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Abstract

In the present paper, the study of different regimes arising from the incompressible planar

viscous flow past an elliptical cylinder is presented. In order to highlight the effect of the

different parameters on the onset of the regimes, two different aspect ratios, 0.10 and 0.40,

are considered and the angles of attack span from 0◦ to 90◦, while the Reynolds number is

gradually increased from 100 to 10000. The analyses are focused on the lift force acting

on the ellipse in order to identify the regime, with a consideration on the vorticity field pat-

terns of the wake fields. The different regimes are investigated and the chaotic behaviour

is established through different tools such as the Fourier spectra, phase maps and Poincaré

sections. The investigation of the periodic regimes revealed several possible conditions in

terms of lift time signal: monochromatic, non-monochromatic and sub-harmonic regimes.

In addition, a quasi-periodic time behaviour with an underlying irregular amplitude modu-

lation was also found among the test matrices performed. Increasing the Reynolds number

the periodic regimes are lost, giving the place to chaotic behaviour. The numerical solu-

tions are obtained through a vortex particle method called Diffused Vortex Hydrodynamics

(DVH). Long time simulations have been carried out in order to guarantee the correct iden-

tification of the attained regime.
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1 INTRODUCTION

The mechanism of transition to chaos in a fluid flow is one of still poorly understood

topics in fluid mechanics. This transition is dependent on one or more parameters
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characterizing the system under study. The dynamics of the flow past a circular

cylinder at rest in an unbounded plane is an example of a dynamical system dictated

by one parameter only, which is the Reynolds number. Conversely, in the case of

an elliptical cylinder, the system is defined by three parameters: the aspect ratio,

the incidence and the Reynolds number. Because of it, the different regimes of the

underlying flow dynamics are expected to be abundant.

From an applicative point of view, the study of such problems is relevant because

of the interest in the prediction and control of the forces generated on a body sec-

tion. The suspended cables of voltage transmission lines, for example, are typically

affected by significant vibrations because of the forces generated with the vortex

shedding, which can dangerously affect their structural stability. Another example

are the thermal wakes, where heat exchangers of elliptical cross-section are shown

to be more efficient than the circular ones (see for example Paul et al. [29], Rao and

Raju [33]), or even in flow control problems (see Pasquale et al. [28]).

Since the elliptic airfoils exhibit rich flow behaviours, several works can be found

in literature, where the effect of the aspect ratio and of the incidence is studied for

low Reynolds numbers. One of the earliest experimental investigations related to

the flow around an elliptic cylinder dates back to thirty and was the one of Richards

[35]. The two-dimensional restriction was obtained by considering a free surface

flow (obtained with a moving elliptical cylinder) at low Reynolds number (i. e.

Re=400) and was mainly devoted to a comparison of the velocity field (in terms

of the stream function) with simplified theoretical results. In the seventies, a more

detailed experimental campaign was carried out by Taneda [47] in order to study

the problem of the boundary layer separation from simple two-dimensional shapes:

circular cylinders, elliptic cylinders, flat plates and flexible plates. The free surface

streaklines, generated by a 2:1 elliptical cylinder moved by a carriage at different

angles of attack, were highlighted through aluminium powder and the connection

with the Sears-Telionis separation point was investigated for Reynolds numbers up

to 4400.

More recently, Fonseca et al. [13] performed a detailed series of experiments in

a vertical hydrodynamic tunnel, devoted to the determination of the shedding fre-

quency for a flow past different profiles. Both thick and slender elliptic cylinders

were considered and the Reynolds number was varied up to 2000.

On a slightly different topic, the flow around an elliptic-tip cylinder at high angle

of attack was experimentally investigated in the work of Luo et al. [25]. One of

the main findings was that when the major axis is transverse to the free stream, it

delays the onset of flow asymmetry for high angles of attack.

Nowadays, the increasing numerical abilities coming from new and faster com-

puters allowed to gain a more in-depth on the route to chaos phenomenon coming

from the flow past two-dimensional bodies. In order to limit the computing re-
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sources, these simulations are generally performed in the reference frame of the

body.

Johnson et al. [20] carried out direct numerical simulations of the wake of two

elliptical cylinders at low Reynolds numbers (i. e. 75−175), varying the aspect ratio.

The presence of secondary and tertiary frequencies in the far region of the wake was

detected. In Nair and Sengupta [26], two-dimensional unsteady viscous flow around

circular and elliptic cylinders was simulated at Re=1000, in order to investigate the

development of the asymmetry in the wake field. Beside the conclusion that ellipses

develop asymmetry earlier than the circular cylinder, the role of discrete roughness

in triggering asymmetry was also studied and compared with flow visualization

experiments. In Paul et al. [30] the onset of separation was studied for the flow past

unconfined two-dimensional elliptical cylinders for various axis ratios and a wide

range of angles of attack. A stability analysis exploiting Stuart-Landau equation

allowed to calculate critical Reynolds number, marking the transition from steady

to unsteady flow regime. The effect of incidence on the unsteady laminar flow past

an impulsively started, slender elliptic cylinder was studied numerically for the

Reynolds numbers ranging between 25 and 600 in Park et al. [27]. Five distinct flow

regimes were identified: two regimes of steady flow and three regimes of unsteady

flow.

Finally, among the few papers dealing with the far wake topology, it is the one of

Sen and Mittal [41], which investigates the evolution of the far wake of elliptic

cylinders with angle of attack varying from 0◦ to 90◦ at Re=200 and aspect ra-

tios (AR) 0.2, 0.5 and 0.8. The power spectrum analysis of unsteady transverse

velocity signal at various stations along the wake centreline is used to study the

associated frequencies. The authors found that, in contrast to the decaying nature

of primary frequency with incidence, the secondary frequency, not a sub-harmonic

of the primary, exhibits a non-monotonic variation.

In the framework of the dynamical systems determined by the flow past airfoils,

Pulliam and Vastano [31] wrote one of the pioneering works on this topic. The

transition to a chaotic state of the flow past a NACA0012 airfoil was investigated

at fixed angle of attack α = 20◦ and increasing Reynolds number within the range

600 − 3500. The authors concluded that the transition takes place through several

period-doubling bifurcations.

Hopf bifurcations were found also by Jackson [19], which studied the transition

from steady to periodic solution of an ellipse with aspect ratio 0.5 and varying

angle of attack (0◦ − 90◦). A similar strategy of investigation is also present in Saha

et al. [40] for two-dimensional flow past a square cylinder.

Other studies on the same topic were carried out by Liu et al. [24] and recently by

Bose and Sarkar [4] and Kurtulus [22, 23], where the effects of the thickness and

of the angle of attack on the wake topology were investigated in terms of vorticity
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fields. Two symmetric airfoils were considered, a NACA0002 and a NACA0012 at

a fixed Reynolds number (Re=1000) and varying incidence. The author concluded

that, for each airfoil, there are five different modes identified through the arrange-

ment of the shed vorticity and the time behaviour of the lift force, depending on the

angle of attack. The transition of the dynamical system among the different modes

manifests through period-doubling and period-quadrupling bifurcations, before at-

taining the chaotic regime.

Recently, Rossi et al. [39] used a vortex particle method for a NACA0010 airfoil

at angle of attack α = 30◦ and the same modes of Kurtulus [23] were found. How-

ever, only period-doubling bifurcations were observed in the transitions sequence

to chaotic regime.

One of the last works on the topic was the one of Durante et al. [12], where the

flow past a NACA0010 airfoil at Re=1000 was numerically investigated, using the

same particle vortex method of Rossi et al. [39] for 0◦ ≤ α ≤ 90◦. Very detailed

simulations accurately characterised the route to chaos, when the incidence reaches

27◦. Poincarè sections of the lift maxima and phase maps related to lift force were

exploited and the presence of period-tripling, period-6 and period-12 bifurcations

were found for the first time.

In the present paper, the study of the flow past an elliptical cylinder at aspect ratios

0.10 and 0.40 is performed for different angles of attack, spanning in the range 0◦−

90◦. The Reynolds number is varied from 100 to 10000. The present investigation

is devoted to studying in terms of the lift force, the effect of the thickness and of

the angle of attack when the Reynolds number is increased.

A particular advantage of the use of the lift coefficient is that it is strictly connec-

ted with the time variation of the momentum of the vorticity over the whole fluid

domain (see section 3 and appendix B). Therefore, it is expected that significant

changes on the wake topology will impact on the lift force signal. Different tech-

niques are instead exploited by other authors for the investigation of the long-lived

Lagrangian structures shed in the flow field (see Serra and Haller [42], Serra et al.

[43], Sun et al. [46]).

Starting from the time behaviour of the lift coefficient, the corresponding Fourier

spectra are derived, as well as the phase-space maps and the related Poincarè sec-

tions. The consideration of the lift as a phase space variable may be also found in

Khalid and Akhtar [21], Rossi et al. [39] and Durante et al. [12].

The numerical model used in this study is a vortex particle method, called Diffused

Vortex Hydrodynamics (DVH). It belongs to the general class of Lagrangian meth-

ods used for the numerical simulations of unsteady viscous flow problems (see

e.g. Cottet et al. [10]), where the fluid is discretized into vortex elements. These

methods have the definite advantage of eliminating the pressure calculation, of not

requiring any stability condition and the implicit fulfilment of the far field boundary
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conditions. Furthermore, this approach yields an accurate evaluation of both near

and far fields. The numerical algorithm, outlined in the appendix A, was recently

developed and validated on numerous benchmark tests (see Rossi et al. [36, 37, 38],

Colagrossi et al. [7], Durante et al. [11] and Giannopoulou et al. [14]). In the nu-

merical simulations considered, high spatial resolutions are used for the near field

around the body, as well as for the wake region.

Furthermore, computations were carried out for such a long time, that the identific-

ation of each regime may be assumed as correctly attained.

The paper is organised as follows: in Section 2, a summary of the different test

matrices used throughout the paper is reported and the corresponding parameters

are indicated; in Section 3, an outline of the interaction mechanism between the

shear layers is presented for circular and elliptical cylinders; in Section 4, the con-

ditions for which the steady regimes appear are discussed; in Section 5, a wide

description of the onset of different periodic regimes is carried out, pointing out the

numerous natures of this behaviour (i.e. monochromatic, non-monochromatic and

sub-harmonics); in Section 6, the chaotic regime is detailed; finally, in Section 7,

the global trends in terms of mean lift coefficients are outlined for every test matrix.

Conclusions are offered in Section 8.

2 Problem description and test matrix

The geometry considered for the test cases is an ellipse with two different aspect

ratios, where or the Reynolds number or the angle of attack are the varying para-

meters. The aspect ratio AR is b/a where a and b are the major and minor axes

respectively; the Reynolds number is defined with the major axis as Re = Ua/ν,

where U is the free stream velocity and ν is the kinematic viscosity. The Reynolds

number spans an interval from 100 to 10000, while the angle of attack may vary

from 0◦ to 90◦.

The test matrix is composed by seven series, which were carried out with one para-

meter varying for each of them. In table 1, the series and their corresponding para-

meters are outlined while a more complete list of every simulation performed and

the related regime found will be addressed in table 2.

The 121 simulations have been carried out with a Vortex Particle Method (VPM)

called Diffused Vortex Hydrodynamics (DVH). It is based on a Chorin’s splitting

technique and outlined in appendix A. Since only the vortical part of the flow field

is discretized, this kind of VPM allows high resolution outcomes with reduced

computational costs in comparison with other numerical methods.

The maximum Reynolds number was limited to 10000, because the transition to a
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Test case AR α Re

N1 0.40 0◦ 200 - 10000

N2 0.40 20◦ 100 - 10000

N3 0.10 0◦ 500 - 10000

N4 0.10 20◦ 100 - 10000

N5 0.10 30◦ 100 - 2000

N6 0.10 0◦ - 90◦ 2000

N7 0.10 0◦ - 90◦ 250

Table 1

Test matrix. The series N5 was already discussed in Rossi et al. [39] and is here reproposed

for the sake of completeness.

chaotic condition appears in this range. The study of higher Reynolds numbers is

left for future works and is, at the moment, out of our scope.

The more severe issue related to the present investigations is the necessity to per-

form a large number of detailed simulations for a very long time in order to be

confident with the identification of the different regimes. In fact, as discussed in

section 5, a transitory condition could be attained for a significant time interval, be-

fore the onset of one or more bifurcations that move the system toward a different

regime. Besides, a detailed description of the wake field can be also important in

view of the regime evaluation (as stressed in the work of Durante et al. [12] and

Kurtulus [23]) and typical finite volume/finite differences methods suffer of severe

numerical diffusion, so that the wake vorticity is hardly conserved unless very fine

grids are exploited, with a significant impact on the computational costs even in 2D

frameworks. Because of the above considerations, the adoption of a VPM seems

the best choice for these kinds of studies.

Finally, we are interested in a 2D restriction for the present study primarily because

in a 2D framework the phenomena investigated are more rich from the dynamical

systems point of view. Indeed, as shown in Durante et al. [12], in the Reynolds num-

ber regime investigated in this work, the complex 2D vortex dynamics observed

would be hardly detectable on a 3D framework. In fact the vortex stretching along

the transversal direction disrupts the two-dimensionality of the coherent structures.

It is worth noting that the extension to a 3D analysis would require high compu-

tational costs which makes the present investigation too demanding (see Durante

et al. [12] and appendix A.1).

The present 2D approach is applicable in real life when low Froude number free

surface flows are considered, or in atmospheric stratified flows but the interested

reader can refer to the review study of Boffetta and Ecke [3] for a more compre-

hensive discussion.
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3 Outline of the shear layers interaction in the flow past an elliptic cylinder

Historically, the flow past a circular cylinder was one of the oldest and better in-

vestigated topics, the importance of which relying on a simple shape able to trigger

complex wake patterns, when the Reynolds number or the ratio diameter/spanwise

length are varied. In a 2D framework, a strong link exists between the force time

signals and the related vorticity field, when a typical flow regime is observed. The

shear layers interaction at 1000 ≤ Re ≤ 10000 (Re is here the Reynolds number

referred to the diameter of the cylinder) deserves some remarks for pointing out

the link between the near wake behaviour and the lift time signal in a simple case,

where the typical parameters considered for an ellipse (i. e. thickness and angle of

attack) are neglected.

As outlined in Graziani and Bassanini [17] and in Riccardi and Durante [34] the

global forces Fb, acting on the body, are related to the first momentum of the vorti-

city field:

M(t) =

∫

Ω

rω(x, t) dV (1)

where Ω is the fluid domain which extend from the body surface ∂ΩB up to the

infinity. The relation with the forces Fb is given by:

Fb = ρ

[

dM⊥

dt
− ΓU⊥

]

(2)

where Γ is the total circulation in the flow field and ρ the fluid density, while the

symbol v⊥ is the perpendicular operator (i.e. if v = (v1, v2), then v⊥ = (−v2, v1)). If

the flow field starts form a rest condition, the circulation is zero at initial time and

it remains zero for all the times, so that the straight relation holds:

Fb = ρ
dM⊥

dt
. (3)

The Equation (3) links the vorticity field to the forces, therefore, the time behaviour

of Fb(t) is expected to be connected with the wake topology. For example, a periodic

behaviour of the lift force is often traceable in a well organised regular wake with

large vortex dipoles (see e.g. Kurtulus [23] and in Durante et al. [12]). Conversely,

a chaotic time signal of the lift force is more associated with a chaotic distribution

of vorticity in the wake. In section 5.3 we will discuss more in depth this point.

The present paper is based on a vortex particle approach, described in appendix A,

so that, by using the description of the vorticity field indicated in formula (A.4), the

forces acting on the body are directly evaluated from the wake circulation distribu-

tion:

L = ρ
d

dt





Nv∑

j=1

x j Γ j




D = ρ

d

dt





Nv∑

j=1

y j Γ j




(4)
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where L and D are the lift and the drag acting on the body, respectively. This ap-

proach allows us to take into account all the vorticity field in the calculation of

the forces, such making the analysis of the lift signal more meaningful for the sys-

tem state description. Furthermore, we stress to the reader that the forces evaluated

through the first momentum of the vorticity are always superimposable to those

calculated through the integral on the body surface (using the procedure elucidated

in Colagrossi et al. [8]) so that the Equation (3) is always checked.

The dynamics in the near wake, where separation occurs, is dominated by the shear

layers stability and by their mutual interaction, as pointed out by Zdravkovich [50].

Although the wake shed by an airfoil in a lifting condition can be investigated theor-

etically (see Riccardi and Durante [34]), the separated flows coming from airfoils

in stalled configurations, as well as from the flow past bluff bodies, is typically

studied with experimental or numerical approaches. Even though some theoretical

attempts started with Goldstein [16], a convincing analytical development on this

topic is still lacking, being the modelling of the shear layers and of their dynamics

too complex for meaningful simplifications. However, in recent years some effort

in this sense was done by Serra and Haller [42], Serra et al. [43]. Being the bound-

ary layer over an immersed body a source of vorticity, flows past blunt bodies may

be challenging to reproduce thoroughly (especially in the near wake), in particular

when the increasing of the Reynolds number induces a strong filamentation of the

shed vortical structures and a severe instability of the shear layers, as visible in Fig-

ure 1. Disregarding the increasing complexity of the near and far wake dynamics

due to a further increasing of the Reynolds number, described e.g. in Singh and

Mittal [45] and Durante et al. [11], the scope of the present section is to emphas-

ize the role of the shear layers interaction in the definition of the flow regime even

when the simplest blunt body is taken into account.

The different behaviour of shear layers, when the Reynolds number (referred to

the diameter of the cylinder) varies from 1000 to 10000, is depicted in Figure 1.

Although at Re = 1000 the near wake shows large vortical structures with evid-

ent dissipation at just an half of diameter from the cylinder and low interaction

between shear layers, for higher Reynolds numbers the flow field radically changes

with layers roll up and fragmentation, as shown at Re = 10000. This behaviour is

dually observed in the lift force Fourier spectra, shown in Figure 2. The weak layers

interaction at Re = 1000 induces a clearly periodic behaviour and discrete signal

peaks are recognized (corresponding to the different harmonics of the periodic sig-

nal), whereas a period-doubling mechanism leads to the numerous discrete peaks

of Re = 2000 spectrum. For higher Reynolds numbers the complex shear layers

interaction marks the transition from regular to chaotic regime, with the Fourier

spectra passing from discrete to continuous. These regimes are known in literature

as low subcritical and are well described in Zdravkovich [50] and Durante et al.

[11].

Because the surface curvature affects the rate of turbulent kinetic energy production
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Figure 1. Non-dimensional near wake vorticity ω∗ contours for the flow past a circular

cylinder at maximum lift conditions. The contours are scaled from blue to red. From top

left to bottom right: Re = 1000, 2000, 5000, 6000, 9000, 10000. For Re = 1000 the contour

range is in ±20, for Re = 2000 − 6000 in ±25 and for Re = 9000 and Re = 10000 in ±30.

Different ranges are used to highlight the local interaction of the shear layers.

within the boundary layer (as remarked in the pioneering work of Ramaprian and

Shivaprasad [32]), the effect of the aspect ratio is taken into account by considering

two elliptic shapes of different thickness.

In the left column of Figure 3, the vorticity fields generated by a thick and a thin

ellipse at Re = 5000 without incidence are depicted. The proximity of the shear

layers shows a low interacting dynamics so that the near flow field appears remark-

ably periodic. 1 The thick ellipse, with a minor/major axes ratio b/a = 0.4, exhibits

a retarded separation with rolled layers that eventually form a large dipoles wake

arrangement and induce a periodic force time behaviour. The shape thinning at as-

pect ratio b/a = 0.1 enforces the prevention of boundary layer separation in a final

laminar periodic regime (see Zdravkovich [50]) and steady forces. An aspect ratio

different from 1 inevitably leads to adding a new parameter because of the presence

of the angle of attack at which the profile is set. The Figure 3 shows in the right

column both profiles at α = 20◦ and the intense shear layers interaction which in-

1 Here, we want to give only an overview of the problem; an in depth detail on this point

will be offered in section 5.3.
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Figure 2. Fourier transform of the lift coefficient time signals referred to the cases in Figure

1. From top left to bottom right: Re = 1000, 2000, 5000, 6000, 9000, 10000.

Figure 3. Effect of thickness and of angle of attack on the shear layers interaction. Top-left:

α = 0◦, Re = 5000. Top-right: α = 20◦, Re = 5000. Bottom-left: α = 0◦, Re = 5000

Bottom-right: α = 20◦, Re = 4000. The non-dimensional vorticity contours are scaled

from blue to red in the range |ω∗| ≤ 20 with the exception of the bottom-right, where

|ω∗| ≤ 25.
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duces, at the same Reynolds number, a chaotic vortex field in the wake. It should

be underlined that a lower aspect ratio is characterised by higher curvature at lead-

ing and trailing edges (which became geometric singularities in the limit of a flat

plate). At the leading edge the shear layer separates easier for b/a = 0.1, being the

high curvature responsible for higher instability, as shown in the lower-right frame

of Figure 3. The visible rolling up of the upper shear layer is described in literature

as “transition eddies” and are typically observed in the low-subcritical regime of

the flow past a circular cylinder (see Durante et al. [11] and Zdravkovich [50]) but

for higher Reynolds numbers (around 104).

4 Steady regime

The steady regime of the flow past an immersed body is defined as the condition

for which the forces acting on it are constant in time. When dealing with a circular

cylinder, Zdravkovich [50] correctly divides the creeping flow regime, where the

viscous forces are such dominant that all disturbed regions of the flow field remain

laminar and the flow is firmly attached to the surface of the circumference, from

the near wake regime where a separation exists. Instead of the potential solutions,

which can be easily found (see Batchelor [2]) analytically, a creeping flow solution

is not directly deducible, as remarked by the Stokes paradox. For 5 ≤ Re ≤ 30−48,

the presence of separated shear layers creates a stable recirculation region within

the near wake, which elongates with the increment of the Reynolds number and

becomes unstable in the far wake (i. e. ≃ 10 − 20c), because of the fluctuation of

Figure 4. Vorticity contours (from blue to red and |ω∗| ≤ 10) for steady separation regimes

in four configurations. Top-left: Re = 200, b/a = 0.4 and α = 0◦, top-right: Re = 100,

b/a = 0.4 and α = 20◦. Bottom-left: Re = 3000, b/a = 0.1 and α = 0◦, bottom-right:

Re = 200, b/a = 0.1 and α = 20◦.
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the confluence point (for further details, see Zdravkovich [50]). For the Reynolds

numbers between 50 and 200, the flow is still classified as steady, remaining the

forces on the cylinder rather constant, but the Navier-Stokes equations exhibit a

periodic solution in terms of vorticity field. The classification of this kind of regime

is laminar periodic, according to Zdravkovich [50].

In the case of elliptic cylinders, the creeping flow solution is still valid for low Reyn-

olds numbers. Indeed, in the pioneering work of Shintani et al. [44], the matched

asymptotic expansions method is exploited for obtaining the complete description

of the flow field around an ellipse at low Reynolds number and α = 90◦. Beside

very few analytical works on this topic, a complete analysis of the Reynolds number

range at which the transition toward the steady separation occurs still lacks.

Depending on the aspect ratio of the ellipse and on the angle of attack, the in-

creasing of the Reynolds number leads to the formation of two distinct shear layers

similarly to the cylinder steady separation regime. Unlike the cylinder case, the

Reynolds numbers range at which the flow past the ellipse remains within a stable

regime may be very wide.

In Figure 4 four different configurations are shown. At α = 0◦ the lower the thick-

ness, the higher the Reynolds number of steady separation. Indeed at b/a = 0.4 the

flow remains steady at Re = 200, but switches to periodic for slightly higher Reyn-

olds values (at Re = 500 the solution becomes periodic, see section 5). Conversely

for b/a = 0.1 the solution persists in this regime for Re ≈ 3000.

A slight increment of angle of attack (lower than 10◦) poorly affects the maximum

Reynolds number at which the steady regime persists. A further increase of the

incidence strongly reduces the Reynolds number range, making the effect of the

Figure 5. Vorticity contours (from blue to red and |ω∗| ≤ 4) for laminar periodic wake and

b/a = 0.1 at α = 20◦ and Re = 200 (top) and α = 0◦ and Re = 4000 (bottom).
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thickness negligible. In Figure 4 the thick ellipse at Re = 100 and the thin at Re =

200 are shown. At α = 20◦, the steady condition is soon lost for Re > 100 − 200,

moving toward a periodic one.

The laminar periodic wake regime, observed in the flow past a circular cylinder for

38 − 40 < Re < 180 − 200, is here found for the thin ellipse more evidently for

lower angles of attack. In Figure 5 two cases are shown. At α = 20◦ the wake be-

comes slightly oscillating at Re = 200, but the perturbations on the forces, although

existing, are too weak to classify these latter as periodic. Conversely, at Re = 300

this behaviour will be more evident, as it will be discussed later. At α = 0◦ the flow

remains in steady regime within a wider interval. At Re = 4000, sketched in the

bottom plot of Figure 5, the wake shows perturbations in the shear layers, starting

about 2 chords away from the ellipse and weakly amplifying in the far field. The

shed dipoles are still too weak to have a measurable effect on the time variation of

the forces acting on the ellipse, so that this case is still classified as steady.

For the thick ellipse, the laminar periodic regime never appears in the cases ana-

lysed so that or this regime is too unstable to persist or it will for 100 < Re < 200

at α = 20◦ and 200 < Re < 500 at α = 0◦.

However, it can be concluded that the thinning of the thickness plays a non trivial

role in the increasing the stability of this regime.

From the Equation (3), in the steady regime, the first vorticity momentum is a linear

function of time:

Nv(t)∑

j=1

x j(t)Γ j(t) = −
L̄

ρ
t

Nv(t)∑

j=1

y j(t)Γ j(t) =
D̄

ρ
t

where D̄ and L̄ are respectively the constant drag and lift (the latter is not null when

the incidence is different from zero, i.e. there is no symmetry with respect to the

x-axis).

5 Periodic regime

When the incidence or the Reynolds number increase, the shear layers, initially not

interacting in the near wake, are subjected to the trigger of an early instability that

definitely leads to the onset of a periodic regime, which becomes typically visible

through a von Kármán vortex shedding. Depending on the ellipse thickness, as well

as on the angle of attack, the periodic regime deserves special attention because of

numerous different conditions that may arise. In particular, as shown for a NACA

profile in Durante et al. [12] and in Rossi et al. [39], the forces time behaviour

(typically the lift force) may appear as a pure monochromatic, when the parameters
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are close to a steady condition, but it evolves in a periodic non-monochromatic

behaviour and may be eventually subjected to period bifurcations, as the angle of

attack or the Reynolds number increases, thus preluding to a chaotic transition (see

also Pulliam and Vastano [31], Kurtulus [23] and Durante et al. [12]).

In the following, the different periodic regimes related to the variation of the incid-

ence as well as of the Reynolds number for thick and thin ellipse will be investig-

ated. As in the former section, the Reynolds numbers considered for every case, as

well as the angles of attack, are the maximum ones (among the simulated) at which

that regime appears (see table 2).

5.1 Monochromatic signal

Moving from the steady, in some cases the periodic regime early manifests with

a monochromatic behaviour of the global forces over the immersed body. In the

cylinder case, the forces time signal becomes monochromatic for Re ≈ 100 as

discussed in Durante et al. [11], this being actually related to the regular shedding

observed in the near wake with low interacting vortex dipoles. A similar condition

is here observed for the ellipse in different configurations. In Figure 6 the vorticity

fields show a regular shedding, also for high Reynolds numbers when the angle

of attack is zero. Indeed, in the top-left frame the thick ellipse at Re = 1500 and

α = 0◦ is depicted, whereas the thin one at Re = 7000 at the same angle of attack

is shown right down. The effect of the thickness is to stimulate the shear layers

separation, so that the thinning tends to suppress it in analogy with a flat plate.

The vortex shedding is then allowed to remain within a stable regime, where the

global forces acting on the body are not only periodic but even monochromatic.

The corresponding Fourier transforms of the lift signals are depicted in Figure 7,

where a main signal peak, corresponding to the shedding frequency, is found. For

the b/a = 1 the shedding frequency where the monochromatic behaviour is attained

is about 0.163 at Re = 100 (see Durante et al. [11], Zdravkovich [50]), while for

b/a = 0.4 it is found at 0.59 and for b/a = 0.1 to 2.26. This forward shifting

of the maximum shedding frequency at which this regime appears, is the obvious

consequence of the increasing Reynolds number at which it is found. Conversely,

the amplitude lowers from 0.33 of the cylinder to 0.33×10−2 of the thin ellipse, this

meaning that the shedding mechanism becomes faster and of lower intensity. As

remarked in the steady regime, the higher the incidence the lesser the stability of the

regime. Indeed, from the right column of Figure 6, it can be observed that the shape

influence on the persistence of monochromatic periodic regime is rather negligible.

The maximum Reynolds numbers where it was found at 20◦ were Re = 200 for

thick and Re = 300 for the thin ellipse. The shedding frequency for these cases,

being the Reynolds number very similar, is not dramatically different: 0.3 for the

thick ellipse and 0.45 for the thin one. On the log scale used for the plot of the

transforms, a second peak for f ∗ = 0.89 is found in the thin case, although ten times
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Figure 6. Vorticity contours (from blue to red) for monochromatic periodic regime at

α = 0◦, Re = 1500 and b/a = 0.4 (top-left , |ω∗| ≤ 15); α = 20◦, Re = 200 and b/a = 0.4

(top-right, |ω∗| ≤ 10); α = 0◦, Re = 7000 and b/a = 0.1 (bottom-left , |ω∗| ≤ 15); α = 20◦,

Re = 300 and b/a = 0.1 (bottom-right, |ω∗| ≤ 10)

Figure 7. Fourier transform of the lift coefficient time signals referred to the cases in Figure

6. α = 0◦, Re = 1500 and b/a = 0.4 (top-left ); α = 20◦, Re = 200 and b/a = 0.4

(top-right); α = 0◦, Re = 7000 and b/a = 0.1 (bottom-left ); α = 20◦, Re = 300 and

b/a = 0.1 (bottom-right). The non-dimensional frequency is f ∗ = c/(tU)
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lower in amplitude, so that a monochromatic behaviour may be still assumed.

In the series N6 and N7, where the angle of attack is varied according the table

1, the monochromatic behaviour was identified for α = 10◦ at Re = 2000 and at

α = 20◦ for Re = 250, where the spectrum is very similar to the one depicted in the

bottom-right frame of Figure 7. This clearly confirms that the effect of the Reynolds

number increasing is to lower the angle of incidence at which this regime appears. It

is interesting that just at 15◦ of the series N6, the lift is already non-monochromatic.

If the monochromatic behaviour persists over the 10◦, it can within the narrow range

10◦ − 15◦ of incidence at Re = 2000.

In the periodic monochromatic regime the lift L and the drag D forces can be ex-

pressed as a simple sinusoidal function:

L(t) = L̄ + L0 cos(2π f t + φL) , D(t) = D̄ + D0 cos(4π f t + φL) ,

where f is the shedding frequency, L0 and D0 are, respectively, the lift and drag

amplitudes, and φL and φD are the corresponding phases. As well known, due to the

alternating vortex wake, if the oscillations in lift force occur at the frequency f , the

ones of the drag force occur at twice the frequency f .

According to Equation (4), the first vorticity momentum is:

Nv(t)∑

j=1

x j(t)Γ j(t) = −
L̄

ρ
t −

L0

2π f ρ
sin(2π f t + φL)

Nv(t)∑

j=1

y j(t)Γ j(t) =
D̄

ρ
t +

D0

4π f ρ
sin(4π f t + φD)

Therefore, as in the steady regime, also in this special case an analytic expression,

with few parameters, of the first order moment of the vorticity is available.

5.2 Non-Monochromatic signal

The onset of the periodic regime is characterized by the organization of the wake

in a well ordered arrangement with big vortex patches emanating from the body. A

similar regime was found for the cylinder at Re = 1000 and depicted in Figure 1,

where the alternate rolling up of the shear layers induces a local strain, which force

the shed vorticity in detaching regularly and in coherent patches that ultimately

form large and low interacting dipoles in the wake. The Fourier transform (Figure 2)

shows a discrete-peaks spectrum, where every other peak corresponds to harmonics

of the first one in a typical periodic fashion.

Passing to the ellipse, a behaviour similar to the cylinder is observed for the thick

shape. Looking at the top row of Figure 8 a similar shedding mechanism is found
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Figure 8. Vorticity contours for periodic regime at α = 0◦, Re = 2500 and b/a = 0.4

(top-left , |ω∗| ≤ 15); α = 20◦, Re = 3000 and b/a = 0.4 (top-right, |ω∗| ≤ 20); α = 20◦,

Re = 1400 and b/a = 0.1 (bottom-left , |ω∗| ≤ 20); α = 30◦, Re = 900 and b/a = 0.1

(bottom-right, |ω∗| ≤ 15)

for α = 0◦, whereas it seems more complex when the incidence increases (α = 20◦)

and the alternate rolling up of the shear layers suffers of a poor stability due to their

mutual interaction. The vorticity is now shed in stretched filaments, which finally

reorganise in large dipolar structures persistent in the wake field up to 20-30 chord

lengths. The lift coefficient time behaviour is depicted in the top row of Figure 9

where, after a short transient, the regime appears with a regularly oscillating signal.

The Fourier transform (Figure 10) depicts, coherently, the same scenario. The prin-

cipal peak related to the shedding frequency is followed by higher harmonics lower

peaks of about two order lower magnitude, thus indicating that, despite of the high

Reynolds numbers involved (Re = 2500 for α = 0◦ and Re = 3000 for α = 20◦),

the signals are very similar to a sinusoid. Although a nearly periodic behaviour for

the thick ellipse at 0◦ was found up to Re = 10000, the only case after Re = 1500

where a typical spectrum associated to a clearly periodic behaviour manifests is

Re = 2500, the other regimes revealing a quasi-periodic nature, discussed in sec-

tion 5.3. Conversely, the thin ellipse cases show periodicity after longer transients,

where eventually a different regime may be established.

The bottom row of Figure 8 shows a shedding mechanism similar to the airfoil

one observed in Durante et al. [12], Rossi et al. [39], with the rolling up of the

lower layer that directly detaches and is shed in the wake poorly interacting with

the upper one, which is in turn interested by an higher stretching. This dynamics

appears strikingly more regular in this case, with a discrete peak Fourier transform

which describes a periodic signal far from a sinusoid. The higher frequencies show

peak amplitudes with a low decay, with the second harmonics component of the

same order of the first one. In contrast with the thick ellipse, in this case the system
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Figure 9. Lift coefficients time signals referred to the cases in Figure 8. α = 0◦, Re = 2500

and b/a = 0.4 (top-left ); α = 20◦, Re = 3000 and b/a = 0.4 (top-right); α = 20◦,

Re = 1400 and b/a = 0.1 (bottom-left ); α = 30◦, Re = 900 and b/a = 0.1 (bottom-right).

The mean values have been subtracted for the sake of clearness. The non-dimensional time

is t∗ = tU/c

reaches the periodic regime with greater stability issues. In particular, the Figure

9 clearly shows that for α = 20◦ and Re = 1400 the b/a = 0.1 shape manifests

Figure 10. Fourier transform of the lift coefficient time signals referred to the cases in Figure

8. The peaks corresponding to the harmonics of the signals are marked with red dots and

with the corresponding numbers. α = 0◦, Re = 2500 and b/a = 0.4 (top-left ); α = 20◦,

Re = 3000 and b/a = 0.4 (top-right); α = 20◦, Re = 1400 and b/a = 0.1 (bottom-left

); α = 30◦, Re = 900 and b/a = 0.1 (bottom-right). The non-dimensional frequency is

f ∗ = c/(tU)
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Figure 11. Vorticity contours (|ω∗| ≤ 5) for periodic regime at α = 30◦, Re = 900 and

b/a = 0.1. left t∗ = 32.5, right t∗ = 97.25

.

a more complex regime with a double peak in the lift signal before reaching (for

t∗ > 50) a regular periodic behaviour. In terms of the wake filed, this means a

different arrangement of the vorticity field, as sketched in Figure 11, where the

case b/a = 0.1, Re = 900 and α = 30◦ is shown. In the left frame a time instant

falling within the transient is depicted, whereas in the right frame the vorticity

field at regime is drawn. As evident, the transient is interested by energetic dipoles

moving upwards and bending in the stream direction (similarly to the Mode IIIb

observed for the NACA airfoil in Durante et al. [12]), but a different and compact

arrangement is observed at the regime.

The interesting conclusion that can be grasped from this analysis is that the onset

of a stable periodic regime is mainly dependent on the ellipse thickness rather than

the angle of attack.

5.3 Quasi-periodic behaviour

The force behaviour for the thick ellipse at α = 0◦ has revealed some non trivial

aspects that deserve a special section for a brief discussion.

Despite the regular periodic behaviour described in the previous section for Re =

2500, in the interval 2000 ≤ Re ≤ 10000 the other simulations performed have

shown a different behaviour, where clear peaks emerge from a very irregular spec-

trum resembling a chaotic regime, described later in section 6. If the spectra depic-

ted in Figure 12 are much similar to the periodic kind discussed in section 5.2 for

Re = 2000, 3000 and 4000, from Re = 5000 a basic continuous spectrum can be

appreciated and the periodic behaviour seems the carrier signal on which a chaotic

modulation overlaps. These signals are known as quasi-periodic (see also Bailador

et al. [1]).

From the frequency ratio between the harmonic peaks, we found that they are in a

sequence 1-3-5 . . . This means that we have a time signal which is a periodic func-

tion with half-wave symmetry. In order to show the chaotic underlying nature of

the lift modulation, the case Re = 7000 was considered as an example. Despite the
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Figure 12. Fourier transform of the lift coefficient time signals referred to the cases α = 0◦

and b/a = 0.4. From left to right on top: Re = 2000, Re = 3000, Re = 4000 and Re = 5000.

From left to right on bottom: Re = 6000, Re = 7000, Re = 8000 and Re = 10000. The

non-dimensional frequency is f ∗ = c/(tU) The peaks corresponding to the harmonics of

the signals are marked with red dots and with the corresponding numbers.

clearly periodic shedding of vortex dipoles depicted in the top frame of Figure 13,

the nonlinear local interaction of upper/lower boundary layers leads to the lift signal

fluctuations drawn in the bottom frame of the same figure. By exploiting the prop-

erty of half-wave symmetry, the original signal was added to the half-period shifted

one and the irregular part is highlighted. Respect to the oscillation amplitude of the

carrier signal, which is about 0.3, this second signal is ten times lower in amplitude

and possesses almost the same frequency. This means that the is actually a chaotic

amplitude modulation and this finally explains why we see a typical periodic vortex

shedding. The chaotic nature is actually related to the fluctuations on the intensity

of vortex patches released in the flow field and not to the shedding frequency. This

regime deserves further investigations however, for the sake of brevity, it will be

matter of future works.

5.4 Sub-harmonic modes

Whenever after a parameter variation, the force periodic time signal is interested by

a frequency modulation of the carrier harmonics with a stable persistence, we talk

about a sub-harmonic regime. When dealing with dynamical systems, this condi-

tion typically represent the forerunner of a chaotic cascade, as remarked in Durante

et al. [12], Kurtulus [23], Pulliam and Vastano [31]. From now on, we will make

use of two classical instruments of chaotic systems analysis: the Poincarè sections,

obtained as the local maxima (for regime condition, i. e. the flow field state attained

after the transient) of the lift signal drawn in the (C̈l-Cl) plane, and the phase maps,

which represent the trajectories in the plane (Cl-Ċl) of the time signal. The usual

technique to construct the Poincarè section is by first reconstructing the phase-space

using the time-delay embedding method. Then the sections are found by taking in-

tersections of this phase-space with a transverse plane (see for example Wolf et al.

[49], Saha et al. [40]). Instead of using this method, here the phase-space is recon-
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Figure 13. On top: vorticity field for Re = 7000, α = 0◦ and b/a = 0.4. The vorticity is

contoured from blue to red for |ω∗| ≤ 5. On bottom: chaotic part of the lift signal for the

same case, obtained exploiting the half-wave symmetry of Cl. The non-dimensional time is

t∗ = tU/c

structed using the differential phase-space embedding since with this technique an

existence of the Poincaré section is guaranteed, according to Gilmore [15]. To this

end, first Cl, Ċl, C̈l are used to reconstruct the phase space. Then intersections of it

with the surface given by Ċl = 0 where C̈l < 0 will give the Poincaré section.

The best way for collecting all the cases studied and highlighting these modes is

to refer to the table 1 where a synoptic sketch of all the simulation performed is

given. We decide to start with the series N4, which considers a thin ellipse (i. e.

b/a = 0.1) at α = 20◦ and varying Reynolds number. As shown in Figures 8,9

and 10 of section 5.2, the case Re = 1400 represents a typical periodic regime, the

Fourier transform of which resembles a classic discrete peaks spectrum.

By increasing the Reynolds number, the lift signal changes abruptly. As sketched

in Figure 14, at Re = 1450 the Cl is clearly affected by a low frequency modulation

and the discrete peak spectrum of Re = 1400 is now interested by numerous sub-

harmonic peaks, not sharp yet.

When the Reynolds number rises up to Re = 1500, the sub-harmonic peaks be-

come more energetic and well clear in the spectrum, this being the effect of a rad-

ical change in the lift signal. From the second frame (from the top), four peaks are

visible in the lift period and this directly reflects on the spectrum shape. For every

sharp peak in the spectrum of Re = 1400, shown in Figure 10, four peaks appear and

this bifurcation represents a period-quadrupling. In literature, Pulliam and Vastano

[31] observed numerous period-doubling bifurcations for a NACA0012 at 20◦, in
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Figure 14. Lift signals (left) and corresponding Fourier transforms (right) for b/a = 0.1

and α = 20◦ at varying Reynolds number. From top to bottom: Re = 1450, Re = 1500,

Re = 1600, Re = 1700 and Re = 1800. The non-dimensional time is t∗ = tU/c, the

non-dimensional frequency is f ∗ = c/(tU). The peaks corresponding to the harmonics of

the signals are marked with red dots and with the corresponding numbers. With blue dots

the peaks of commensurable sub-harmonics are marked and the corresponding fraction is

indicated. The non commensurable sub-harmonics peaks are marked with green dots.

particular for Reynolds number changing from 1400 to 1525, 1575 and 1580 and

argued that this bifurcations were the evidence of a route to chaos. Actually in Dur-

ante et al. [12] numerous period-tripling bifurcations were found before the chaos

inception for a NACA0010 at varying angles of attack. To the authors’ knowledge,

a period-quadrupling was never documented for the flow past an airfoil.

The Poincarè sections and the phase maps in Figure 15 may help to better under-

stand this phenomena. Although for Re = 1450 the Fourier analysis does not offer

any particular insight beyond an unclear modulation, the Poincarè section reveals

an evident period-doubling identified through the two groups of points well separ-

ated in the plane. It is worth to remark that a typical doubling, with sharp discrete

peaks in the Fourier transform, would have produced two groups of very clustered
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Figure 15. Poincarè sections (top) and phase maps (bottom) for b/a = 0.1 and α = 20◦ at

varying Reynolds number. From left to right: Re = 1450, Re = 1500, Re = 1600, Re = 1700

and Re = 1800. The points, as well as the phase lines, are contoured with non-dimensional

time in order to highlight the points and the curves clustering with the time.

points, because of the time sequence of two groups of maxima where every group

is (rather) associated to one single value. In this case, the low frequency modulation

of the signal induces some scattering of the two groups of maxima.

Similarly, the phase map shows a big orbit, clue of a periodic signal carrier, and a

second little one knotted within the first which is again the mark of a doubling, as

discussed in Durante et al. [12], Pulliam and Vastano [31].

As discussed before, at Re = 1500 the signal and Fourier transform suggest the

onset of a period-quadrupling and this is evidently highlighted by the Poincarè

section where four distinct maxima groups are visible. Unlike the case Re = 1450,

now the signal carrier is more regular and the phase map reveals four distinct orbits

where also the internal knotted ones are of similar dimensions of the external, thus

remarking the four different maxima found in the time signal period.

The case Re = 1480 is more complicated and interesting to discuss, but we will

deal with it later for making the present discussion more comfortable to the reader.

At Re = 1600 the situation does not change much from the former with a lift signal

shape, and coherently the Fourier spectrum, very similar to the Re = 1500 case. The

passage to Re = 1700 marks a new come back to a regular periodic condition with

a period halving primarily evidenced by a lift time signal resembling the 1400 (see

Figure 9), a Fourier spectrum with discrete peaks at almost the same frequencies

of Re = 1400 (the gap is less than the 3%) and a Poincarè section with a single

point (or, more precisely, very clustered points). As expected, the phase map shows

a single nearly circular orbit, which can be easily demonstrated that becomes a

perfect ellipse when the signal is a sinusoid (i.e. the function and its first derivative

are orthogonal).

The last case investigated within the N4 series, after which the system becomes
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chaotic, is the Re = 1800 which is drawn in the last row of Figure 14. From the

time signal, three maxima are distinguishable in the period although one of them is

significantly lower in amplitude respect to the other two. In the dynamical system

context, this behaviour is classified as period-tripling when three peaks for every

one of the carrier appear in the Fourier spectrum. However, the harmonic analysis

does not give a clear support to this classification and it is better to move toward the

analysis in Figure 15. The Poincarè section and the phase map confirm the presence

of a period-tripling where three orbits are found (it is worth noting that the inner,

littler than others, corresponds to the little maximum observed in the time signal)

and three clusters of points are visible. We want to underline again the importance

of the Poincarè sections and phase maps covered for the classification the different

bifurcations of the reference time signal.

The case Re = 1480, skipped during the former discussions, is commented more in-

depth below. The interest comes from the singular behaviour of the system in this

case, which experiences a significant instability before reaching a regime condition.

A deeper insight comes from the visualization of the vorticity fields that corroborate

the direct link between the lift signal and the circulation distribution in the wake.

Figure 16 depicts different time ranges of the lift force signal and the correspond-

ing Fourier transforms. In the bottom frame the regime condition is sketched and it

appears evidently periodic with the already seen and discussed discrete peak spec-

trum. As shown in corresponding plot of Figure 17, the regime condition corres-

ponds to a compact arrangement of the wake field (which resembles the Mode

IV regime of Durante et al. [12]) and the periodic behaviour of the lift force is re-

marked by a single point in the Poincarè section and a single orbit in the phase map.

As mentioned before, the regime condition is preceded by numerous bifurcations

in time. From the earliest range 40 ≤ t∗ ≤ 70, the signal is characterized by two

period maxima and a Fourier spectrum with the peak frequencies doubled in num-

ber respect to the regime condition. The wake field in Figure 17 is characterised by

large dipoles emanating upwards and bending streamwise similarly to the transient

regime of thin ellipse at α = 30◦ and Re = 900 seen in Figure 11. In the phase

map two big orbits are visible, although not sharply, as well as two point clusters

in the Poincarè section. From the Fourier transform, a period-doubling bifurcation

is observed when 80 ≤ t∗ ≤ 130 and the signal itself exhibits a period where five

maxima are traceable, although two of them are very close to each other. From the

Figure 17, a qualitative change in the vorticity shed is observed. Large dipoles are

still emanating upwards but most of them tend to bend in the opposite direction of

the stream. Similarly, the Poincarè section now reveals five point clusters, where

two of them are very close in straight agreement with the time signal and the phase

map shows four distinct orbits, doubled respect to the former time range, in analogy

with the Fourier spectrum.

The things change when 150 ≤ t∗ ≤ 200 where a period halving recasts the spec-

trum is a similar configuration of the first time range. The orbits in the phase map
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Figure 16. Lift signals (left) and corresponding Fourier transforms (right) for b/a = 0.1

and α = 20◦ at Reynolds number 1480 and different time ranges. The non-dimensional

time is t∗ = tU/c, the non-dimensional frequency is f ∗ = c/(tU). The peaks correspond-

ing to the harmonics of the signals are marked with red dots and with the corresponding

numbers. With blue dots the peaks of commensurable sub-harmonics are marked and the

corresponding fraction is indicated.

are now two and the Poincarè section shows two groups of maxima. The wake

transforms again and the dipoles are so bent that the wake becomes more compact.

Finally, for t∗ > 200, a new period halving brings the system to its regime condition.

It is worth to stress that, according to our investigation, this condition persists at

least up to t∗ = 300, but we have not a final proof that it indefinitely does. However,

when this compact arrangement of the wake was found in different cases it seems

to be very stable (see, for example, the case shown in Figure 11 or the perturbation

study of the case α = 29.1◦ of Mode IV in Durante et al. [12]). Furthermore, it is

useful to notice that the mean value of the lift force strictly depends on the wake

topology. Indeed, as already found and discussed in Rossi et al. [39], the lower the

compactness of the wake the higher the mean lift, which passes from 1.23 of the top

frame of Figure 16 to the 0.88 of the bottom. A comparison with the case b/a = 0.4

at the same angle of attack is useful in order to investigate the effect of the thickness

on the onset of sub harmonic regimes. As depicted in Figure 18, by increasing the

Reynolds number the time signals exhibit evident modulations. Conversely to the

b/a = 0.1 the signal shape does not radically change remaining fairly regular and

without bifurcations during the transient.
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Figure 17. Vorticity fields (left), Poincarè sections (center) and phase maps (right) for

b/a = 0.1 and α = 20◦ at Reynolds number 1480. From top to bottom: t∗ = 67.5,

t∗ = 150.0, t∗ = 181.5 and t∗ = 300.0. The non-dimensional time is t∗ = tU/c, the

non-dimensional frequency is f ∗ = c/(tU). The vorticity is contoured from blue to red

for |ω| ≤ 5.

In the top row of Figure 18, the lift time signal and the corresponding Fourier

transform at Re = 3000 are drawn. The signal is clearly periodic although not

monochromatic and the spectrum possesses a typical discrete peaks shape, each

one representing the higher harmonics of the carrier signal. This case is already

discussed in section 5.2 and is here recalled as a reference case. Similarly, the wake

field depicted in Figure 19, shows a regular Von Kármán shedding with the vortex

patches aligned along the direction connecting the stagnation points on the ellipse

and, coherently, one point only is detectable on the corresponding Poincarè section.

When the Reynolds number rises up to 3200, the signal undergoes to a slight fre-

quency modulation that has no evident effects on the signal carrier but is appre-

ciable on the Fourier spectrum. The presence of two other peaks between the main
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Figure 18. Lift signals (left) and related Fourier transforms (right) for b/a = 0.4 and

α = 20◦ at varying Reynolds number. From top to bottom: Re = 3000, Re = 3200,

Re = 3500, Re = 3800, Re = 4000, Re = 4100, Re = 4200 and Re = 4300. The non-di-

mensional time is t∗ = tU/c, the non-dimensional frequency is f ∗ = c/(tU). The peaks

corresponding to the harmonics of the signals are marked with red dots and with the corres-

ponding numbers. With blue dots the peaks of commensurable sub-harmonics are marked

and the corresponding fraction is indicated. The non commensurable sub-harmonics peaks

are marked with green dots.
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Figure 19. Vorticity fields (left) and related Poincarè section (right) for b/a = 0.4 and

α = 20◦ at varying Reynolds number. From top to bottom: Re = 3000, Re = 3200,

Re = 3500, Re = 3800, Re = 4000, Re = 4100, Re = 4200 and Re = 4300. The vor-

ticity is contoured from blue to red for |ω| ≤ 5.
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ones of the basic signal (which are actually the same of the case Re = 3000) in-

dicates a period-tripling bifurcation. Furthermore, the vorticity field in Figure 19

depicts a near wake (up to 3-5 chords from the body) very similar to the former

case, but more interacting vortex dipoles for a distance greater than 7 chords from

the ellipse. Due to the close values of two lift maxima in the Poincarè section two

point clusters are exhibited rather than three.

By further increasing the Reynolds number, the period-tripling bifurcation becomes

more evident with sharp and greater peaks in the Fourier spectrum and a clear sig-

nal modulation in the lift time history. In Figure 18 this behaviour is found when the

Reynolds number passes from 3200, to 3500 and finally to 3800 where numerous

little peaks seems to lead the system toward a new bifurcation. The wake becomes

more and more unstable with strong dipoles interaction just after 5 chords, while

in the Poincarè sections the lift maxima assume scattered distributions, not eviden-

cing the bifurcations found in the Fourier transforms. This behaviour is essentially

related to the fact that, when a blunt body is considered, the signal modulations

are significantly weaker than the basic function and the lift maxima variations are

rather little within the period, giving this observed “gullwing-like” shape.

The passage of the thickness from b/a = 0.1 to b/a = 0.4 makes the response of the

system to the Reynolds number variation very similar to a blunt body, similarly to

the dynamics of the flow past a circle. Higher Reynolds numbers (4000, 4100, 4200

and 4300 are plotted) make the signal even less regular, with a spectrum passing

from a discrete peaks fashion to a single leading peak overlying an almost continu-

ous spectrum (i. e. see bottom row of Figure 18). During this passage, the signal

first exhibits irregular ranges of period-tripling bifurcations alternated to more reg-

ular ones (this is the case of Re = 4000 and Re = 4100), but for highest Reynolds

number (4300) the maxima variations during the numerous modulations appear less

intense respect to the time signal. This, obviously, does not mean that the system

assumes a more ordered configuration in terms of vorticity field and, in fact, the

wakes seem more and more irregular and the Poincarè sections are dually even

more scattered.

In the next section, we will see that this mechanism will bring the system into a

chaotic regime.

6 Chaotic regime

When dealing with a chaotic regime in the framework of the flows past rigid bodies,

many possible conditions can be accomplished by the fluid flow. By looking at

the lift time signal, a chaotic regime refers to a condition for which this signal is

chaotic, i.e. its Fourier transform does not exhibits typical discrete-peaks spectra,

as seen in the previous sections, but a continuous spectrum (as stressed in Durante
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Figure 20. Lift signals (left) and related Fourier transforms (right) for b/a = 0.4 and

α = 20◦ at varying Reynolds number. From top to bottom: Re = 4400, Re = 4500,

Re = 4600, Re = 4700, Re = 4800, Re = 4900, Re = 5000 and Re = 6000. The non-di-

mensional time is t∗ = tU/c, the non-dimensional frequency is f ∗ = c/(tU).
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Figure 21. Poincarè sections (dotted) and related phase maps (solid lines) for b/a = 0.4 and

α = 20◦ at varying Reynolds number. From top left to bottom right: Re = 4400, Re = 4500,

Re = 4600, Re = 4700, Re = 4800, Re = 4900, Re = 5000 and Re = 6000.

et al. [11, 12]). In the present study, the chaotic condition is achieved or by an

unpredictable modulation of a periodic carrier, or by numerous bifurcations toward

different regimes or by a completely irregular signal.

The passage from discrete to continuous of the spectra is the evidence of the route

from a periodic regime to a non-periodic one where the frequencies involved be-

long to a continuous range. Indeed in a periodic regime only a numerable set of

frequencies are excited, being them related to the scale of the eddies shed in the

wake field. Conversely in the non-periodic regime the vorticity is shed through ed-

dies of different scales.

It is important to stress that, disregarding the excited frequencies in the near wake,

the characteristics of the mid/far wake are a consequence of the mutual interactions

of the released eddies. This means that the flow field may result as turbulent (in the
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classical kinetic energy distribution sense), even though the lift remains a periodic

time signal. Moreover, being the present study restricted to a 2D framework, the in-

verse cascade also plays an important role in the reorganization in big eddies of the

shed vorticity. Indeed, if the wake becomes turbulent, the turbulent kinetic energy

is distributed over the different vortex scales in such a way that small scales trans-

fer the energy to greater scales (see also Boffetta and Ecke [3]). This mechanism is

opposite to the direct energy cascade (which is dominant in 3D framework) where

the energy of the larger eddies is transferred to smaller ones.

Because the effect of the angle of attack is essentially to lower the Reynolds number

at which the transition to chaotic regime occurs, the present section is focused on

the effect of the thickness, for which significant differences in the behaviour of the

dynamical system appear (see also table 2).

When dealing with the thick ellipse (i.e. b/a = 0.4), it is interesting to linger on Fig-

ure 20 where the passage from Re = 4400 to Re = 6000 is shown in terms of the lift

signal and its Fourier transform. In the cases Re = 4400 and Re = 4500 the carrier

signal bifurcates unpredictably toward a different state and this is found also in the

Fourier spectra, shown in Figure 20. The long persistence of the system on a regime

with a regular lift time signal (see for Re = 4400 the time intervals 200 < t∗ < 220

or 250 < t∗ < 280, or for Re = 4500 the time intervals 200 < t∗ < 230) causes

the presence of an evident peak at the shedding frequency of the carrier signal,

but the presence of the bifurcations produces a continuous spectrum. The Poincarè

sections and phase maps in Figure 21 makes the former discussion more complete

and meaningful. The first and second frame on the top left are characterised by

an evident cluster of points, which are the maxima of the carrier signal, and other

scattered points representing the bifurcation conditions. At Re = 4400 the phase

map shows a marked nearly circular orbit, indicating that the fundamental regime

is rather periodic. A large number of other orbits representing the time signal bi-

furcations discussed before allows to classify this behaviour as a strange attractor,

according to the classical dynamical system theory.

Conversely, at Re = 4500, although the Poincarè section is rather similar to the

former one, the phase map tells something more: the system is basically shifting

between two regimes represented by the two orbits visible in the map.

When the Reynolds number rises to 4600 the system comes back to a more ordered

condition. In this case, the lift time signal is not affected by bifurcations, although

unpredictable modulations make the Fourier spectrum continuous with one sharp

peak (see third frame from top of Figure 20). Similarly, the Poincarè section and the

corresponding phase map depicts a single point cluster and a single orbit, obviously

not sharp because of the modulations. It is interesting to note how the system

is moving toward a chaotic condition: the road is not straight with the Reynolds

number increasing, but the system experiences rather direct and inverse routes.
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Figure 22. Vorticity field for b/a = 0.4 and α = 20◦ at Re = 10000 (left) and corresponding

phase map (right). The non-dimensional vorticity contours are in the range −4 ≤ ω∗ ≤ 4.

Figure 23. Lift signals (left) and related Fourier transforms (right) for b/a = 0.1 and

α = 20◦ at varying Reynolds number. From top to bottom: Re = 2000, Re = 3000,

Re = 4000, Re = 6000 and Re = 10000. The non-dimensional time is t∗ = tU/c, the

non-dimensional frequency is f ∗ = c/(tU).

Indeed, increasing further the Reynolds number at 4700 and 4800 the Poincarè

sections show again scattered points distributions and numerous orbits in the phase

maps (see the corresponding frames in Figure 21). Similarly, the Fourier spectra

of the time signals (shown in Figure 20) are almost continuous and the main peaks

themself are hardly discernible, conversely to the former cases. When the Reynolds

number rises again, at Re = 4900, the system comes back to a more regular lift
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Figure 24. Power spectrum densities (solid) and asymptotic behaviours (dashed) for

b/a = 0.1 and α = 20◦ at varying Reynolds number. From top left to bottom right:

Re = 2000, Re = 3000, Re = 4000, Re = 6000 and Re = 10000. The non-dimensional

frequency is f ∗ = c/(tU).

Figure 25. Poincarè sections (top) and related phase maps (bottom) for b/a = 0.1 and

α = 20◦ at varying Reynolds number. From left to right: Re = 2000, Re = 3000, Re = 4000,

Re = 6000 and Re = 10000. The plot intervals of Poincarè sections at Re = 6000 and

Re = 10000 are widened in abscissa to cover the whole range of curvatures.

time signal, with a main evident peak at the shedding frequency in the spectrum

and evidently clustered maxima in the Poincarè sections (see the related frame in

Figure 21).

Further increases of the Reynolds number bring the dynamical system to a non re-

versible chaotic condition, as visible in the last frames of Figure 20 and in the Poin-

carè sections with the corresponding phase maps of Figure 21, where a large num-

ber of orbits are obtained. In Figure 22 the case Re = 10000 is depicted in terms of

the vorticity field and phase map. It patently appears the chaotic nature of the flow

field and the orbits’ tangle in the related phase map. When the phase map appears

as intricate as in this case, a fully chaotic condition is attained. In Figure 27, a sim-

ilar dynamics is observed for Re = 10000, the situation is quite similar, although
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Figure 26. Lift signal for b/a = 0.1, α = 20◦ and Re = 6000 with the six time instants

highlighted. The non-dimensional time is t∗ = tU/c. The corresponding vorticity fields are

depicted below. The non-dimensional vorticity contours (from blue to red) are in the range

−35 ≤ ω∗ ≤ 35.

the increasing of the Reynolds number allows the formation of lower scale eddies,

the evidence of which are detectable in the large dipole structure downstream (see

frame 1 of Figure 27). The trailing edge vortex is more complex and surrounded

by a series of little dipoles making a sort of necklace around it. This richness in

different scales emerging in correspondence of the airfoil surface is the main re-

sponsible of the corresponding chaotic nature of the lift force, discussed before.

For b/a = 0.1 the system presents a chaotic regime for a significantly lower Reyn-

olds number. From the top frame of Figure 23, the lift time signal at Re = 2000 is

sketched together with its Fourier transform. The carrier signal is still recognizable

and similar to the case Re = 1450 seen in the previous section, although affected by

a significant irregularity. The spectrum exhibits a rather evident peak, but does not

share any similarity with the Re = 1800 lastly sketched in the former section. As
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Figure 27. Lift signal for b/a = 0.1, α = 20◦ and Re = 10000 with the six time instants

highlighted. The non-dimensional time is t∗ = tU/c. The corresponding vorticity fields are

depicted below. The non-dimensional vorticity contours (from blue to red) are in the range

−35 ≤ ω∗ ≤ 35.

seen before in the thick ellipse case, the presence of a peak in the Fourier spectrum

translates in a significant point clustering in the Poincarè section even in this case

(see the corresponding frame of Figure 25) and, coherently, the phase map shows

a blurred orbit. From now on, any other Reynolds number increase makes the lift

signal so chaotic that the spectrum becomes completely continuous and tilted, at

Re = 10000, it resembles more to a pink noise. This kind of noise is often found

in the statistical fluctuations of a wide number of diverse physical and biological

systems (see Handel [18]) and it is based on a characteristic behaviour of the power

density spectrum (PSD) which assumes a 1/ f β trend with 0 < β ≤ 2. In order to get

the PSD spectrum, the autocorrelation functions have been deduced from the time

signals of Figure 24 and the Wiener-Khinchin theorem have been exploited (for

details, see Wiener [48]). As sketched in Figure 24, at Re = 2000 a periodic signal
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exists for low frequencies, this being visible from the evident peaks for f ∗ < 1, but

it assumes the classical pink noise trend ≈ 1/ f ∗ with β = 1 for higher frequencies,

highlighted with dashed lines in the frames. A similar situation holds for Reynolds

going from 3000 to 6000 where the embedded periodic patterns are even less evid-

ent. At Re = 10000 the spectrum remains in the trend with β = 1, but the periodic

patterns are rather absent, as expected.

The Poincarè sections, although almost confined in the Cl range, become very

scattered along C̈l in coherence with the fact that in chaotic conditions the lift time

signal experiences larger variations in curvature rather than in amplitude.

In Figures 26 and 27 a different interpretation of the chaotic regime, observed in

the thin ellipse case, is proposed in terms of the shed vorticity. In the top frames,

a magnification of the lift time signal is drawn together with some interesting time

instants sketched below and accordingly numbered.

In both cases, the airfoil works in stalled conditions with an evident separation at

the leading edge. The first frame is referred to a lift peak where rather large scale

eddies (i.e. around one fifth of the chord length) are shed in the wake field. A trailing

edge vortex patch bent upstream is visible for Re = 6000 case (see Figure 26) and

a large dipole at 2 chords of distance is also found. The lift drop observed after the

first frame is accompanied by an important instability at the trailing edge where a

big vortex with positive vorticity forms and remains displaced in correspondence

with the suction side. In the frames 3 and 4 of Figure 26 it becomes clear that the

couple of vortices, coming from the leading edge (with negative sign) and from

trailing edge (with positive sign), induces a force normal to the airfoil that pushes

it downward, implying the observed drop in the lift force. When this trailing edge

vortex moves downstream, the lift rises up again (see frame 6 of the same figure

and the corresponding point in the lift time signal).

7 Global behaviour

In the present section a general discussion on the mean lift coefficient Cl variation

related to the Reynolds number or to the angle of attack is carried out and discussed

according to the simulation matrix presented in section 2.

By considering that the mean lift is zero for all the cases at α = 0◦, the series N1

(thick case) and N3 (thin case) will not be considered.

The variation of the Cl with the Reynolds number related to the series N5 was

already shown and commented in Rossi et al. [39] and it will be only recalled but

not shown again.
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In Figure 28, two frames are related to the thick (series N2) and thin (series N4)

cases for α = 20◦ with remarkable differences between them. As expected, the thick

ellipse is less lifting than the thin one with a maximum around 0.72 for a Reynolds

number between 3200 and 4600 and without any clear lifting peak. Conversely, the

thin ellipse shows a first maximum of 1.22 at Re = 1500, suddenly reached from

Re = 1450 where the lift value is around 0.9, and a second one near Re = 8000

where Cl ≈ 1.36. This behaviour is linked to the period bifurcations observed and

discussed in section 5.4 and induced by a change in the topology of the wake field

which becomes less compact. Similarly, for the thin ellipse at α = 30◦ (series N5)

bifurcations were also found and a lift increase was shown and discussed in Rossi

et al. [39]. When the Reynolds number rises to 1700, a new change in the wake

topology appears that leads to a regular periodic signal and to a drop in the mean

lift. At Re = 1800, as discussed in 5.4, the lift signal change again and a new local

maximum in the Cl is observed (see bottom frame of Figure 28). In the chaotic

regime of the thin ellipse, the lift assumes a growing trend up to Re = 8000, where

a maximum is attained. At the present stage, a final explanation of the Cl behaviour

within the chaotic regime is still lacking and should be further investigated.

In the case of the thick ellipse, top frame of Figure 28, the trend seems more flat and

not evident changes in the global behaviour are found in the passage from periodic

to chaotic regime. Furthermore, a little drop is observed at Re = 4700 although it

is not clearly related to a wake change. It is worth to underline that for the thick

ellipse, the error bars representing the RMS (Root Mean Square) of the time signal

are rather wide, both in the periodic and chaotic regime regions, if compared to

the corresponding thin case. In this latter, indeed, the variance of the signal is more

confined in the periodic region, whereas it increases in the chaotic one, as expected.

Conversely, the thick ellipse, being more similar to a blunt body, experiences larger

amplitudes in the lift signal, this implying more intense load vibrations induced by

the shedding.

More clear is the behaviour of the lift respect to the angle of attack, coming from

series N6 and N7 and depicted in Figure 29, leaving the airfoil shape unaltered

(b/a = 0.1). At Re = 2000 (left frame, related to series N6) the lift grows until a

maximum is attained at 15◦, after which the separation moves to the leading edge

and the profile becomes fully stalled. At this point, the lift manifests a little drop

and starts to grow again almost up to 45◦, where the drag overcomes the lift and the

profile behaves actually as an obstacle within the flow field (see also Durante et al.

[12]). After the maximum is reached, the lift decreases to zero (almost linearly)

until α = 90◦.

For the lower Reynolds number case Re = 250 (series N7), the situation is signific-

antly different. The lift trend is bell shaped with a linear behaviour up to 15◦. The

growing up to 45◦ is here moderate and the situation does not change evidently up

to 60◦, where it starts to lower as in the former case.
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Figure 28. Mean lift coefficient behaviour with the Reynolds number for cases of series N2

(top) and N4 (bottom). With vertical lines the error bars related to the root mean square of

the corresponding time signals.

Figure 29. Mean lift coefficient behaviour with the angle of attack (in degrees) for cases

of series N6 (Re=2000) (left) and N7 (Re=250) (right). With vertical lines, the error bars

related to the root mean square of the corresponding time signals.

Concluding, a synoptic table indicating all the regimes found for all the Series

investigated is reported in table 2.

8 Conclusions

In the present paper an analysis of the 2D flow past an elliptic cylinder is carried out.

Highly resolved simulations have been performed with a Vortex Particle Method,

called DVH, which is based on the solution of the Helmholtz equation through the

Chorin’s operator splitting approach. By solving only the vortical part of the flow
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Table 2

Schematic diagram of regime transitions for the all the test series. Every regime is high-

lighted with a different color. The periodic regimes are specified as follows: M - monochro-

matic, NM - non-monochromatic, Q-P - quasi-periodic, SH - sub-harmonics.
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field, this method allows to achieve Direct Numerical Simulation like resolutions

at reasonable computational costs.

The investigation was focused on the identifications of different regimes that lead

the lift time signal from steady to chaotic behaviour, considering two different

thickness, variable angle of attack and variable Reynolds numbers. To this pur-

pose long-time simulations were carried out, in order to attain the identified regime

within a wide enough time range.

Period-doubling bifurcations was discovered and commented in terms of Fourier

spectra, Poincarè sections and phase maps for the thin case. In the thick case, this

mechanism is less dramatic and this reflects to the Poincarè sections as commented

in section 6. Furthermore, in some scenario, bifurcations were also observed during

the transients (see section 5.4).

Significant differences between thin and thick ellipse chaotic regimes were docu-

mented and the presence of a “pink noise” behaviour of the lift time signal in the

thin case was discovered.

Another important aspect of the present analysis is the investigation in terms of

the vorticity flow fields which has been connected to the time behaviour of the lift

force, where meaningful.

The present investigation may be extended to higher Reynolds numbers, for differ-

ent thickness and angles of attack. Indeed, at Re of order 105 turbulent transition of

the boundary layer is expected to affect the forces on the body.
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A Brief description of the numerical scheme

In this section, the main characteristics of the vortex particle method used for solv-

ing the fluid motion equations are presented. The method is called Diffused Vor-

tex Hydrodynamics (DVH) and further details can be found in Colagrossi et al.

[7], Durante et al. [11, 12], Giannopoulou et al. [14], Rossi et al. [36, 37, 38, 39].

The governing equations are the Navier–Stokes equations describing the motion of
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an incompressible fluid which are rewritten in vorticity formulation:






Du

Dt
= −
∇p

ρ0

+ ν∇2u

∇ · u = 0

⇒
Dω

Dt
= ν∇2ω (A.1)

where the D/Dt is the Lagrangian time derivative. The vorticity formulation of the

above equations is solved through an operator splitting based on an advection step

and a diffusion steps, according to Chorin [5].

In a 2D framework the advection step is:






Dω

Dt
= 0

Dr

Dt
= u(r, t)

with ∇2u = −∇ × ω (A.2)

where u(r, t) is the velocity field of the material point r at time t andω = ω e3 being

e3 the unitary vector orthogonal to the flow plane. The right term in Equation (A.2)

is the Poisson equation linking the vorticity with the velocity field.

By exploiting the Helmholtz-Hodge Decomposition, the velocity field is decom-

posed in a curl-free (potential) part uφ and a divergence-free (non potential) part

uω. The velocity component due to the free stream u∞ is also added to uφ. The uω
component is obtained through the Biot-Savart law in a 2D framework for an un-

bounded domain. Indeed this law is a free solution of the Poisson Equation (A.2).

The enforcement of the impermeability boundary condition on the body surface

∂ΩB is performed with the uφ solution using an Indirect Boundary Element Method

(IBEM). The IBEM solution also provide the circulation density distribution γ used

to enforce the no-slip condition on the solid boundary during the diffusion step (see

Cottet [9], Chorin et al. [6]).

The latter consists in the diffusion of the vorticity due to the viscosity which is a

phenomenon governed by the linear heat equation:






∂tω = ν∇
2ω, r ∈ Ω

ν
∂ω

∂n
= −γ̇, r ∈ ∂ΩB

(A.3)

the time variation of the circulation density γ on ∂ΩB becomes a source term and

it is diffused into the flow as part of the existing vorticity field (for details see

Giannopoulou et al. [14]).

In order to discretize the above PDEs, the vorticity field is described in terms of a
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collection of Nv discrete vortices as:

ω(r, t) =

Nv∑

j=1

Γ j(t) ζǫ(r − r j(t)), (A.4)

where Γ j is the circulation of the j-th particle and ζǫ is the kernel function, which

is a smoothed Dirac function with parameter ǫ > 0.

A.1 Computational Costs

The total number of simulations performed for this work is 121 (see table 2). The

number of vortex particles spans between 150,000 and 2,500,000 from the low-

est Reynolds number up to the highest, while the number of time iteration ranges

between 7000 to 70,000. The simulations used in this work have been all performed

on 8 cluster nodes (2×18-core Intel Xeon E5-2697 v4 2.30GHz). The CPU costs of

the implemented algorithm for 2D cases are about 100 µs per vortex particle and

per time iteration on a single core. In order to perform the 121 simulations the time

requested on the 8 cluster nodes was about 40 days. This cost is inline with other

vortex particle solvers and it is grossly affected by the Fast Multipole Method for

the solution of the Poisson Equation (A.2).

B Some remarks on the link between force and vorticity

According to Equation (4), the forces are evaluated through the time derivative of

the sum of the circulations of all the vortices shed in the wake field, multiplied by

the vertical or horizontal component of their position.

This means that the effect of the whole flow field is taken into account when the

force time signals are investigated.

A typical misconception about it, is the common assumption that the force beha-

viour is mainly connected with the near field dynamics, being with the medium/far

field almost irrelevant. This is not correct and, in order to clarify this point to a less

expert reader, a sample case is taken into account.

An impulsively started steady current flowing past an airfoil, like a NACA0012, is

considered for a small profile incidence.

Top plot of Figure B.1 depicts the vorticity field shed by a NACA0012 with α = 6◦

and the Reynolds number set to 10000. The field is calculated at time t = 3.5c/U,

being c the airfoil chord length. As highlighted in the figure, the vorticity distri-

bution is almost steady within the near field Ω1, i.e. ∂ω/∂t ≃ 0. Conversely, in

43



Figure B.1. Flow past a NACA0012 airfoil at angle of attack of 6◦ due to an impulsively

started steady current. Top: vorticity field at non-dimensional time tU/c = 3.5 and Reyn-

olds number 10000. Bottom: time history of the lift coefficient evaluated in Ω (solid line)

and in Ω1 only (dashed).

Figure B.2. Sketch of the inviscid flow past an airfoil according to the Kutta-Joukowski

theorem.

the farther field Ω2 the starting vortex moves rightward at rather the free stream

velocity, so that ∂ω/∂t , 0.

On the bottom plot of the same figure, the time history of the lift force is reported.

Following the Equation (3), the vertical force is given by:

L = ρ

∫

Ω

x
∂ω

∂t
dV = ρ

∫

Ω1

x
∂ω

∂t
dV

︸            ︷︷            ︸

L1

+ ρ

∫

Ω2

x
∂ω

∂t
dV

︸            ︷︷            ︸

L2

(B.1)

The solid line is the lift force L, whereas the dashed line is the contribution L1,

coming from the vorticity in Ω1 domain only. The curves are superimposed as far
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as the wake is in Ω1. For non-dimensional time tU/c > 2.5, the wake enters in Ω2

and the component L1 quickly decreases towards zero.

According to the former considerations, it follows that the lift behaviour is due to

the vorticity time variation, related to the starting vortex motion. Indeed, even if

the intensity of the vorticity and its time derivative decreases in the far field, the

Formula (B.1) ensures that its effect, being weighted with the horizontal position,

is anyway important.

As explained in Section 3, when using a Particle Vortex Method the lift force is

calculated through the summation:

L = ρ
d

dt





Nv(t)∑

j=1

x j(t)Γ j(t)




(B.2)

In potential flow theory the above equation may be further simplified, by consider-

ing a single vortex with circulation Γ⋆, shed at initial time and moving downstream

with the stream velocity U (see Figure B.2). The lift force comes from the well-

known Kutta-Joukowski theorem:

L = ρ
d

dt

(

x⋆(t) Γ⋆
)

= ρU Γ⋆ (B.3)
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