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Multiagent systems

1. Introduction

The main aim of this work is to study the large-time behavior of the probability density function f(z,t),
solution of the one-dimensional nonlocal Fokker—Planck equation

O f(x,t) = O [(x = To (1)) f (2, ) + On((x, 1) f (2, 1))], (L.1)

where the initial probability density function fo(x) € L*(R) N L*°(R) is such that

/(1 + 2% + log fo(x)) folx) dz < +oo.
R
In Eq. (1.1), for a given xg € R, and A, pu > 0 such that A + p =1,
Fo(t) = Aeo + pu(t), (1.2)

and, for any time ¢t > 0, the mean value of f(z,t) is given by

u(t):/Rxf(x,t)dx. (1.3)
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In (1.1) the continuous variable diffusion coefficient x(z,t), uniformly bounded from below and above, is
given by

2 1 ~ ~
Ko t) = w(e—qo(t)) = {7 g 3 RO =] <4

o? |z — Zo(t)] > 0.

(1.4)

Eq. (1.1) is intended to describe the action of a large swarm of moving agents, capable to spread uniformly
over the surface of a target domain D = [xg—0, x9+d] C R, see [1], while the presence of the mean value u(t) is
related to a suitable communication between them and the coefficient 02 > 0 represents possible disturbances
in the motion. This simple task can be interpreted as the deposition of a single layer in standard additive
manufacturing processes [2-5], a topic included in the analysis of self-organizing features of mathematical
models for large systems in social and life sciences [6-10], often described by kinetic-type equations [11-14].
The problem to determine asymptotic behavior of the system is a classical task [15-17].

Concerning the Fokker—Planck equation (1.1), the simpler case u = 0 A = 1, corresponding to absence
of communication between particles, has been treated in [1], where it was noticed that the target action
of the swarm can be achieved by different choices of the Fokker—Planck type equations, corresponding to
alternative strategies. If 4 = 0 in Eq. (1.1), particles move subject to the simultaneous presence of the drift
and diffusion operators, and, still under the action of the drift operator, they start to randomly explore the
target domain D adapting their diffusion to the distance from the center z( of the domain, as soon as they
enters in it. In this case, it has been shown in [1] that the solution to the resulting Fokker-Planck type
equation (1.1) converges in time towards the steady profile with a polynomial rate.

In this paper we extend the analysis of [I] to the case in which particles of the swarm are not
equally informed about the target to reach, but they sense the entire swarm in terms of their relative
distance showing that the solution to the Fokker—Planck equation still converges in time to the right target
distribution but at a lower polynomial rate.

2. Fokker—Planck models in swarm manufacturing

We consider a system of NV > 1 particles interacting between them and with a target domain D C R,
which for simplicity is assumed to be an interval centered in ¢ with length 2§ > 0.

Each particle senses the direction of motion towards the center of D and, once in D, it starts to randomly
explore the target domain. At variance with [1] each particle modifies its position also through interactions
with the other particles of the swarm.

Let f(z,t) dz be the probability of finding a particle in the elementary volume dx around the point = € R
at time ¢ > 0. The evolution in time of the density f(z,t) can be furnished by a Fokker—Planck-type equation
with constant diffusion and discontinuous and time-dependent drift

O f(x,t) = 0, [B[f](x, ) pe(x)f(z,t) + 020, f(, t)} . (2.5)

In (2.5) the constant 02 > 0 characterizes the speed of diffusion of the particles, and

BIf](z.t) = Ma — 20) + 1 / Pla.y)(@ — ) (9, t)dy, (2.6)

quantifies the attractiveness of the domain D in presence of interactions among particles. Finally, we
indicated with D¢ =R\ D the complement of D and 1 4(«) the indicator function of the domain A C R.

In (2.6) A, pu are nonnegative constants such that A + 4 = 1 and P(z,-) > 0 is an interaction function
weighting the influence on a particle in x of all the other particles in terms of their distance from .
Therefore, particles move subject to the simultaneous presence of drift and diffusion unless they are in the
target domain D where only the diffusion operator survives.
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In what follows we consider P = 1, namely the simplified situation characterized by a uniform interaction
rate. In this case, the drift term (2.6) is expressed in terms of the mean value (1.3)

Bf](x,t) = x — Az — pu(t) = z — To(t). (2.7)

Hence, the presence of a uniform interaction between particles can be translated in mathematical terms by
saying that the center Z((t) of the interval of attraction of length 26, as defined in (1.2), is now moving with
time. To avoid the presence of a discontinuous drift, in [1] we noticed that the same target dynamics (the
same steady profile) could be obtained by resorting to the Fokker—Planck type equation (1.1), characterized
by a continuous drift and a variable continuous diffusion (z,t), as given by (1.4).

To clarify why it is more convenient to resorting to formulation (1.1), it is enough to compute the evolution
of the mean value u(t) of the solution to both Fokker—Planck equations. As far as the formulation (2.5) is
concerned, one easily obtains

du(t)
dt

_ _AB[f](x,t)ﬂDc(x)f(x,t)dx
= [ et [ [ @=0i05@odds

It is immediate to conclude that, even if 1 = 0 the evolution of the mean value is not explicitly computable
in reason of the presence of the discontinuous drift. On the contrary, the mean value of the solution to Eq.

(1.1) solves d
ﬁw:—ém—%@v@ﬁw=—MMﬂ—%%

and
u(t) — o = (u(0) — zo)e . (2.8)

Furthermore, if initially bounded, the second order moment of the solution to Eq. (1.1) remains bounded.
Indeed, if & = max,eg, >0 £(z, 1),

% sz flz,t)de = Q/RI{(I’,t)f(x,t)dSC — Q/R(:E2 — Zox) f(x,t)dx

< 2R + 2u(t)To(t) — 2/ z? f(x,t) dx.
R
Since u(t) converges exponentially to xg at a rate A for t — +oo, we can expect that the solution to the
Fokker—Planck equation (1.1) will converge for large time to the steady state obtained in [1] in the absence
of communications between particles, given by

2
m r — X
() \/ﬁe’@{'zaﬂ} v = ol 20,
co\l) =

mo
26
where mq,mo > 0 only depend on the conditions that the total mass is unitary and the steady state is

(2.9)
|z — zo] <0,

continuous over the domain. As shown in [1], the masses mj, mo are uniquely determined in terms of the
relevant parameters §, 02 characterizing respectively the diffusion coefficient and the length of the interval.
Hence, the steady state (2.10) is a continuous function resulting from the weighted combination of a Gaussian
density outside D and a uniform density inside D.

To study convergence of the solution to the Fokker—Planck equation (1.1) towards the steady state (2.9) we
remark that, in view of its structure, this equation possesses a quasi-stationary solution, namely a solution,
for a fixed time t > 0, of the first-order differential equation

Ou (2 — o (1)) f (2,1)) + (x — Zo(t)) f (2, ) = 0.
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This solution, in the time-independent case 1 = 0, coincides with (2.9), whereas, for x> 0, it is given by

A 2
fo(z,t) = \/%GXP {W} |z — Zo(t)| > 9,

ma
26

(2.10)
|z — Zo(t)] < 6.

3. Large-time behavior

Convergence to equilibrium will be mainly based on the study of the time decay of entropy functionals
[18-20], and it will be reached in three steps. We remark that all the computations that follow are justified by
the properties of the diffusion coefficient k(x,t) of the Fokker—Planck equation (1.1), that allow us to apply
Proposition 2 of Section 6 of the paper by Le Bris and Lions [21], relative to the existence and uniqueness of
solutions to Fokker—Planck type equations with irregular time dependent coefficients of diffusion and drift.
We have

Theorem 3.1. Let us consider the initial value problem for the Fokker—Planck equation (1.1). Then, for
each probability density fo(z) € L*(R) N L*°(R), Eq. (1.1) has a unique solution in the space

f(z,t) € L=([0,T], L' N L*>),
k(x, )0, f (x,t) € L*([0,T], L?).

The unique solution f(x,t) is a probability density for any subsequent time t > 0. If moreover the initial
datum fo(x) satisfies

/R(l a2 4 log fo(@)) folw) da < +oo, (3.11)

then, for allt € [0,T]
/(1 +1af? + log f(z, ) (1) da < +o0. (3.12)
R

Proof. The proof of existence and uniqueness follows from a result by Le Bris and Lions [21], since the
drift and diffusion coefficients of Eq. (1.1) satisfy the hypotheses of Proposition 2 of Section 6. Indeed
x — Fo(t) € L'([0,T], W,2! (R)) and it has constant derivative. Moreover

loc
x — To(t) 1 (x —Zo(t))(1+|z]) —1

Tl (Ut [aD? EE e L}([0,T], L' + L®(R)).

Alko w(z.1) € L2(0,7], W2 (R)) and 20

loc

2 2 oo
o] € L0.T) L2 5 1 (R)).

The positivity of the solution may be obtained by rewriting equation to (1.1) in an equivalent way. To
this extent, let us define g(y,t) = f(x,t), where, for x € R, y = & — Zo(¢). then g(y, t) solves

9g(y,t) = —K()dyg(y, 1) + 9y [yg(y,t) + 9y(k(y)g(y, )] = Ag(y,t) + By(y,1)- (3.13)

In (3.13) K(t) = Mu(u(0) — z9)e**. The equation is composed of a pure transport operator A and a drift-
diffusion operator B with x(y) > o? > 0. Both operators are linear and positivity preserving. Applying the
splitting method to Eq. (3.13), and Trotter’s formula [22]
tATB) —  im (eAt/neBt/n)"
n—+oo
allows to conclude with the positivity of g(y,t), and, consequently of f(x,t). Concerning the validity of
(3.12), since the solution to (1.1) has bounded second order moment, we may argue as in [23] to conclude
2
that f|log™ f] < e 1" +|z|*f € L1(R). Hence, being flog® f € LY(R), flog f belongs to L*(R). O
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We now investigate the asymptotic behavior of the solution. The following result holds

Theorem 3.2. Let f(z,t) be the unique solution to the initial value problem for the one-dimensional Fokker—
Planck equation (1.1), departing from an initial condition fo(x) satisfying the hypotheses of Theorem 3.1.
Then f(x,t) converges in L*(R) towards the one-dimensional steady solution fo(xz) defined by (2.9) and the
convergence rate is at least o(t=1/?).

Proof. Let H(g|h) be the relative Shannon entropy between two probability density functions g and h

H(g|h):/Rg(m)log ZZ% da. (3.14)

Since f and f, are time-dependent we have

GHO = [ (1 +log ]{ ((j’?)) 0(e)ds~ [ fanoogfyfe.de. (15)

Thanks to Theorem 3.1 we obtain that f(x,t) € H*(R) and therefore is sufficiently regular. The first integral
on the right-hand side of Eq. (3.15) coincides with —Ig (f(¢)|f4(¢)), where following Theorem 7 in [18], the
entropy production term of the relative Shannon entropy is given by

2

Tu(FOU0) = 4 [ wla.t)fy(at) (az e g) d. (3.16)

To evaluate the second term, we observe that, resorting to definition (2.10) one obtains

e, ) 2B w(0) — o) — R ()N~ Fo(t)] > 6

O fy(z,t) = (3.17)
0 |z — Zo(t)| < 0,
Hence, the second term in (3.15) can be evaluated by resorting to (3.17)
A -
Ly (f()]fe(t) /fx t)0¢ log fq(z,t) dx = _’\tgl;(u(O)—xo)/ o) 6(x—xo(t))f(ac,t)dx:
r—To(t)|>

*““( (0) — o) [A(u(t» —agert- [ JCEE TR dx] .

o2

Furthermore, we have

‘/ (2 — Fo(t)) (. ) da| < / & — Fo(t)| f(z,t) da < 0,
lz—Zg(t)|<d |z—Zo(t)| <o

and the term Ly (f(t)|f,(t)) decays exponentially to zero at the rate At.

As a second step, let us observe that the entropy production term (3.16) bounds from above the square of
the Hellinger distance between f(z,t) and f,(z,t) [1], where the Hellinger distance between two probability
density functions g, h is defined as follows

D¥(gln) = [ (Val@) = V@) do

Indeed, as shown for example in Section 3.2 of [18] one has the inequality

D*(f(t)|f4(t) < %IH(f(t)|fq(t)). (3.18)

5
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As a third step, let us evaluate the variation in time of the Hellinger distance. We have [18]

GOl = [ (1— J;f((jjf))>atf<x,t>dx+ / (1— ij(f ))>3tfq(w fdo.  (319)

The first integral on the right-hand side of Eq. (3.19) coincides with —Ip(f(t)|f4(t)), where the entropy
production term of the squared Hellinger distance is given by [18]

2
Io(O10) =3 [ wat)fyfant) (ax (o %) da. (3.20)

The second term on the right-hand side of (3.19) corresponds to
Lp(f()[f4(t) =
“ae A
e ()~ a0) [

lz—&o(t)|>6

(o= au(e) (fuont) = y/Fo ) o)) (3.21)

Substituting f,(z,t) on the set |x — &o(t)] > 0 with a Gaussian density, it is immediate to show, by the
Cauchy—Schwarz inequality and definition (2.10), that

1/2
< x — Fo(t))? q(z,t)dx <
< Vmw»( o(0)2 fo(,1) ]

_ 9 1/2
(4<x-@o<t>>2¢%exp{-W} dx) _V/m

The same inequality holds for the second integral in (3.21). Therefore we get

|/ ) (z = Zo(t)) fo(, t) dx
|z—&q(t)|>4

A d
Lo < 2 2 pu(0) o] = 2V 0) — o) Lo, (3.22)
The previous bound, combined with (3.19) implies
d d
D D211 0) + 2V u(0) — o] Lo < I ()1, (1) <0, (3.23)

To conclude, it is enough to remark that, integrating the Eq. (3.15) in time from 0 to oo shows that the
entropy production Iy (f(t)|f,(t)) is integrable over the positive real line. Hence, thanks to inequality (3.18),
we realize that D?(f(t)|f,(t)) is integrable in time on the positive real line. On the other hand, thanks to
(3.23), we know that the function

DA (1)1 fo(0)) + 2

[u(0) — zole™*

is non-increasing and integrable in time. Consequently, the square of the Hellinger distance decays to zero as
time goes to infinity at least at a rate o(1/t). This shows that the Hellinger distance, and consequently the
L'(R)-norm, between the solution f(z,t) of the Fokker—Planck equation (1.1) and its quasi-steady solution
decays to zero as time goes to infinity at a rate at least of order o(t~'/2). It remains to prove that fq(z,?)
converges in L' (R)-norm, as time tends to infinity, towards the equilibrium solution f.(z), as given by (2.9),
to conclude with the convergence in L' (R)-norm of the solution to the Fokker—Planck equation (1.1) towards
foo(2).

Rather than directly demonstrating the convergence in L' (R)-norm of f,(x,t) towards fe (), we evaluate
the Shannon entropy of fu(z) relative to fq(z,t), that is

(x)
H(folf, (8) / foole e
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Owing to definition (2.10), to the definition of Zy(¢) given in (1.2), and to (2.8), we realize that, for ¢ > 0
large enough, #((t) is sufficiently close to xg, and the above integral can be evaluated by splitting it in four
domains. We consider the case in which u(0) — xo > 0, the other case can be treated likewise, and let us set
B(t) = (u(0) — x9)e~*. The domains are defined by

Eit)={z<zo—dx>x0+0+ B(t)};Es(t) ={xo— 0+ B(t) <x <x0+};

Es(t)={zo—d<x<xz0—6+B(t)}; Es(t) = {0+ 6 <x < x0+6+ B(t)}. (3.24)

On the domain Fj (¢) the functions fo () and fy(x,t) coincide with the exponential functions. Consequently

fol) = (Zo — 2 xifc xo — 2x)dx
/El(t) foo(z) log @b dr = (I )[El(t) foo! )202( o(t) + zo — 22) d,

which converges to zero exponentially in time since all moments of the exponential distribution f., are
bounded.

On the set Ey(t) the functions foo(x) and fy(z,t) coincide with the same constant and the integral is
therefore equal to zero. Finally, let us remark that the sets F5(t) and E4(t) have measure B(t), that decays
exponentially to zero. Since the functions inside the integrals are bounded in absolute value, by the mean
value theorem we conclude with the exponential decay to zero of the integrals evaluated on these two sets.

In conclusion, the relative entropy H(foo|fy(t)) decays exponentially to zero. We remark that an explicit
bound can be provided, at the expense of additional computations.

On the other hand, convergence in relative entropy implies, thanks to the Csiszar—Kullback-Leibler
inequality [18], convergence in L'(R). Indeed, for any pair of probability density functions g and h with
the same mass, this inequality reads

lg = hll71 gy < 2H (glh).

This concludes the proof of convergence. [

Concluding remarks

Starting from a Fokker—Planck-type model with discontinuous drift describing large swarms of agents that
spread uniformly over the surface of a domain, we have introduced a communication between agents that
can sense each other and align towards the center of the target domain. The introduced modeling approach
has been inspired by printing tasks and mimics the deposition of a single layer in additive manufacturing
processes, and the goal is to exploit the cooperative nature of the interacting systems to define robust and
distributed strategies.

As shown in [1], the right target can be achieved by resorting to a Fokker—Planck type equations like (1.1),
which shares the key property to possess a continuous drift. For this equation, existence and uniqueness of
the solution is known [21]. Here, we studied the large time behavior of the solution, obtaining an explicit
rate of convergence in the prototypical case of unitary communication strength. The results extend the ones
developed in [1] to the case of variable diffusion coefficient. Future works will extend the results to variable
communication functions.
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