
function of s(¢) and it may be represented by a Taylor series. It is in fact
convenient to write the Taylor series for S?(s), obviously an analytic function

too:
+oo
S?(s) = > Sps™ (4.2)
n=0

A second property of the shape factor S(s) is determined by the fact that,
since, by construction, the first four factors on the right hand side of Eq. (4.1)
account for all the zeroes of ¢,, then S(s) must not vanish anywhere. Also,
given the choice of the sign of s(¢) (cf. Egs. (3.2), (3.13) and (3.19)), Eq. (4.1)

reproduces the slope of the potential waveform shown in Fig. 1 only if

S(s) > 0. (4.3)

A third set of properties of the shape factor S(s) comes by taking the values
of ¢.(¢) in Eq. (4.1) for ¢ >~ lim, o (¢(z)) (i.e. for s >~ Z, cf. Eq. (3.3)) and
¢~ lim, ,_(¢(x)) (i.e. for s >~ —z, cf. Eq. (3.20)), and by comparing these
values respectively with those given by Eqs. (3.8a), and (3.25a). In this way

we find
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A fourth set of properties of the shape factor S(s) comes by taking the values
of Guu(9), calenlated from Ba. (4.1) as du(6) = d{[6.(6)]2/2}/de, for ¢ =
P(Tmin) (Le. for s(¢) = yA, cf. Eq. (3.13)) and ¢ > ¢(2max) (i-e. for s(¢) =0,
cf. Eq. (3.19)), and by comparing these values respectively with those given
by Egs. (3.12b) and (3.18b). In this way, the skews at the potential minimum

and maximum are related to the shape factor S as

PR {1 L E2yet2yl)

Z+z VA
(Z — yA)(z + yA) [yA][dS/ds)e= ya
JA S(yA)

By — 3k YA {Z—Z Zz [é/A][dS/dS]s—o}S(o). (4.5b)

} S(yA), (4.52)

T Z+z | wA YA S(0)

The above established properties will be used to uniquely determine the shape
factor S in the limit of small potential amplitudes. This task will be carried

out in Section 5.

5 The potential waveform

In Section 4 we established the differential equation governing the potential
waveform ¢ by relating ¢,, the derivative of ¢, to ¢ itself. Such relation involves
five factors (cf. Eq. (4.1)): the first four factors give the basic morphological
properties of the potential, i.e. its extrema and its asymptotic behaviour as

|x| —o0 ; the fifth factor — the shape factor S(s) — accounts for the fine
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adjustments of the waveform. Although the relation between ¢, and ¢ is gen-
erally not analytic, we showed that a function exists — the structure function

of the potential s(¢) — such that ¢, is an analytic function of s.

It in now convenient to introduce the “rescaled structure function”

r(6) = 25(6) = (Z = 2))/(Z +2), (5.1a)
Jim_r(0(@)) = =1 < 1(6) < lim_r(6(x)) = L (5.1)

whose boundary values, given in Eq. (5.1b), come from the corresponding
values of the structure function s(¢) (cf. Eq. (3.27)). Then, using Newton’s

binomial formula, Eq. (4.2) is transformed into

$(s(0) = 3 Rl 0)" (520
Ry =[(Z+2)/(Z - 2)" g (7:) Sul(Z —2) /2™, (5.2b)

Correspondingly, the constraints set in Eqs. (4.4) and (4.5) are transformed
into constraints for the coefficients R,,. In particular, considering that r(lim, 1+ ¢(x)) =
+1, (cf. Eq. (5.1b)), the substitution of Eq. (5.2a) into Eqgs. (4.4a) and (4.4Db)

respectively gives

> R, =1, (5.3a)

Y ()R, =1 (5.3b)

We are now ready to solve the differential equation Eq. (4.1) in favour of ¢(x).
We first notice that, since S(s) > 0 (cf. Egs. (4.3)), in substituting the shape
factor S(s) given in Eq. (5.2a) into Eq. (4.1) we must set S(s) = +,/[S*(s)].

Then, denoting by a “’ 7 differentiation with respect to x, and using the
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definition of the structure function s(¢) (cf. Eq. (3.26a)), we finally work Eq.
(4.1) into a differential equation for the rescaled structure function r(¢) defined

in Eq. (5.1a):

o)) = 511 - r2<¢<x>>]fz°zw<¢<x>n". (54)

This equation, subject to the constraints of Eq. (5.3), is the general nonlinear
differential equation for the potential waveform ¢, which is related to the

rescaled structure function 7(¢) by means of Egs. (5.1a) and (3.26a).

Eq. (5.4) is not integrable in its general form. However, provided the amplitude
of the electric potential ¢ is sufficiently small (values of € ~ 10~* were observed

in Ref. [1]), it is amenable to quadrature. Indeed, if
o] = O(e), e < 1. (5.5)

then, the quantities Z (cf. Eq. (3.3)) and z (cf. Eq. (3.20)) are O(y/€). There-

fore, the orders of the coefficients R,, in Eq. (5.2b) are

R() = O(l), R() Z 0, (56&)
R, =O(lyd"), n=12,.... (5.6b)

The inequality in Eq. (5.6a) ensures, to lowest order, the non-negativity of the

quantity S? in Eq. (5.2a).

In practice, the quadrature of Eq. (5.4) is affordable only up to the fourth
order approximation. In this case, only the terms containing Ry, Ry, Ry, R3
and R, would be retained in Eq. (5.4) and this equation would be solved in

terms of elliptic functions.

This task is outside the scope of the present work, where we rather adopt a
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second order assumption in which R,, = 0 for n > 2. We shall see that even the

results of such simpler approach are in excellent agreement with observations.

In this approximation, the constraints on the coefficients R,, given in Eqgs.

(5.3a) and (5.3b) reduce to

Ry > 0,
R1:0,
R2:1—R0, ‘RQ’ <<1,

and Eq. (5.4) reads

DO |

[r(6(2))]' = +5{1 = [r(¢(=))]*} x
VAR + (1= Ro)[r(¢(2)]*}.

The quadrature formula for this equation is easily found to be

k—x = tanh ™! rg(e))
2 VR0 + (1= Ro)lr(6()?)

and it leads to the solution

r(o(z)) — [ /o] tanh(kz/2)
o) \/[1—(1—R0)tanh2(lm/2)]'

(5.7a)
(5.7b)
(5.7¢)

(5.8)

(5.9)

(5.10)

The fact that Ry > 0 (cf. Eq. (5.7a)), ensures that, in Eq. (5.10), r(¢(z)) has

no singularities for any value of x. The rescaled structure function r(¢(z)) is

drawn in Fig. 3 for Ry = 0.7.

Finally, Egs. (3.26a) and (5.1a) provide the potential waveform

[6(2) = G(@min)]/ A = {[(Z + 2)r(¢(x)) + (Z — 2)]/(4y/A) — 1}*. (5.11)
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We remark that the model waveform provided by Eq. (5.11) has one free
parameter only. Indeed, we see that the right hand side of Eq. (5.11) actually

depends on the two rescaled parameters (cf. Egs. (3.1) and (3.3))

UA VMmoo #(2) — O(Zmin)|
Z] YA =/ {1 + (o) = 6] } (5.12)
and (cf. Egs. (3.1) and (3.20))
2/ 4 — _ \/[limzﬂfoo ¢(x) - (b(mmin)]
e s “{1 V0 (@ma) — B } | (5:13)

These parameters are uniquely determined, once the two potential jumps as
r — 400 and as © — —oo are assigned relative to the reference potential
jump [@(Zmax) — A(Tmin)]- Also, of the two parameters brought into Eq. (5.11)
by the function r (cf. Eq. (5.10)), k is given by the decay rate of the potential
waveform as x — oo (cf. Egs. (2.5a) and (2.18a)), whereas Ry remains
undetermined. Therefore all of these parameters are provided by observation,
except Ry, which remains the only free parameter of our second order model,
and which we may adjust to best fit the observed waveforms. Despite this
limitation, the solid line curve in Fig. 4 indicates that the waveforms given by

Eq. (5.11) are in excellent agreement with observations (cf. [1-3]).

We conclude this section by considering some special cases of the general solu-
tion given in Eq. (5.11). The first two cases come by considering the constraints
given in Eq. (4.5) when the amplitude of the electric potential ¢ is sufficiently
small (cf. Eq. (5.5)). In this approximation, the quantity A (cf. Eq. (3.1)),
the structure function s(¢) (cf. Eq. 3.26a)), the quantities Z (cf. Eq. (3.3))
and z (cf. Eq. (3.20)) are O(ye), and the shape factor reduces to (cf. Eq.

(5.2a)) S = /332 Ralr(#)]" =~ | /Ro. Therefore, to leading order, Eqs. (4.5a)
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and (4.5b) respectively reduce to

4 :3kLA {1+ (Z —2yA)(z+2yA)

7 A }\/Ro, (5.14a)

\4/A Z —z
By = . .
0 3kZ+z JA Vv Fo (5.14b)

We note that, since & > 0 (cf. Eq.(2.5d)) and Z > z (cf. Egs. (3.3) and
(3.20)), By, the skew of the potential waveform about the potential maximum,
is positive in Eq. (5.14b), in agreement with observations (cf. e.g. Refs. [1-3])

and with our earlier results of Ref. [14].

On the other hand, observations of some weak tripolar spikes (cf. e.g. Ref. [1])
indicate that the potential waveform is nearly symmetric about its minimum,
i.e. that, in Eq. (2.11), the skew Ay must be very small. Through Eq. (5.14a),
this condition implies that the quantities Z and z must lie on the hyperbola
(Z —2yA)(2 +2yA) = —,/A. The further obvious constraint 0 < z < WA
(cf. Eq. (3.20)) requires that only the upper branch of that hyperbola be
considered and only for [3/2] wA < Z < [5/3]/A. Finally, the definition of Z

(cf. Eq. (3.3)) casts these considerations in the following form (cf. Eq. 2):

[hm;z:—>—oo qb(l‘) — ¢(xmin)] [Z - \AL/A]Q[SZ - 5\4/A]2

A = 7 - 2 A , (5.15a)
for [5/4]* < i oo ¢(Z) = ¢ (Tmin)] < [16/9)?, (5.15b)
where 7 = \/{,/A+ \/[xgl}rloo A(x) — A(@min)]}-

In particular, when Z is at its lower bound, Z = [3/2] /A, then [lim, ;o ¢(z)—
A(Tmin)] = [5/4]?A; in this case, lim, , o ¢(7) = G(Tmax), the position at

which the potential waveform has a maximum x,,, shifts to —oo, and the
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tripolar spike approaches a non monotonic double layer (cf. the long-dashed
curve in Fig. 4 and e.g. Ref. [10]). In the opposite situation, when Z is at its
upper bound, Z = [5/3] A, then [lim; 4o ¢(z) — ¢(Tmin)] = [16/9]*A: in this
case, lim;, o @(z) = ¢(2min). The corresponding potential waveform has the
maximum potential gain [lim, o ¢(z) — lim,_, o ¢(x)] = [16/9]2A ~ 3.16A

(cf. the short-dashed curve in Fig. 4).

Three further degenerate cases of the solution given in Eq. (5.11) are worth
notice: all have Ry = 1, which gives r(¢(x)) = tanh(kz/2) in Eq. (5.10). One
case arises when lim, o ¢(x) = lim, ;00 ¢() = @(Tmax): from Egs. (3.3)

and (3.20), we find z = 0 and Z = | /[2, /A], and Eq. (5.11) reduces to

[6(2) — ¢(@min)]/A = {[tanh(kz/2) +1]*/2 — 1}, (5.16)

which depicts an asymmetrical waveform of the type associated to ion holes,
with a single trough at z = xp;, = In(1+ \/2)/k; the position of the maximum
of this waveform moves to infinity: |rn.x| — 400 (cf. the dash single dotted

curve in Fig. 4).

A second degenerate case arises when lim, ., o, ¢(x) = lim, ., o ¢(2) = ¢(Tmin):

from Egs. (3.3) and (3.20), we find Z = z = A and Eq. (5.11) reduces to

[0(2) — O(2min)]/A = sech*(kx/2), (5.17)

which obviously depicts a symmetrical waveform of the type associated with
electron holes, with a single hump at * = z,., = 0; the position of the
minimum of this waveform moves to infinity: |z,m| — 400 (cf. the dash

double dotted curve in Fig. 4).

A last degenerate case arises when lim, ., ¢(x) = ¢(Tmax) and lim, ., ¢(x) =
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¢(Tmin): from Egs. (3.3) and (3.20), we find z = 0 and Z = wA, and Eq. (5.11)

reduces to

[p(z) — d(2min)]/A = {[tanh(kz/2) + 1]2/4 — 1}, (5.18)

which depicts the waveform of a monotonically decreasing double layer without

any extrema (cf. the dash triple dotted curve in Fig. 4).

In conclusion, the solution given in Eq. (5.11) may reproduce the electric
potential of electron holes, ion holes, monotonic and non monotonic double
layers and indeed tripolar spikes, in remarkable agreement with observations

(cf. e.g. Refs. [1-3]).

6 Summary and discussion

The object of the present work is the reproduction, by analytical means, of
the distinctively asymmetric waveforms of the electric potential of tripolar
spikes in plasmas (cf. e.g Refs. [2,3] and Fig. 1). Currently, analytical models
of similar plasma structures, such as asymmetric ion and electron holes and
non monotonic double layers are available. These models are based on the
specification of the velocity distribution functions of the electrons and of the
ions sustaining the spikes, on the calculation of the electron and ion charge
densities, and on the subsequent solution of Poisson’s equation in favour of

the electric potential.

This equation usually takes the form of a steady state equation of the modified
Korteweg de Vries family (cf. e.g. Refs. [7-11]). The proposed classical solution

of these equations, and even the elaborated solutions of more complicated
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equations of this and other families by means of advanced techniques (cf. e.g.
Refs. [12,13]) fail to reproduce all of the peculiar and essential features of the

potential waveform of tripolar spikes.

We propose a model for these waveforms based on a novel technique of wave-
form reconstruction. We do so by simply considering the morphological prop-
erties of the waveform ¢(z) (i.e. maxima, minima and asymptotic behaviour)
and making the sole additional assumption that the waveform be an analytic
function of the position x. We assume no knowledge of the velocity distribution

functions of the electrons and of the ions sustaining the tripolar spike.

The proposed technique aims at constructing a general nonlinear differential
equation for the potential waveform of the tripolar spike. We show that the
quantity de¢(z)/dz, conceived as a function of ¢ — a function which we call ¢,
— is a piecewise analytic function in each of the open domains of the tripolar
spike where ¢(z) is a monotonic function of x (cf. Fig. 1). This property is
proved by simply invoking the analytic nature of ¢(z) as a function of x, rather
than by relying on models of the charge density which are themselves analytic

(cf. e.g. Ref. [10]).

Next, we show that the piecewise nature of this analytic property may be
taken into account by introducing a suitable multi-valued function of ¢, which
we call the structure function of the potential and we denote by s(¢) (cf.
Eq. (3.26a)), and by requiring that ¢, depend on ¢, through s(¢), rather than
through ¢ itself: we show in fact that, in this way, ¢, is everywhere an analytic

function of s.

This allows us to immediately construct four Taylor series for ¢, in terms of

powers of s(¢), each based at one of the two extrema of the potential waveform
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T = Tpin and T = Tpax, and at the lower (r — —o0) and upper (x — +00)
boundaries of the tripolar spike. We proceed by noting that these points are
pair-wise adjacent (cf. Fig. 1): —oo is adjacent t0 Zyax, Tmax 1S adjacent to
Tmin, Tmin 18 adjacent to +00. We show that the radius of convergence of the
series originating from two adjacent points overlap and thus, because of the
uniqueness of the analytic continuation, that the two Taylor series based at

these points must coincide.

We use this result to further show that the Taylor series of ¢, contains five
factors: four of them vanish at the appropriate values of s(¢) corresponding
to the two extrema of the potential waveform x = z,;, and £ = .., and at
the lower (x — —o0) and upper (x — 400) of the tripolar spike, as it should
indeed be expected. A fifth factor, called the shape factor S accounts for the
fine adjustments of the potential waveform. We show that S is an analytic
function of s and we use the functional properties of the structure function
s(¢) to work out the Taylor series for S(s). The Taylor expansion for ¢, thus
found precisely gives the desired differential equation for the electric potential
waveform (cf. Eq. (4.1)). This nonlinear differential equation may be solved
by quadrature up to fourth order in the amplitude of the potential, in terms

of elliptic functions, to finally produce the desired waveform ¢(z).

The ordering for the amplitude of the potential (cf. (5.5)) deserves special
notice. From the definitions of the structure function s(¢) (cf. Eq. (3.26a)),
we see that, if ¢ = O(e), € < 1, then s(¢) = O(¢'/*). This ordering shows
that the structure function — and hence the leading nonlinear terms in the
differential equation governing the potential waveform (cf. Eq. (4.1)) — are

O(e'/*), rather than O(e).
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This fact explains, in a simple way, why nonlinear effects should be so impor-
tant in tripolar spikes, even when the amplitude of the potential waveform,
normalised to the electron temperature (cf. Eq. (2.3)), is very small (values
of € ~ 107" were observed in Ref. [1]). It also suggests that our approach,
based on the structure function formulation, properly captures the physical

processes behind the nonlinear behaviour of tripolar spikes.

This conclusion is more quantitatively corroborated by even a second order
model, which we explore in detail, and which allows for one free parame-
ter only. Despite this limitation, this model is able to reproduce the potential
waveforms associated with electron holes, ion holes, monotonic and non mono-
tonic double layers and indeed tripolar spikes (compare the solid curve in Fig.
4 and e.g. Ref. [3]). In particular, this model predicts that, in all tripolar
spikes, the potential waveform should have a positive skew about the position
of the potential maximum (cf. Eq. (2.11)), in agreement with observations and

in compliance with our earlier results of Ref. [14].

In conclusion, based on a careful inspection and a judicious functional anal-
ysis of the observed potential waveforms, our model reproduces, in a simple
analytical formula, many of the morphological properties of both classical and

novel nonlinear waves occurring in plasmas.
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Figure captions

(1)

The typical waveform of the electric potential ¢(z) in a tripolar spike
drawn according to the morphological properties given Eq. (2.4).
and z,.. are the extrema at which the potential respectively has an
absolute minimum and a relative maximum. A is the reference potential
jump given in Eq. (3.1).

The compatibility relation (solid curve, left axis) between the boundary
values of the potential waveform for a weak tripolar spike symmetrical
about the potential minimum and drawn according to Eq. (5.15a). The
corresponding value of the net potential gain is also shown (dashed curve,
right axis). The reference potential jump A is given in Eq. (3.1) and Fig.
1.

The rescaled structure function r(¢(z)) of the potential drawn according
to Eq. (5.10) for Ry = 0.7.

The waveforms of the electric potential ¢(x) drawn according to Egs.
(5.10)—(5.13). Solid curve: generic tripolar spike, Ry = 1.3, [lim, 4 ¢(x)—
P(Tmin)] = 1.8A, [limy—. oo ¢(7) — ¢(Tmin)] = 0.5A. Long dash: weak non
monotonic double layer symmetric about the position of its minimum,
Ry = 1.3, limy oo ¢(2) — ¢(2min)] = A, limeioo () — ¢(2min)] =
[5/4)2A. Short dash: weak tripolar spike, symmetric about the posi-
tion of its minimum and having a maximal potential gain, Ry = 1.3,
lim,——oe () — ¢(@min)] = 0, [limyeioe (7)) — ()] = [16/9]*A.
Dash single dot: asymmetric solitary ion hole (cf. Eq. (5.16)), Ry = 1,
limy oo ¢(2) = G(Zmin)] = A, [limg—ioo ¢(2) — ¢(Zmin)] = A. Dash
double dot: symmetric solitary electron hole (cf. Eq. (5.17)), Ry = 1,

lim, . @(x) — &(Tmin)] = 0, [limy_ 100 @(2) — ¢(Xmin)] = 0. Dash triple
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dot: monotonically decreasing double layer (cf. Eq. (5.18)), Ry = 1,

im0 () — O(Tmin)] = A, [limy— 100 @(2) — G(2min)] = 0. The refer-

ence potential jump A is given in Eq. (3.1) and Fig. 1.
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