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keys are just more complex cases, because their objects can be seen as geometric objects in a
multidimensional space.

In order to better capture objects’ content, thus allowing to enlarge the set of data types for
which efficient search is possible, more recent approaches to indexing of multimedia, genomic,
and many other non-traditional databases have considered the case where keys are not restricted
to stay in a vector space, and only pair-wise objects’ distances are possible to compute. Con-
veniently, such data are sometimes called distance-only dote. For instance, both the Hausdorft
distance over sets of n-dimensional points [7] and the Levenshtein (edit) distance over strings [6]
are relevant examples of distance meiries for which no effective vectorial representation is possi-
ble for the indexed key domains (sets and strings, respectively). Such distance-based approach
to key comparison, which subsumes the case of multi-dimensional keys (typically compared us-
ing the Euclidean distance), has lead to generalise the notion of similarity gqueries and resulted
in the design of so-called metric index trees, which organise objects from a generic metric space
by only considering their relative distances. Although several specific designs have been pro-
posed so far (see [3, 2, 1, 4]) the algorithms devised for partitioning and organising objects are
only based on heuristic criteria, for which no theoretical justification is given. We believe that
the basic reason for this unpleasant situation is the absence of a clear definition of the region
prozimity notion and its quantification for generic metric spaces. In other terms, the question
is: given two regions of a melric space, con we “measure” how “close” these regions are?

The major aim of this article is to fill the above gaps by proposing 2 specific solution to the
“nroximity problem” for arbitrary metric spaces. In particular, we define the problem in Section
2 and develop formulas for estimating the proximity of metric ball regions in Section 3. The
theoretical results are verified by experiments in Section 4. This article concludes in Section 5.

2 The problem

Suppose there is a metric space M = (D, d), defined by a domain of objects, D, (i.e. the keys or
indexed features) and by a total (distance) function, d, which satisfies for each triple of objects
O, 0y, 0, € D the following properties:

(i) d(o-‘hoy) = d(oy? Om) (symmetry)
(i) 0 < d(Oz,0y) < 00,0, # Oy and d(Oz,0;) =0 (non negativity)
(iii) d(Oz,0y) < d(0z,0;) +d(0;,0y) (triangle inequality)

Considering such metric space, partitions can be defined as regions satisfying specific constraints.

Definition 2.1 A region R = {O € D | Cr(0)} is the set of objects of D which sotisfy the
constraint Cr(-). O

Obviously, two regions of the same metric space can have significantly different relative
“positions”. They can be quite far from each other, they can overlap, or one region can even be
included into the other one. Since the quantification of such phenomenon is not trivial, it poses
a not only theoretically interesting but mainly very practical region proximity problem.

Problem 2.1 Given two regions Ry and Ry, defined over the same metric space M, determine
the prozimity X (Rz, Ry) of these regions. i



Notice that we are interested in proximity of regions of generic metric spaces, thus properties of
special cases, such as the vector space co-ordinates, are not taken into account. Consequently,
no volume of s region can be computed, because no formula for computing the volume of 2
region of a generic metric space exists.

Inspired by (8], where proximity measures for vector Spaces are discussed, we Dpropose to
consider our proximity measure as a chance that a third region, called the query region, can
share objects with both the compared regions, as the following definition formalises.

Definition 2.2 The prozimity X(Rz,Ry) of regions Ry and R, is the probability that a ran-
domly chosen query region Q - where R, » and Q are regions of the same metric space M -
contains objects also found in both Rz and Ry, i.e. 30;,0; | 0; € R:,0; € Ry and 0;,0; € Q.
0O

To this purpose, the “classical” approach to probability theory suggests to consider proximity
as the ratio of the number of cases in which & randomly chosen query region can find qualifying
objects in both R,, and Ry regions, I, to the total number of possible query region occurrences,
T. Specifically, the general form of the metric space proximity is

X(ReyRy) = 1 (1)

2.1 Ball Regions

Up to now, we have not considered any specific type of regions. However, in order to come
out with a solution which would satisfy the above requirements, let us concentrate on the ball

Tegions.

Definition 2.8 A ball By = B.(O,, rz) ={0; € D | CB,(O;) = d(0;,0;) < Tz} 15 the region,
determined by a centre O» € D and o radiys rz 2 0, defined as the set of objects in D for which
the distance to O, is less than or equal to r.. 0

Balls are the simplest region types which can be defined in a metric space, and as such, balls
are more amenable to effective analysis. For instance, in order to see if two balls, B;, B, C D,
overlap, i.e. there can exists O; which belongs to both B, and B, it is sufficient to check if the
sum of their radii is greater than or equal to the distance between the balls’ centres, specifically

BoNBy #0 < Tz +1y 2 d(0y, Oy)

Note that, according to Definition 2.2, when rz+r, < d(O,, Oy} (thus B, and By do not intersect
each other) the value of X (B, By) can still be positive, since it also depends on the query regions
considered. On the other hand, it is quite intuitive that, for given radii values, the proximity of
B, and By should increase if d(Ox, Oy) goes down (the two balls’ centres get closer). Similarly,
X(Bz, By) should increase if, for a given d(0,, Oy), the sum r,, +7y grows. To summarise, we can
say, with a slight abuse of terminoio , that the proximity grows with the “size” of the regions’
intersection.

In order to go beyond a burely qualitative analysis, we consider the relevant case where
query regions are balls too. In this case, each query region Q is univocally identified by a query
key, @, and a query radius, r, thus Q = Q(Q,r). A particular case arises when r = 0, which
corresponds to point queries.



When only queries with a fixed radius value, r, are considered, we call this proximity as the
r-proximity of By and By, designated X,(By, By). Note that the 0-proximity, Xo(B;, By), means
that proximity is evaluated by only considering point queries. As in the general case described
by Equation 1, we can compute r-proximity as:

I
Xr(Bm: By) = T; (2)

When the ball queries under consideration have different radii, proximity should properly
take all of them into account. There are basically two reasons why radii of query balls change:

Range queries leave the choice of a proper radius to the user. Though some radii values are,
for a given metric, more likely than others - the response set should not typically be large
- the radii are certainly not constant.

Nearest neighbour queries do not contain radii specifications at all. A radius for a given
query object is changing dynamically, starting typically with a large radius and narrowing
down its value according to the search space and the search strategy used. For details see
e.g. [4].

In order to quantify proximity of two regions in such a situation, we simply view the radius
of the query as a random variable, r, and measure proximity by taking the expectation of
r-proximities, that is:

X (BarBy) = [ Xo(BeyBy) - pe(r)dr )
T

where p.{r) is the probability that the r random variable takes the value r.
Before entering into technical details, concerning how proximity can effectively be evaluated

under specific circumstances, we state some basic properties of our proximity measures.

Property 2.1 For each pair of balls B:(Oz,1z) and By(Oy,ry), the following properties hold:

Xo(Br,By) < Xp(Be,By) = 1< r (4)
Xo(Be,B:) = Xp(Bz,By) Vr=0 (5)
X(Be,By) > X(Bz,By) Yi{pe(r}} (6)

O

The first property asserts that the r-proximity of any two balls is not greater than their rl-
proximity, if < 7/, whereas the second inequality states that the maximum r-proximity with
respect to the B; ball is obtained from B; itself. This is also called the self-r-prozimity of B;.
Finally, 6 is an immediate consequence of 5, since r-proximity is not negative by definition.

3 Ball Proximity Measures

Consider a set of objects for which the distribution of distances between pairs of objects is
uniform, and suppose that the maximum distance is dm < 00, thus consider a bounded metric
space. Starting with the case of point queries, i.e. ball queries with r =0, thus Q@ = HQ,0), we
first show how proximity can be effectively computed for ball regions with identical (co-centric)
and different centres. In Section 3.3, we generalise the approach to the case of range queries and
non-uniform distance distributions.



Figure 1: Query distance space

3.1 The proximity of co-centric balls

Given two balls B, and By, with 0, = y and ry <1y, in a metric space bounded by d,,, the
distance of any possible query point () from a generic object is in the range [0, dy,]. In fact, the
quantification of proximity of co-centric balls can bhe regarded as a one-dimensional geometric
problem where the total number of distinet query points is measured by the length of the line
segment [0, dr], thus 7y = tm, and the number of query points intersecting both B, and By is
the length of the segment [0, 7z], that is, Iy = 1.1 Specifically, we can compute the O-proximity
as
Xo(B,, B,) = é’i o

m

3.2 The proximity of balls with different centres

Provided B, and B, have different, centres, l.e. d(Ox,0y) > 0, the situation is a bit more complex.
In particular, let Q be a randomly chosen object from . In order to simplify notation, we denote
the distance between the Oy and O, balls’ centres as dz y, the distance d(Q, O;) as dg, and the
distance d(@,0,) as dy. Since d,,, is, for given B; and By, constant, thus independent of Q,
a specific @ can be represented as a point in the two dimensional distance space (dz,dy), and
the whole range of possible @ values is fully specified (restricted) by an area which satisfies the
following space constraints.

Restriction 3.1 Provided the maeximum distance in M is dm, the distance space (dz,dy), relo-
tive to given objects Oz, Oy € D, is restricted by: 1. dg, < ded-dy < dm, 2. dp < dzy+dy < dyy,
and 3. dy Sdg;ﬂ;"*‘dz Sdm- U

This situation is illustrated in Figure 1 to indicate that the value space for the possible
distances between a randomly chosen object Q and two ball centres Op and O, having distance
dzy, is Testricted by a polygon, the area of which corresponds to Ty, i.e. the total number of

!Notice that our assumption is that ry is never smaller than .

5



possible object @ values, which is evaluated by the following formula where, for the sake of
brevity, we further simplify notation, and use z instead of d.

A —dz 3 Ay, dz,y dm
To = [ ey ra)de s [ e [y~ @)~ [ (o day)ds
= dpy(2dm — 1.5dzy) (8)

From Equation 8 it can be derived that 7p increases with the distance between the balls’
centres, dzy, Up to a maximum value given by 2/3d2,, which occurs when dzy = 2/3dm. The
fact that Tp, the measure of the number of (point) queries, depends on data, that is the dis-
tance between the compared ball centres d. y, is somewhat counter-intuitive, and requires some
explanation. The key point is that 7 is not an “absolute” measure, which is meaningless in a
generic metric space, rather, it is a “subjective” measure which depends on the “observers”, that
is the ball centres O, and O,. When the distance between such objects changes, accordingly,
the number of cases (queries) which the two points can distinguish has to change as well.

The proximity of B, and By also depends on the balls’ “volumes”, as determined by the radii
r, and ry, respectively. Indeed, to measure the number of query objects which intersect balls
B and By, we need to take the following additional constraints into account.

Restriction 3.2 The distance space of objects belonging to both balls Bx and By is obiained by
adding to Restriction 8.1 the conditions: 1. dy <ry and 2. dy < 7y. I}

In general, the number of objects which appear in the intersection, o, of the balls B; and B, is
proportional to the area of a polygon defined by Restrictions 3.1 and 3.2. For a specific case,
refer to Figure 2.

3.2.1 Numeric evaluation

In order to determine I, that is, the number of possible query objects appearing in the inter-
section of two balls with radii r, and ry, we suggest to use the following systematic approach:

Lh=L-I*-I-I 9

where: I} is the total area constrained only by the radii r, and ry; I is the part of I§ discarded
by the d; y < d; +d, Testriction; IZ is the area of If discarded by the dy < dz,y -+ dy restriction;
and 1§ is the area of I} discarded by the dy < dzy + d; restriction. The specific formulas are
the following:

IE=ry-r1y (10)

Ig’y — dﬁz;:y _ (max{O, d;.'y — TI})2 _ (max{(}, d;,‘y' — .ry})2 (11)
3: — (ma‘x{os 7'; _ dl'.y})2 _ (ma.x{O,rz ";r?f - dz,y})z (12)
I = (max{0, 7'; —dzy})? _ (max{0, ry ;Tx — doy})? (13)

Notice that Equations 12 and 13 are symmetric in the balls’ radii r; and ry.
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Figure 2: The intersection of ball regions when 7, + r, > Quy, Tz < dyy, and Ty < dg,

3.3 Range Queries and non-uniform distance distributions

Till now, we have assumed that distances produced by the function d(-,-) € [o, dm] follow the
uniform distribution, i.e. the probability of any value to occur is constant. However, such
assumption is not realistic, because experience says that distances between objects, for example
in high-dimensional Spaces, tend to have very skewed distributions.

Given two ball regions B, and By, let px(z) and Py(y) denote the probabilities
distances from & random query object to the centres of balls B, and B, are z and ¥, respectively.
Then, T: (r > 0) can be computed by integrating over 2 from ¢ to drn and over y with variable
limits 3, (2) and ya(z), which are determined for each value of g by Restriction 3.1, that is:

dn pya{z)
T, = f / Dy (Y)px(z) dy da (14)
=0 Jy=y,(z)

Similarly, 7. can be computed by integrating over z from 0 to rz+r'and over y with variable
limits 3] (z) and ¥5(z), as determined by Restrictions 3.1 and 3.9,

rebr pyl(z)
I = f y(¥)x(z) dy dz (15)
T= y=yi(z)

However, as shown in (10], range queries can easily be transformed into boint queries just by
modifying the r, and 7y Tadii. Specifically,

Xr(Ba:(Oz-: Tz)s By(oy; T'y)) = XO(B::(O:::: re + 1), By(oya y + 7')) (16)

4 Experimental evaluation

The results of the analytical formulas derived in previous sections have been compared with
actual proximity of regions as observed on real data for point queries. In order to evaluate and
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compare the proposed proximity measures, we have used two qualitatively different files of 45-
dimensional vectors, each of them of size n = 10,000. The first file, designated as UV, contains
synthetic data, that is, vectors uniformly distributed on the 45-dimensional unit hyper-cube.
The second file, designated as HV, represents colour histograms of images and has been chosen
as a representative of real-life files.

Given two balls, B;(Oz,75) and By(Oy,ry), the purpose of the experiments is to verify the
proposed formulas for computing proximity with the actual prozimity AP. The value of AP is
determined as the fraction of objects in the file that satisfy the condition dr < 7z and dy < 7y,
where d, = d(O,, 0;) and d, = d(0,, 0;). Specifically, we compare AP with the following three
estimates of the proximity:

e the simple prozimity SP; this is an easy to compute heuristic estimate, often used in
current implementations, defined as:

0 if 7z + 7y < d(O2, Oy)
SP(B;,By) ={ 2min{rs,ry} if rp > ry + d(Oxz, Oy) (17)
re + 1y —d(0z,0y) otherwise

Obviously, the measure depends on the distance of the balls’ centres and on the size of
their radii — the closer the centres, for given radii values, are, the higher SP is.

e two types of complex prorimity, CP and CP", the first obtained by assuming that the
distribution of distances between objects is uniform and the second calculated by consid-
ering that distances follow a normal distribution. Formulas introduced in Section 3 have
been used to compute CP' and CP".

It should be observed that the values of AP, CP and CP” are in the range [0,1] and that
their absolute values can be directly compared; this is not the case for SP, which implies that
only the trends of SP and AP can be compared

Figure 3 shows the proximity (AP,SP, CP', and CP") as a function of r,, with constant
ry = 0.08, for the UV file. The considered mean u and the variance o of the ob jects’ distribution,
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obtained by random sampling from UV, are # =0.0935 and ¢ = 0.01, respectively. The actual
proximity is zero up to Tz % 0.06 and it grows up to its maximum, obtained for Tz = 0.11. The
simple proximity SP has a behaviour not comparable to that of AP, since it grows linearly from
0 to 2min{r,,r,} for Aoy =Ty 275 > 1,y + Gz,y- The estimates obtained from CP' are quite
different from those of AP, whereas CP” demonstrates a behaviour as well as absolute proximity
values well in accordance with the values of AP. This simply demonstrates how specific distance
distributions are important to consider.

Provided the relative error with respect to AP, obtained when the proximity is estimated
through C'P (where CP is either CP' or CP"), is defined as

_1AP—cp|
E=Tap

the observed values for CP” Were approximately 0.02 for most of the values of r,, while for
CPF', the value of ¢ was around 0.9. Indeed, vectors of 45 dimensions have 2 distribution of
distances which is far from being uniform (even if the objects are uniformly distributed), rather
it is approximated quite well by a normal distribution.

As Figure 4 demonstrates, a similar behaviour is also observed for experiments performed
on the HV file, Figure 4 does not Teport on SP which takes values too large to be shown in
the graph: SP is equal to 0 for r, < dzy — 7y, then it grows linearly up to SP = 2 x ry = 8244
obtained for r, > Ty + dzy. In general, the correlation between the actual and the estimated
values of the Proximity is not as good as for file UV, Such result is mainly attributed to the
fact that the proper distance distribution parameters of this (real life) file are more difficult to
obtain by sampling. However, the relative error is still limited to 0.25, so that CP” can be used



qualifying objects in both the regions. This problem has been studied in depth for the ball
regions, and formulas for estimating the proximity for point and range queries have been outlined,
respecting both the uniform and actual distance distributions.

The proposed machinery has been tested on two different data sets, and obtained results
have confirmed the validity of this approach. More experimental evaluations can be found
in [10], where the proximity measures are also considered as suitable tools able to compute
the selectivity and region similarity features, which have got important applications in storage
structure designs. However, what seems to be central is the necessary knowledge of the actual
distance distribution - the better the knowledge about the distance distribution is, the higher
the precision of our region proximity estimate can be.

As a first step towards applications, our proximity measure has been applied to devise
declustering algorithms for the parallel M-tree index [11}. Preliminary tests show that the
proposed approach can be indeed valuable, mainly considering the stability it can achieve when
considering the speedup and scaleup obtained from the parallelisation of the index.

Future research should concentrate on proximity problems of non-ball regions as well as on
proximity of multiple regions. More effort is also to be spent on other applications.
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