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Abstract. This paper deals with the nonlinear phase field system

OO+ Lp)— A= f in Q x (0,7,
Do —Ap+E+m(p) =100, € B(p) inQx(0,T)

in a general domain Q@ C RY. Here N € N, T > 0, £ > 0, f is a source term, f3 is
a maximal monotone graph and 7 is a Lipschitz continuous function. We note that in
the above system the nonlinearity § + 7 replaces the derivative of a potential of double
well type. Thus it turns out that the system is a generalization of the Caginalp phase
field model and it has been studied by many authors in the case that € is a bounded
domain. However, for unbounded domains the analysis of the system seems to be at
an early stage. In this paper we study the existence of solutions by employing a time
discretization scheme and passing to the limit as the time step h goes to 0. In the limit
procedure we face with the difficulty that the embedding H'(Q2) — L?() is not compact
in the case of unbounded domains. Moreover, we can prove an interesting error estimate
of order h'/? for the difference between continuous and discrete solutions.
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1. Introduction and results

In the present contribution we address a nonlinear phase field system in a general
domain Q C R¥ and discuss it using a time discretization procedure, which turns out to
be useful and efficient for the approximation and the existence proof. Moreover, we show
an error estimate of order 1/2 in suitable norms for the difference between continuous and
discrete solutions.

Our analysis moves from the consideration of the following simple version of the phase-
field system of Caginalp type (cf. [8,22]; one may also see the monographs [7,23,43]):

(1.1) Oy (cob + o) — KAO = f in Q x (0,7),
(1.2) 6 — G+ F'(¢) = 10 in Qx (0,7),

where 2 is the three-dimensional domain in which the evolution takes place, T is some
final time, 0 refers to the relative temperature around some critical value, that is taken
to be 0 without loss of generality, and ¢ is the order parameter. Moreover, cg, ¢, x and n
are positive constants, f is a source term and F” is the derivative of a smooth double-well
potential F', whose prototype reads

1
(1.3) Freg(r) = 1 (r’—1)?, reR.
In our approach, we aim to consider other kinds of potentials, which are by now widely
known and extensively used in the mathematical literature, that are the logarithmic po-
tential and the double obstacle potential:

(1.4) Frog(r) = ((14+r)In(1+7r)+ (1 —=r)In(l — 7)) — e r* ifr e (=1,1),
(1.5) Fous(r)=1I(r) —cyr®, reR.

Here, the coefficient ¢; in (1.4) is larger than 1, so that Fj,, admits a double well, and ¢,
in (1.5) is an arbitrary positive constant, whereas the function I in (1.5) is the indicator
function of [—1, 1], i.e., it takes the values 0 or +o00 according to whether or not r belongs
to [—1,1]. Note that Fj,, can be extended by continuity to the closed interval [—1, 1], but
its derivative F, turns out to be singular as the variable approaches —1 from the right or
+1 from the left. On the other hand, F;, is even a non-smooth potential and for it it is no
longer possible to consider the derivative, but we have to deal with the subdifferential of
1. Hence, in order to be as general as possible, in our investigation we allow the potential
F" to be just the sum
F=B+7,

where 3 is a convex function that is allowed to take the value +o0o somewhere, and 7 is a
smooth perturbation which may be concave. In such a case, 3 is supposed to be proper
and lower semicontinuous, so that its subdifferential is well defined and can replace the
derivative which might not exist. Let us point out that, in the case of a multivalued
subdifferential like 01, equation (1.2) becomes a differential inclusion.
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The system (1.1)-(1.2) is of course complemented by initial conditions like §(0) = 6,
and ¢(0) = ¢p, and suitable boundary conditions. Concerning the latter, we set the usual
homogeneous Neumann condition for both 6 and ¢, that is,

0,0=0 and 0J,0=0 on 90 x (0,7),

where 0, denotes differentiation with respect to the outward normal of 9€). Indeed, by
these conditions we are assuming that there is no flow exchange with the exterior of 2.

Equations (1.1)-(1.2) yield a system of phase field type. Such systems have been
introduced (cf. [7,8,43]) in order to include phase dissipation effects in the dynamics of
moving interfaces arising in thermally induced phase transitions (the reader may also see
(6,13,34,38,39]). In our framework, we are actually considering the following form for
the total free energy:

(1.6 Glo.0) = [ (<30 0+ Flo) + JIVF).

where ¢y and ¢ stand for the specific heat and latent heat coefficients, respectively, with
a terminology motivated by earlier studies (see [21]) on the Stefan problem; let us also
refer to the monography [23], which deals with phase change models as well. In this
connection, it is worth to introduce the enthalpy e by

oG
(17) €= _@7

where ‘;—g denotes the variational derivative of G with respect to 6, so that (1.7) yields
e = cofl + L. Then the governing balance and phase equations are given by

(1.8) Ope + divg = f,
0G

where q denotes the thermal flux vector, f represents some heat source and % is the
variational derivative of G with respect to ¢. Hence (1.9) reduces exactly to (1.2) along
with the homogeneous Neumann boundary condition for ¢. Moreover, if we assume the
classical Fourier law q = —x V6, then (1.8) is nothing but the usual energy balance
equation of the Caginalp model. Moreover, (1.1) follows from (1.8) and the Neumann
boundary condition for € is a consequence of the no-flux condition q - n = 0 on the
boundary. We notice that the above phase field system has received a good deal of
attention in the last decades [1,9,12,15,19,35] and can be deduced as a special gradient-
flow problem (cf., e.g., [41] and references therein).

Let us point out that questions related to the well-posedness, long-time behaviour of
solutions and optimal control problems have been investigated for the Caginalp system
(1.1)-(1.2) and for some variation or extension of this phase field system. Without any sake
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of completeness, we mention the contributions [2,10,11,14,18,20,22,25,29,36,37,40]
for various qualitative analyses and [5,16,17,27,28]| for some related control problems.

For the sake of simplicity, in the sequel of the paper we simply let ¢ = x =n =1 by
observing that our treatment can be easily extended to the case of coefficients different
from 1. On the other hand, we keep the parameter ¢ in both equations (1.1) and (1.2)
since ¢ plays a role in the estimates.

The case of unbounded domains has the difficult mathematical point that compactness
methods cannot be applied directly (related discussions can be found, e.g., in [24, 30—
33]). It would be interesting to construct an applicable theory for the case of unbounded
domains and to set assumptions for the case of unbounded domains by trying to keep
some typical features in previous works, that is, in the case of bounded domains. By
considering the case of unbounded domains, it may be possible to make a new finding
which is not given or known in the case of bounded domains. Also, the new finding would
be useful for other studies of partial differential equations.

In this paper we consider the initial-boundary value problem on a general domain for
the nonlinear phase field system

(0,(0 + o) — AO = f in Q x (0,7),

) dp—Ap+E+m(p) =10, £ € B(p) inQx(0,T),
8,0 =0,0=0 on 91 x (0,7),
L0(0) = b, »(0) =0 in €,

where ) is a bounded domain or an unbounded domain in RY with smooth bounded

boundary 99 (e.g., @ = RY \ B(0, R), where B(0, R) is the open ball with center 0 and
radius R > 0) or Q = R¥ (in this case, no boundary condition should be prescribed) or
Q = RY. Moreover, we let £ > 0 and deal with the following conditions (A1)-(A4):

(A1) p C R x R is a maximal monotone graph with effective domain D(f) and B(r) =
0p5(r), where 0 denotes the subdifferential of a proper lower semicontinuous convex
function 5 : R — [0, +-00] satisfying 5(0) = 0.

(A2) m: R — R is a Lipschitz continuous function and 7(0) = 0. Moreover, there exists
a function 7 € C'(R) such that 7 = 7.

(A3) f e L*(0,T; L*(%)).
(A4) 6y, 9 € H'(Q) and g(@o) € LY(Q).

Please note that the three functions in (1.3)-(1.5) actually satisfy (Al) and (A2),



indeed we have that

Br) = 17, 8(r) =1, 7(r) = (-2 +1), 7(r) = —r, r€ R, in (13)

(I+r)log(l+7r)+ (1 —r)log(l —r) ifre(-1,1),

B(r) =< 2log2 if r € {-1,1},
+00 otherwise,
1+7r .
B(r) = log . provided that r € (—1,1),

T(r) = —cr?, w(r) = =2crr, v €R, in (1.4);

0 if re (=1,1),
B(r)=1I(r), r€R, B(r)=4[0,00) ifr=1,
(—o0,0] ifr=-—1,
T(r) = —cor?, w(r) = —2cpr, v €R, in (1.5).
Let us define the Hilbert spaces
H:=L*Q), V:=H(Q)

with inner products
(uy,ug)py = / wug dr  (up,ug € H),
Q
(v1,v9)y = / Vo, - Vg do + / vivedr  (vy,v9 € V),
Q Q

respectively, and with the related Hilbertian norms. Moreover, we use the notation
W:={z€ H*Q)|8,2=0 a.e. ond}.

This paper is organized as follows. In Section 2 we introduce a time discretization
of (P), set precisely the approximate problem, and state the main theorems. Section 3
contains the proof of the existence for the discrete problem. In Section 4 we establish
uniform estimates for the approximate problem and pass to the limit. Section 5 show
error estimates between solutions of (P) and solutions of the approximate problem.



2. Time discretization and main results

We will prove existence of solutions to (P) by employing a time discretization scheme.
More precisely, we will establish existence for (P) by passing to the limit in the problem

5h9n + &Shgpn - Aen—i-l = fn-i-la
Onon — Apni1 + ng1 + T(Pnt1) = 0n, &1 € B(Png1)

forn=0,..,N —1ash\,0, where h =%, N €N,

(P)n

Ony1 — On Pn+1 — Pn
2.1 Onbn == ————, dnipn == ————,
(2.1) h A hep ;
and fi ==+ fk 1 L f(s)ds for k=1,...,N. Also, putting
(2.2) 04(0) := 0, DOn(t) = 040, B0(0) == o, DPu(t) := Gppn,
(2.3) gh(t) 1= Ony1, ?h(t) = fut1, Pu(t) = Pny1, Eh(t) = &nr1, O,(t) =0,
for a.a. t € (nh, (n +1)h), n =0,..., N — 1, we can rewrite (P),, as the problem
0,0y, + (0,5, — NO, = F,, in Q x (0,7),
(P)n Qt@h — AG, + &, +7(®,) = 10,, &, € B(,) inQx(0,T),
0(0) = 0o, P(0) = g in Q.
Remark 2.1. We have
(2.4) 10811 720,71y < PUOON T + 200811720711
(2.5) 1Bull 20 m50y < BllwollFr + 21 Bnll72(0,m;m)
(2.6) 101]| o 0.m2v) = max{[|Boly, [0n ]l o7}
(2.7) 1&nll Lo 0,1;v) = max{||@ol|v, [[Bpl Lo 0,5}
L B2
(2-8) Heh - HhH%Z(o,T;H) ||at9hHL2 (0,T;H)>
~ 12 h2
(2.9) 18n — @ullz200.7:00) = ||at€0h||L2 0,T;H)>

as the reader can check directly by using the definitions (2.2) and (2.3).
We define solutions of (P) as follows.
Definition 2.1. A triplet (0, ¢, ) with
0 H'(0,T; H)yn L>™(0,T;V) N L*(0,T; W),
© € H'(0,T; H)NL>(0,T; V)N L*(0,T; W),
¢ € L*0,T; H)



is called a solution of (P) if (0, ¢, ) satisfies

(2.10) 00+ Lp)— A0 =f ae onQx(0,7T),
(2.11) Op—Ap+E+7(p) =10, &€ B(e) ae onfx(0,T),
(2.12) 6(0) =6y, ¢(0) =¢o a.c. on €.

Now the main results read as follows.
Theorem 2.1. Assume that (A1)-(A4) hold. Then for all h € (O
a unique solution (0,:1, Yni1,&ns1) of (P), satisfying

Onit, oni1 €W and &1 € H forn=0,...,N —1.

) there exists

1
17 (| oo (w)

Theorem 2.2. Assume that (A1)-(A4) hold. Then there exists a unique solution of (P).

Theorem 2.3. Assume that (A1)-(A4) hold. Assume further that f € WH(0,T; H).
Then there exists hy € (O,min{l L ) such that for all ¢ > 0 there exists a

17 | Loo (w)

constant My = M,(¢,T) > 0 such that

(2.13) | &n — ol + L[@n — @llz20,1v)
+110n — 0+ (Br — @)l oo o.7500) + 10 — Oll2200,7v)
< M1h1/2

for all h € (0, hg). In particular, for all £ > 0 there exists a constant My = My(¢,T) > 0
such that

161, — Ol o 0.5y < Mah!/?
for all h € (0, hy).

3. Existence of discrete solution

In this section we will prove Theorem 2.1.

> |17 | oo (r)

of the equation ¢ — hAp + & + hr(p) = g, £ € Blp), satisfying ¢ € W and £ € H.

Lemma 3.1. Forallg € H and all h € (O %) there ezists a unique solution (¢, )

Proof. Let € > 0 and let . be the Yosida approximation of 5 on R. Then the operator
1—hA+hf.+hm : V — V*is monotone, continuous and coercive for all h € (O, m>
Indeed, we have

(¥ — hAY + hB(¢) + b (), )y > (1 = A7) 1917 + RV
> min{1 — || 7'|| oo (), B[P



for all ¢ € V. Thus the operator 1 — hA + hf. + hmr : V. — V* is surjective for all
h € (O, W

s L (R)
for all g € H and all h € (O

equation

(3'1) Pe — hASOa + h(ﬁa(gpe) + W(@a)) =9

Here, multiplying (3.1) by ¢. and integrating over {2, we obtain the inequality

||§05||§{ + thQpeH%{ + h(ﬁa(gpe% SOE)H
= (9, 0)u — (7 (2), 0c)u
1
= ,
2(1 — h”ﬂ' ||L00(R)

) (see e.g., [4, p. 37]) and then the elliptic regularity theory yields that

) there exists a unique solution ¢. € W of the

Pl | oo (r)

L+ || oo (a

)
o

)||g||%+

for all h € (o, 7”7r,”;w®),
Cy = Ci(h) > 0 such that

(3.2) leellv < Cu
for all € > 0. We see from (3.1) and (3.2) that

18=(e) 17
= (B=(e), Be(pe))
1

= _%(56(905)7906)H - /QB;(906>|V90€|2 - (W(QOE%BE((Ps))H + ﬁ(gvﬁs(gps)hf

and hence for all h € (O %> there exists a constant

7| Lo (r)

1 1
< C |17y + ﬁHQH%{ + 5”55(%)“%{

for all h € <O %) Hence for all h € (O %> there exists a constant Cy =

P l7 | oo (w) P l7 | Lo (r)

Cy(h) > 0 such that

(3'3) ||6E(90£)||H < 02
for all € > 0. Moreover, (3.1)-(3.3) yield that

1
1A |lm = %H‘Pe + h(Be(pe) +7(0e)) — gllu
C , 1
< 71 + Cy + C1||7'|| oo ) + EHQHH

for all h € (0 %> Thus, by the elliptic regularity theory and (3.2), for all h €

17 oo (r)

<0> 7||7T,”L100(R)> there exists a constant C3 = C3(h) > 0 such that

(3.4) lollw < Cs



for all ¢ > 0. Therefore we infer from (3.3) and (3.4) that there exist some functions
p €W, &€ H and a subsequence of € such that

(3.5) v — ¢ weakly in W,
(3.6) Be(pe) = & weakly in H

as € = ¢; \ 0. Now we confirm that
(3.7) © —hAp + hé + hr(p) = g.

Let ¢ € C(f2). Then there exists a bounded domain D C Q with smooth boundary
such that supp ¥ C D and it follows from (3.1) that

(3.8) 0= / (e — hge + h(Bulipe) + 7(20)) — 9

— (oo — Wl + hB.(0.) — 9. )i + / (o).

D

Here, since the embedding H'(D) < L?*(D) is compact, we deduce from (3.2) and (3.5)
that

(3.9) @. — ¢ strongly in L*(D)

as € = ¢; \( 0. Thus we derive from (3.5), (3.6), (3.8) and (3.9) that

/Qw—mgom&hw(w)—g)w:o

for all p € C'°(2), which implies (3.7).
Next we show that

(3.10) €€ B(p) a.e. ond
Let £ C Q be an arbitrary bounded domain with smooth boundary. Then we have
(3.11) lgp. = 1gp strongly in H

as € = g; \( 0, where 1p is the characteristic function on E. Hence we see from (3.6) and
(3.11) that

/ Be(1pp:) - 1ppe = (Be(we), 1ppe)n — (&, 1pp)u = / 188 - 1pp
0 Q

as € = ¢; \( 0, and consequently it holds that 15§ € B(1gp) a.e. on 2 (see e.g., [3, Lemma
1.3, p. 42]), that is,

£ =1r€ € B(lpy) = B(y) a.e.on E.
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Thus, since E is arbitrary, we can obtain (3.10).

Therefore combining (3.7) and (3.10) leads to the equation ¢ —hAp+h({+7(p)) = g,
with £ € B(p). Moreover, the solution (¢, &) of this problem is unique. Indeed, letting
(p,&5), 7 = 1,2, be two solutions, we infer that

0= (1 — 2 — hA(p1 — p2) + (& — &) + h(T(p1) — T(p2)), 1 — P2)v= v
> (1= 2|7 || Lo r)) 01 = @2llF + PIV (01 = @2) I
> min{1 — b2 =, A1 — a3

which means that ¢; = 5. Then the identity & = & holds by comparing the equations
for (()01,51) and (@2,52). O

Proof of Theorem 2.1. The problem (P),, can be written as

en—i-l - hAen-l—l - hfn-l—l + gspn - €S0n+l + ena
Pn+1 — hAQOn-i-l + h(gn-i-l + 71-(Qpn-i-l)) = ¥n + hf@n, gn-i-l S ﬁ(@pn-i-l)

(Qn

To prove Theorem 2.1 it suffices to establish existence and uniqueness of solutions to (Q),,
in the case that n = 0. Let h € (O ;> Then, by Lemma 3.1, there exists a unique

17 (| oo (w)

solution (¢1,&;) of

01— hAp1 + h(& + 7(e1)) = @o + Lhbhy, & € B(p1),

satisfying @1 € W and & € H. Also, for this function ¢; there exists a unique solution
0, € W of the equation

91 — hAHl = hfl + 6300 — 6@01 + 90.

Thus we conclude that there exists a unique solution (0,41, ¥n+1,E&nr1) of (P), satisfying
Onit, pni1 €W and &, € Hforn=0,.... N — 1.

4. Uniform estimates and passage to the limit

This section will prove Theorem 2.2. We will derive a priori estimates for (P); to
establish existence for (P) by passing to the limit in (P)y,.

Lemma 4.1. There exists hy € (O,min {1, M}> such that for all ¢ > O there is a
constant C' = C(¢,T) > 0 such that

||§h’|%°o(o,T;H) + £2||@h||2Loo(o,T;V) + hHatHh”%Q(O,T;H)
+ €2||at@h||%2(o,T;H) + ||§h||%2(O,T;V) + CB@n) =) < C
for all h € (0, hy).
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Proof. Please note that, provided h € (0, m>, then the solution (0,11, ¥ni1,Ens1)

to (P), is well-defined due to Theorem 2.1. Multiplying the first equation in (P), by
hf,+1 and integrating over (), we have

1 1 1
(4.1) L / Ol — L / 6, + 2 / O — 0,2 + / Vi)

= h/ fn-i—len—i-l +€h/ Men-ﬁ-b
Q Q h

where the identity (a — b)a = 2a*> — 10* + 1(a — b)? (a,b € R) was applied. Multiplying

the second equation in (P),, by ¢*(p,41 — ¢,) and integrating over 2 lead to
2
Pnt+1 — Pn

(4.2) *h /Q ;

-+ 62 /Q(gn-i-l + W(SOTH-I) - @n—l—l)(@n_,_l — Son) — £3h/99nw

+ €2(Qpn+la Pn+1 — Qpn)V

Thus it follows from (4.1), (4.2) and the Young inequality that
43 5 [P35 [ 1 I 3 | =0 0 [ 90,0
—|—€2h/ Pnt1 — Son
Q

h
e / (st + T(Dns1) — Enss) (@nst — o)

- h/ Fa1bns Hh/ PPy +£3h/ g, Ll — Pn
Q h Q h

+ 62(30n+17 Pn+1 — Qpn)V

Ch i1 — Pn
/Ifn+1\2+ h/\enﬂ\? Pl = Pn “h 4 +h£4/ 16,
Q Q
Here we point out the identity
2 & 2 ’ , O 2
@D Clnsput — oy = glonil = Sleall + S lones = ol

and recall the inclusion &,+1 € S(¢nt1), (Al), the definition of the subdifferential, and
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the Young inequality in order to infer that

(4.5) 62/(£n+1 + T(Pnt1) = Pn+1) (@1 — ©n)
- E / Sn—i-l Pn+1 — (pn) + f / (@n—i—l)(@n—i—l ) - f A¢n+1(¢n+l - Qpn)
/ Blonir) — / Blon) = 2 ey + DRI}

©n4+1 — (pn
h

4 Q

Thus from (4.3)-(4.5) we have

(4.6) / Ol — / 6, \2 / O — Ou2 + / Vb1

©n4+1 — (pn E

L ; P

4 Jo
0 ~ _
Sl - ully + € / Blpnn) 2 / o)
Q Q

h 3
<5 [Vl 30 [ 100aP 4 het [ 18P+ 2007 ey + DB -
Q Q Q

Therefore, summing (4.6) over n = 0,...,m — 1 with 1 <m < N, we obtain the inequality

m—1 m—1
1 o 2_1 2 1 o 2 / 2
Sa 3h>/|9m| 2/|90| +2;/Q|en+l b 403 [ 1900

£2h ?

Prntl — Pn QOn 2
2 C 0 (1 By + DMl — S ol

2m1

/ N N
+ 3 2 lonsa =l + / Blgm) — 22 / Bleo)
hm 3 m—2
52/ \fn+1|2+§h2/ﬂ\9n+1|2
=0 n=0
—1 m—2
s / 0,2 + 217 By + DR S [lgminl2-
n=0 n=0

Then there exists h; € (0, min {1, M}) (e.g., hy = such that for all

D)
4(””’”%00 (R)"‘l)
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¢ > 0 there exists a constant Cy; = C1(¢,T") > 0 such that

m—1 m—1 m—1
/ Ol + 12 / 00,2+ 1S / Vo + 20y / Bonl® + Clloml?
Q n=0 Q n=0 Q n=0 Q
N m—1 m—1
e [Bewsciremy [oF+cn lnlk
Q n=0 Q n=0

for all h € (0,hy) and m = 1,..., N. Hence we see from the discrete Gronwall lemma (see
e.g., [26, Prop. 2.2.1]) that for all £ > 0 there exists a constant Cy = C5(¢,T") > 0 such

that
m—1 m—1
/|9m|2+h22/\59n|2+h2/\ven+1|2
Q n=0 % n=0 7«
m—1
+0h Y [ g+ Ellenll + € [ Blow) < G
n=0 v« Q
for all h € (0,hy) and m =1, ..., N. O

Lemma 4.2. Let hy be as in Lemma 4.1. Then for all ¢ > 0 there exists a constant
C=CT)>0 such that

18:64/1220.2.01) + 1Bnl[E e o) < C
for all h € (0, hy).
Proof. Multiplying the first equation in (P), by ho.0, and integrating over 2, we have
(4.7) h / 610, |7 + Ch / Snn - Onbn + h / VOpi1-Vonb, =h / frs1010n.
Q Q Q Q
Here it holds that

1 1 1
(4.8) h/V9n+1~V6h«9n:§/ \ven+1|2—§/ \ven|2+§/ YV (Onsr — 0,)]2.

Thus we see from (4.7), (4.8) and the Young inequality that

(4.9) / 502 + / Vi — & / V0,? + / V(01 — 0,)]2

= h/ fn+15h9n - gh/ 5h90n : 5h9n
Q Q

h
<h / [l + 2 / 1602 + R / Grioal?
Q Q Q

Therefore, by summing (4.9) over n = 0,...,m — 1 with 1 <m < N and Lemma 4.1, we
can prove Lemma 4.2. O
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Lemma 4.3. Let hy be as in Lemma 4.1. Then for all ¢ > 0 there exists a constant
C=CT)>0 such that ~

thHiz(QT;H) <C
for all h € (0, hy).

Proof. We formally derive the estimate by assuming that [ is Lipschitz continuous (as
for the Yosida approximation) and observing that the estimate can be extended to the
general case by lower semicontinuity We test the second equation in (P),, by h&, 1. Since
(=A¢ni1, &) = Jo B/(0n1)|Vonia|* > 0, then by the Young inequality we obtain

h / Ena]?
Q

< hﬁ/ r&nta —h/5h¢n Ent1 — / T(Pnt1)ént1

<50 [ 10450 [ ouonl + 517 et [ onial + 50 [ foral

Thus, by summing over n =0,...,m — 1 with 1 <m < N, and recalhng Lemmas 4.1 and
4.2, we conclude that Lemma 4.3 holds. 0

Lemma 4.4. Let hy be as in Lemma 4.1. Then for all £ > 0 there ewist constants
C=C(T)>0and C=C((,T) >0 such that

||A9h||L2(0,T;H) + ||A¢h||%2(o,T;H) <C,

(1.10) 1812000+ 1B 00y < ©
for all h € (0, hy).
Proof. From the first equation in (P),, we have

h1/2||A9n+1||H = h1/2||5h9n + &Sh(pn - fn+1||H

< D260l + BP0 Snonll i + B frsall -
Thus, by Lemmas 4.1 and 4.2, there exists a constant C} = C1(T") > 0 such that
(4.11) 1A 220,7,y < Ch-
It follows from the second equation in (P),, that
hl/zHAQOn-HHH = h1/2||5h§0n + £n+1 + 7T(Qpn—H) - genHH
< B2 0penll i + W2 [ nirll i + W27 ooy | onsa i + 1200 0] 1.

Hence Lemmas 4.1-4.3 yield that there exists a constant Cy = Cy(T") > 0 such that
(4.12) 1AGL 220100y < Co-

Now we recall Lemma 4.1 once more and invoke the elliptic regularity theory to infer
the estimate (4.10). Therefore, by virtue of (4.11) and (4.12), Lemma 4.4 is completely
proved. 0
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Lemma 4.5. Let hy be as in Lemma 4.1. Then for all ¢ > 0 there exists a constant
C=CT)>0 such that

||é\h||H1(O,T;H)OL°°(O,T;V) + 1@l o.7, L=y < C
for all h € (0, hy).
Proof. Lemmas 4.1 and 4.2, along with (2.4)-(2.7), lead to Lemma 4.5. O

Proof of Theorem 2.2. By Lemmas 4.1-4.5, (2.1)-(2.3), (2.8) and (2.9) there exist some
functions 0 € HY(0,T; H) N L*°(0,T; V)N L*(0,T; W), ¢ € H*(0,T; H) N L>(0,T;V) N
L2(0,T; W) and & € L?(0,T; H) and a subsequence of h such that

(4.13) 0, — 6 weakly in H'(0,T; H),
(4.14) Pn — ¢ weakly in H'(0,7T; H),
0, — 0 weakly* in L>=(0,T;V),
P, — ¢  weakly* in L>(0,7T;V),
(4.15) 0, — 0 weakly in L*(0,T; W),
(4.16) P, — @ weakly in L*(0,T; W),
(4.17) 0, =0, — hd, — 6 weakly in L*(0,T; H),
(4.18) &, — & weakly in L*(0,T; H)
as h = h; \, 0. Combining (4.13)-(4.15), observing that f, — f strongly in L?(0,T; H)

as h \( 0 (cf. Remark 5.1) and passing to the limit in the first equation in (P); lead to
(2.10). Now we show that

(4.19) Opp— Dp+ & +m(p) =100,

Let ¢ € C>([0,T] x Q). Then there exists a bounded domain D C Q with smooth
boundary such that suppvy C (0,7) x D and we see from the second equation in (P),
that

(4.20) 0= / (OBn(t) — AB(1) + Enlt) — 8,(1), (1)) dt

’ / ( /Dw@h(t))w(t)) it

Here, since the embedding H'(D) < L?*(D) is compact, we derive from Lemma 4.5 and
(4.14) that

(4.21) @n — ¢ strongly in C([0,T]; L*(D))
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as h = h; N\, 0 (see e.g., [42, Section 8, Corollary 4]). Also, we infer from (2.9), Lemma 4.1
and (4.21) that

1@r — ¢llz20,r:220)) < N@n — Grlle2o,m;m) + [1Pn — @llz20,7:22(0)
h . .
= ﬁ”aﬁthLQ(O,T;H) + 1&r — el 20,0020y — 0

as h = h; 0, whence it holds that
(4.22) B, — ¢ strongly in L*(0,T; L*(D))

as h = h; \, 0. Thus it follows from (4.14), (4.16)-(4.18), (4.20) and (4.22) that

/ ( [ @uett) = 360 + €00+ (o) - w(t))w(t)) dt =0

for all ¢ € C>([0,T] x Q), which implies (4.19).
Next we prove that

(4.23) €€ B(p) ae onQx(0,7).

Let £ C Q) be an arbitrary bounded domain with smooth boundary. Then we can verify
that

(4.24) 15, — lpp strongly in L*(0,T; H)

as h = h; \( 0, where 1 is the characteristic function on E. Hence from (4.18) and (4.24)
we deduce that

/0 (LB (1), 1520 (0)) s df = / @), Lo () dt — / (E(8), 163 (1)) dt

- / (Le€(t), 163, (8)) dt

as h = h; N\, 0. Then the inclusion 15 € S(1gg) holds a.e. on 2 x (0,7 (see e.g., [3,
Lemma 1.3, p. 42]), that is,

£ =1p€ € B(lpyp) = B(y) a.e.on E x (0,7T).

Thus, since E C 2 is arbitrary, we conclude that (4.23) holds.
Therefore combining (4.19) and (4.23) leads to (2.11). Next we confirm (2.12). Let
E C Q be an arbitrary bounded domain with smooth boundary. Then we see that

On — 0, G, — ¢ strongly in C([0,T); L*(E)).
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In particular, it follows from (2.2) that
160 — 0(0) |2y = [|61(0) — 0(0)|| ) = 0,
leo = ©(0)[|z2(m) = [|@n(0) — ©(0)[|L2(5) — O
as h = h; 0. Hence we can show that
0(0) =6y, p(0) =¢ a.c. on E.

Hence, since £ C (2 is arbitrary, we can obtain (2.12).

Next, we should prove the uniqueness of the solution, which is of course known. How-
ever, for the sake of completeness we detail here a uniqueness proof for the reader. Let
(05,¢;,&), j = 1,2, be two solutions. Then the identities

(425) 8t(6’1 - 92) + E@t(gpl — (pg) — A(é’l — 92) = 0,
(4.26) (o1 — p2) = Alpr — p2) = L0 — b2) — &1 + & — (1) + 7(2)

hold a.e. on © x (0,7"). Integrating (4.25) over (0,t), where ¢ € [0,7], multiplying by
0, — 6, and integrating over €2, we have

O2(8)| 7 + (o1 (t) — pa(t), O1(t) — O2(t))
o HV/O (01(s) — 05(s)) ds

(4.27) [64(¢

= 0.
H

On the other hand, multiplying (4.26) by ¢; — ¢2 leads to the identity

@38) L le) — el + IV — el
) -

(
= £(01(t) = 02(t), p1(t) — @2(t))u — (&2(t
— (m(pr(t)) — m(alt )), p(t) — @2(t)) u-

Thus it follows from (4.27), (4.28) and the monotonicity of 8 that

a(t), p1(t) — pa(t))m

129 100 =00l + 5 |9 [ 01— (61

;jtnsol( ) — Ol + [V (e1(t) — )%

—(&1(t) = &(t), pr(t) = pa(t))mr — (w (1)) = w(2(t)), pr(t) = pa(t))
<7 e lpa(t) — @2(t)-

H
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Owing to the initial conditions (2.12) satisfied by both (0;,¢;), 7 = 1,2, the integration
of (4.29) over (0,t), where t € [0,T], yields that

/ 16 (s) HHds+;HV/O (61(s) — Oa(s)) ds
=3l = Ol + [ IVt = eals)lfy s
< ||7T/||L°°(R)/0 l1(s) — wa(s)|3 ds.

Therefore, applying the Gronwall lemma, we see that 8; = 6, and ¢; = 5. Then the
identity & = & holds by (2.11). O

2

H

5. Error estimates

In this section we will prove Theorem 2.3.

Lemma 5.1. Let hy be as in Lemma 4.1.

Then for all ¢ > 0 there exists a constant
M, = Ml(g, T) > 0 such that

(5.1) U &n — ol o.1:m) + Ll[@n — @l r20,mv)
+116h — 0+ U(Bn — )l ooy + 110n — Oll 20,131
< MhM? 4 M|\ f, — fllz20.1.m)

for all h € (0,hy). In particular, for all £ > 0 there exists a constant My = My(¢,T) > 0
such that

||é\h = Ol oo,y < Myh'? + M2H?h - f“LQ(O,T;H)
for all h € (0, hy).

Proof. Let h € (0,hy). Then we infer from the second equation in (P),, (2.1)-(2.3) and
(2.11) that

= —C|V(@n(t) — o)l — C(=A@A(E) — (1), Br(t) — Bo(t))
— (& (1) + m(@(1) — £(t) — 7(2(t)), Bu(t) — ©(t))u
— C(&x(t) + m(@n(8) — &(t) — m((1)), Bu(t) — Bu(t))
+ 3 (On(t) = 001) + (@n(t) = 9(8)), Bult) — ()i = L11Bn(t) — (DI
+ O On(t) = 00 (1), Bu(t) = (1)1 — CR(D:On(2), Bu(t) — P(1))a
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Hence, integrating over (0,t), where ¢ € [0,7], the Schwarz and Young inequalities help
us to deduce that

2 ¢
(5:2)  lIen(®) =@l + 52/0 IV (@h(s) — ()17 ds
< CIA@, — )ll207:m1Pn = Ball 207,
= /Ot(fh(S) +m(@n(s)) = &(s) = (), Prls) — ¢(s))u ds
+ 1€ + m(@n) — € = T() | 20m5m |8n — Bull 20,730

n %/n% $) + U@n(s) — o)) ds

3 3 ~
=20 [ 18u00) = o) s+ 2B = Bl + SR 5,

Also, the first equation in (P), and (2.10) yield that

2B — 6(0) + €@nl1) — D)y )

= —[[V(Ou(t) = 0t)II7 — (=A@R(E) = 0(£)), On(t) — On(t)) s
— U(=AOK(1) = (1)), Bn(t) = Bn(t)r — UV (Ou(t) — 0(1)), V(B4 (t) — ©(t))n
+ (Fu(t) = F(2),0n(t) = 6() + £@n(t) = () -

Thus, from the integration over (0,t), where t € [0,7], and the Schwarz and Young
inequalities we see that

(5.3) %Hﬁh(t) —0(t) + L(Pn(t) — ()1 F + / IV (01 (s) — 0(s))||F ds
<N AOh = )|l z20.7m) 165 — Onllz20.7:0)

+ U AGL = O)ll 20,70 1Pn = Bullp20,m5m) + 5 /0 IV(@n(s) — ()7 ds
1, 1 [t~ N
+;mf¢ﬁmmm+§An%@ww@wwwM@—w@wz@.

Here, thanks to the inclusions &,(t) € B(,(t)), £(t) € B(e(t)) and the monotonicity of
3, it holds that
(54) = (&) +m(@u(t) = () — m((1), Bu(t) — (1)

= —L2(&,(t) — £(), B(t) — o) — C(m(@y (1)) — 7((t)), Bi(t) — ()

< O | ooy 1B (2) — <P( )i

< 207 || ooy [ B (8) — Pu(0) 7 + 2617 | ooy [ (t) — 0 (8) 13-
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Hence, in view of (2.2), (2.8), (2.9), (2.12) and Lemmas 4.1-4.4, we collect (5.2)-(5.4) and
deduce that there exists a constant C, = Cy(¢,T) > 0 such that

L1800 = ol + 13.(0) — 06 + €@ult) — O
+ 5 [ 19— el ds + 5 [ 19 06Dl ds
< O+ 22 e / 18(5) — ()3 s
#(58+3) [ 1806 = 006+ 66u(5) — s + 31T~ Tloran

Therefore, by applying the Gronwall lemma, we can obtain (5.1). O

Proof of Theorem 2.3. Since W1(0,T; H) C L*°(0,T; H), we have
2
dt

55) |IF : Ly "
@9 T o =g [ [, )
1 N kh kh 2
<> [ (L 1 = s0las) e
2 R 2
A lietoran 2/ (/ )= SOl as)

20 flle=orm o= [*" kh
< W s [0 (7 156 Ollads) a
h k=1 Y (k=1h \J(k=1)h
Here it holds that

o) Alonm i/( (/ ||f(8)—f(t)||HdS) at
zllfllLZmTH)ki/(k ; (/ / Bt ds) 0

< 2Wli=orm 5 / < / < [ s dr) ds) di
< — t
h i1 J (k=D \J(k—1)n \J¢ "

< 2| fllzee o, 10 f || 1 0,755y P

(f(s) = f(t))ds

Therefore, combining Lemma 5.1, (5.5) and (5.6), we can prove Theorem 2.3. O
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Remark 5.1. The above argument can be used also to the check that
(5.7) fn — f strongly in L*(0,T; H)

as h ™\, 0, in the case when f is just in L?(0,T; H). Indeed, by density, for all € > 0 there
exists a function g € Wh1(0,T; H) such that

If = glle2,mm) <€
By fixing ¢ and introducing g, as in (2.3), with
1 [kh
9k = E/ g(s)ds
(k—1)h

for k =1,..., N, the reader can easily verify that
11 = Gnll 2.y < €

as well. Then there exists h > 0 sufficiently small such that
19 = Grll 20y < €

for all h € (0,2) (cf. (5.5) and (5.6)). Hence this gives a proof of (5.7).
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