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Rheology of dense vibrated granular flows: Nonmonotonic response controlled
by granular temperature
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We study the rheology of dense granular materials subjected to vertical vibration by using numerical simu-
lations of a stress-imposed vane rtheometer. The effective viscosity increases with confining pressure, decreases
with vibration amplitude, and exhibits a nonmonotonic dependence on frequency: Weakening is observed at
intermediate frequencies but is lost at high frequencies. We show that the rheological response is governed
by the balance between grain-scale agitation energy and the stabilizing effect of confinement. This framework
reconciles previously observed trends in viscosity and friction weakening and emphasizes the central role of
energy injection and dissipation in determining granular flow properties under vibration.
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Introduction. Granular materials are ubiquitous in natu-
ral environment and applications [1,2]. Depending on the
external forcing, they can exhibit both solidlike or fluidlike
behavior [3,4]. The rheology of granular materials in shear
cells or flowing over inclined planes has been extensively
investigated [5—11]. At the same time, the role of vibration
in determining granular flow properties has been highlighted
in several theoretical, numerical, and experimental studies
[12-23]. External vibrations usually increase the flowability
of a granular system and this can have dramatic consequences
as in the case of earthquake-triggered landslides [19,24] or can
be exploited to facilitate the manipulation of granular systems
in applications [25]. In laboratory experiments, vertical vibra-
tion is known to reduce the yield stress to zero and produce
nonmonotonic flow curves [13]. It may also induce a transition
from thinning to collisional thickening [17].

The general setting for experiments or simulations to probe
the rheology of granular materials under sinusoidal vibration
considers the role of three main parameters: the vibration
amplitude A, the vibration frequency f, and the confining
pressure p. Depending on the specific setup, different quan-
tities can be used as proxies of the “resistance to flow” of the
granular system. When the shear rate y is imposed, one usu-
ally measures the macroscopic friction coefficient u = t/p,
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where 1 is the resulting shear stress. Conversely, if the shear
stress is imposed, the flow is characterized by the effective
viscosity n = t/y. Nonvibrated granular systems have been
extensively studied by focusing on the so-called flow curves
wu(y)and n(t)[7,10,26]; however—when vibrations are taken
into account—the goal is to characterize the flowability of
the material either through u(y, A, f, p) or n(z, A, f, p). To
restrict the parameter space, it is sometimes useful to consider
y and t fixed, focusing on w(A, f, p) and n(A, f, p). In re-
cent years, many experimental and numerical observations on
these quantities have been reported [18,20-22].

In Ref. [18], the effective viscosity of a dense, weakly
fluidized granular system was investigated experimentally and
numerically by varying the driving amplitude A and frequency
f under a fixed confining load. It was found that n de-
creases monotonically with A, whereas its dependence on f
is nonmonotonic: The viscosity decreases until a minimum
at a frequency f* that shifts to lower values as the dissipa-
tive properties of the medium increase. A subsequent work
[20] showed that these trends are linked to the behavior of
the average kinetic energy of the system (i.e., the granular
temperature, see below for its definition), which exhibits a
maximum at f*. In Fig. 1, we show the granular temperature
as a function of f and A obtained by extending the numerical
dataset of Ref. [20]. It increases monotonically with A when
the frequency is fixed and exhibits a nonmonotonic trend with
f when the amplitude is fixed, which correlates with the be-
havior of the effective viscosity obtained in experiments [18].
These results suggest that rheology is primarily controlled
by the efficiency with which the medium absorbs energy
from external vibration. As discussed in Ref. [20], while the
nonmonotonic dependence on f resembles a resonance phe-
nomenon, the fact that f* depends on dissipation rules out a
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FIG. 1. Granular temperature as a function of the oscillation
amplitude A and frequency f. The granular temperature increases
monotonically as a function of A at any fixed frequency. Meanwhile,
for any fixed value of A, it exhibits a nonmonotonic behavior, reach-
ing a maximum at an intermediate frequency. This plot is obtained
by extending the numerical results of Ref. [20] to a broader range of
A and f values.

10? 10%
f [Hz]

standard resonance, in which the peak position is fixed by the
elastic properties of the system. The proposed interpretation
instead attributes the nonmonotonicity to the competition be-
tween the energy injected by the vibration mechanism and the
dissipation rate of the medium (which is related to the grain-
grain collision rate). Indeed, both these competing effects are
enhanced by the driving frequency, producing a nonmono-
tonic trend.

More recently, Clark er al. [21] examined the friction
coefficient w(A, f, p) and observed a similar nonmonotonic
trend with frequency. However, rather than focusing on the
frequency dependence, they analyzed the behavior of the min-
imum friction coefficient pmin(A, p), which was found to be
controlled by the variable A%/ p. This scaling was motivated by
the idea that friction weakening requires vibration amplitudes
large enough to disrupt the underlying force network: While
shaking at sufficiently high acceleration is enough to break in-
dividual contacts, an additional threshold in A%/p is necessary
to destabilize mesoscale structures such as force chains.

In our study, we go beyond this interpretation, based on the
evidence that, regardless of whether the thresholds in shaking
acceleration and A?/p are exceeded, friction weakening is
always lost at sufficiently high f. Following the interpretation
of Ref. [20], we highlight that the driving frequency governs
the efficiency of energy transfer into the granular medium,
which in turn controls the system’s rheological properties. The
centrality of energy transfer has also been evidenced in more
recent studies, focusing on local rheological responses [22].
We therefore emphasize that any comprehensive description
of friction weakening must include a detailed analysis of a
wider frequency range.

In this article, we build on these findings to provide a
unified framework for understanding the interplay between
dissipation, energy injection, and rheological response in re-
alistic vibrated granular systems. In the next section, we
describe our numerical setup, which is a realistic in silico
reproduction of the experimental system for vane rheometry

g Imposed
torque

FIG. 2. Sketch of the experimental setup used in Refs. [18,20].
A rotating vane with an imposed constant torque is immersed in a
granular medium confined in a conical-shaped container covered by
a circular lid. Our numerical setup consists of the in silico reconstruc-
tion of this apparatus (details in the text).

studied in Refs. [18,20]. In the same section, we also pro-
vide an overview of the rheological response for different
shaking parameters and confining pressures. This is done by
discussing the behavior of the effective viscosity n(A, f, p).
This analysis is complemented by the introduction of a min-
imal model (detailed in Appendix C), which accounts for the
combined effect of shaking amplitude and confining pressure.
In “A unified Picture” section, we show that the key variable
controlling n involves the ratio between the average kinetic
energy of the grains and the confining pressure. There, we
also discuss a physical interpretation of these results based on
the competition between two energy scales, the first related to
grain motion and the second related to the stability of local
structures. In the final section, we conclude our paper by
discussing the link between our results and previous studies;
we also provide a brief outlook for future developments of this
work.

Effective viscosity of the granular medium. Our numeri-
cal setup is the in silico reconstruction of the experimental
apparatus used in Refs. [18,20] and it has been shown to
provide results in agreement with experiments in previous
studies [20,27] (see Fig. 2). We use the discrete element
method (DEM) [28] to perform numerical simulations of a
monodispersed granular system with N = 2600 particles of
radius ¥ = 2 mm and mass m = 0.27 g confined in a cylin-
der with a conical-shaped base and covered by a circular
lid of mass M and radius R = 45 mm, which matches the
area of the cylinder’s round face. The whole system feels
gravity acceleration g. A rectangular-shaped vane, able to
rotate around a fixed vertical axis, is immersed in the granular
medium and subjected to a constant torque 7 = 0.006 N m.
The granular material is subjected to a sinusoidal vertical
displacement Az(t) = A sin(2x ft), which is imposed on the
system’s container. The torque value is chosen so that the
vane does not move in the absence of vibration. We imple-
ment our numerical simulations through the LAMMPS package
[29-31], which uses the Hertz-Mindlin contact model [31,32]
to describe grain-grain, grain-vane, grain-lid, and grain-wall
interactions. More technical details about our numerical meth-
ods are provided in Appendix A.

Nonmonotonic behavior as a function of the shaking fre-
quency. By following a microrheology approach, we measure
the angular velocity €2(¢) of the vane (always expressed in
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FIG. 3. (a) Effective viscosity as a function of the rescaled acceleration (varied through f) for three shaking amplitudes. Experimental
data from Ref. [18]. (b) Analogous results by numerical simulations. Each point is obtained by averaging over three statistically independent
runs. (c) Kinetic energy of the granular medium as a function of I' (varied through f) for three shaking amplitudes (simulations performed
without the rotating vane). (d) Effective viscosity as a function of the granular temperature in numerical simulations. The decreasing trend is
well approximated by the scaling n o< K* with o € [—2, —1.5]. Effective viscosities are obtained from angular velocities expressed in degrees

per second.

degrees per second) as a function of time and explore its
behavior by varying the frequency f and the amplitude A of
the imposed shaking. In view of this, we introduce the rescaled
acceleration I' = (27 f)?A/g.

We have checked that, for all the explored combinations
of A and f, our system always lies in a weakly fluidized
regime, which means that grains move inside the cage formed
by the surrounding particles without experiencing substantial
rearrangement except for that induced by the vane’s motion.
Once the vibration and the torque are switched on, after a
to-long initial transient, the vane reaches a stationary state
with an average velocity (2) = 1/T jZ)ﬁT Q(t)dt, which can
be thought as a proxy of the shear rate. For all our simulations,
we have ) = 13 s and T = 33 s. We define the effective vis-
cosity of the granular medium as n = 7 /|(€2)|. The choice of
this variable is motivated by our previous experiments [18]
showing a nonmonotonic behavior of (2) and in turn of 7
as a function of the frequency. In Figs. 3(a) and 3(b), we
provide a comparison between experimental and numerical
data exhibiting the resulting nonmonotonic dependence of n
as a function of I (varied through f) for different A. As
highlighted by the vertical lines in the plots, the decreasing
branch of the n(I") curves can be explained in terms of the
fluidization threshold around I' = 1 [18], where the shaking
acceleration becomes equal to g. The physical mechanism
underlying the viscosity strengthening at larger I" has been
discussed in a previous work [20], where we showed that it
is linked to the behavior of the average kinetic energy of the
granular medium in the steady state K = 1/T fl?” Kins: ()dt,
where Kj, (1) = % > vl.z(t) and v;(¢) is the instantaneous
speed of the grain i. The variable K is usually called gran-
ular temperature (or directly proportional to it through the
number of degrees of freedom, which is constant here) and
displays itself as a nonmonotonic dependence on the vibration
frequency, as shown in Fig. 3(c). This phenomenon originates

from the competing effects of injected vibration energy and
(inelastic) grain-grain collision rate, which both increase with
f [20]. A more detailed numerical analysis supporting this
interpretation based on energy dissipation can be found in Ap-
pendix B: The role of energy dissipation. The behavior of n as a
function of the driving parameters A and f is then effectively
controlled by K, as highlighted in Fig. 3(d). The decreasing
trend is well approximated by the power-law scaling n o K¢,
with o € [-2, —1.5] (see the guides for the eye). We finally
point out here that to investigate the effect of the granular
temperature on n without considering trivial correlations due
to the blade motion, we measured K in simulations without
the rotating blade.

Effect of normal pressure. We now focus on the behavior of
n as a function of I' (varied through f) for different couples
of {A, p}, where p = Mg/(mR?) is the normal pressure due
to the lid’s weight. In Fig. 4(a), we observe that all curves
decrease up to the fluidization threshold and then reach a
minimum 79, (highlighted with a larger mark) at I' = Iy,
before showing a gradual increase. As expected, increasing A
reduces the effective viscosity while raising p has the opposite
effect. In order to first focus on the most fluidized regime, we
get rid for the moment of the I' dependence and consider the
behavior of nyin(A, p). In Fig. 4(b), we show that npyi (A, p) is
mainly controlled by the variable A%/p. Remarkably, a similar
data collapse has also been previously observed for the macro-
scopic friction coefficient in simulations of two-dimensional
sheared granular materials under vertical vibrations [21]. Our
results generalize this observation to the effective viscosity of
a three-dimensional granular system probed through stress-
imposed microrheology. The role of the variable A?/p was
explained in Ref. [21] based on physical mechanisms involv-
ing the rupture of force chains in the bulk of the granular
medium. In Appendix C, we discuss a simple mechanical
model, which is able to reproduce the A?/p scaling and allows
us to trace it back to the interplay between energy injection
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FIG. 4. (a) Effective viscosity as a function of I" (varied through f) for two couples of amplitudes and pressures. (b) Minimum effective
viscosity as a function of A2/ p for four pressures. (c) Effective viscosity in the fluidized state (I > T'y,) as a function of A%/ p for four pressures
and amplitudes. (d) Effective viscosity in the fluidized state (I' > I',) as a function of K o< K/p for four pressures and amplitudes. Diamond,
square, upper-, and lower-triangle markers correspond to A = 6, 14, 26, 58 pum, respectively. Red, blue, green, and yellow markers correspond
to p = 31, 92, 308, 924 Pa, respectively. Effective viscosities are obtained from angular velocities expressed in degrees per second.

and nonlinear elastic deformation. This shows that force chain
breaking is not necessary to explain the observed scaling.

A unified picture. Now, we point out that the observation of
a nonmonotonic behavior of 7 as a function of the shaking fre-
quency (“Nonmonotonic behavior as a function of the shaking
frequency” section) is in striking contrast with the idea that
the rheological response of the granular medium is mainly
controlled by A?/p. While the viscosity weakening branch
can be understood by combining the acceleration threshold
I' = 1 and the A?/p scaling, the raising branch n(I" > ') is
not. Indeed, simulations performed at I" > 'y, (varied through
f), with the same amplitude and pressure can manifest effec-
tive viscosities that vary over different orders of magnitude
[see Fig. 4(c)]. At the same time, we verified that the sys-
tem’s kinetic energy is only marginally influenced by p (see
Appendix A), thus the effect of p on the effective viscosity
[see Fig. 4(a)] cannot be explained with the dependence of K
on p. Based on our numerical analysis, we define an energy
scale related to the confining pressure K, = prrd (ie., the
work necessary to move a distance r against a constant force
prr?) and propose the energy ratio K = K /K, as the main
variable controlling the effective viscosity of the system. In
Fig. 4(d), we plot n(I" > TI'y,) obtained for all the compatible
frequencies, amplitudes, and pressures varied in our analysis,
showing a good collapse on the master curve o< K. Also in
this case, our data are well described by a power law o K,
with ¢ € [-2, —1.5].

The adimensionalized energy K can be interpreted as a
competition between the typical agitation energy of the grains
inside their cage K and the typical energy (set by the confining
pressure) needed to escape from such a cage K,,. As visible
from the x axis of Fig. 4(d), our simulations are always in
the regime K < 1 where we expect spontaneous grain rear-
rangement to be extremely rare. The main idea behind a n(K)
dependence is that, even in this weakly fluidized regime, the

larger K, the easier it will be for the rotating blade to break
grain cages in order to move.

We point out that the ratio of energies defining K reminds
of the competition between thermal agitation and activation
energy barriers that characterizes the viscosity divergence in
glass-forming supercooled liquids [33], with, however, the im-
portant difference that in these systems viscosity divergences
are usually exponential or even steeper, while in our case we
observe a power law. This qualitative analogy with thermal
systems is nevertheless conceptually useful to understand the
relationship between rheological response and K (A, f, p) in
our granular setup. A peculiarity of thermal systems is that
temperature can be directly controlled by equilibrating the
system with a thermal bath. Then, as a consequence of ther-
modynamic equilibrium, also the average kinetic energy of the
system is fixed and proportional to the temperature. Instead, in
a granular system, the average kinetic energy K (A, f) depends
nontrivially on the driving parameters. In other words, the
relationship between injected and adsorbed energy is much
more complex when thermodynamic equilibrium is violated,
as in granular systems. Therefore, to understand how the
driving parameters A and f control the rheology of a granular
system, it is important to first clarify how they act on its granu-
lar temperature K. Our numerical analysis shows that, since n
depends nonmonotonously on f, there is no simple scaling in
the form o A? f*, with B and A arbitrary exponents, that could
predict the behavior of the effective viscosity. Panels (c¢) and
(d) of Fig. 4 show in fact that n depends on A and f through
K(A, f), which embodies the nonmonotonic dependence
on f.

Conclusions and link with previous studies. In this Letter,
we investigated the rheology of a dense vibrated granular
system by means of realistic numerical DEM simulations of
a stress-imposed vane rheometry setup. We varied the vibra-
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tion amplitude A and frequency f of the vertical sinusoidal
shaking as well as the confining pressure p. We found that the
variable controlling the effective viscosity is K = K/K,,,
where K (A, f) is the typical agitation energy of a grain in the
cage formed by the surrounding particles and K, o p is an
energy scale set by the confining pressure that could be inter-
preted as the energy needed to escape from such a cage. Our
proposed scaling takes into account the nonmonotonic effect
of f on n through the energy transfer mechanism discussed in
Ref. [20] and Appendix B.

We now discuss the connection between our study and
previous works on the rheology of vibrated granular mate-
rials in simplified geometries. We start by referring to the
numerical study reported in Ref. [21], which focuses on the
macroscopic friction coefficient p of a granular system sub-
jected to a vertical sinusoidal shaking (with frequency f and
amplitude A) in a double plate geometry under a confining
pressure p. Remarkably, similarly to the effective viscosity
of our system, the frequency dependence of the friction co-
efficient () reported in this study exhibits a nonmonotonic
trend. When considering the full (A, f, p) dependence, the
authors showed that the friction weakening behavior can be
predicted by considering the region of control parameters
identified by I" > 1 and A?/p > a, where a is a threshold
that depends on the restitution coefficient in the grain-grain
interaction. However, the provided criterion only holds in the
frequency domain where w(f) decreases, thus not includ-
ing its nonmonotonic behavior in the analysis. We want to
stress here that our study marks a step forward with respect
to Ref. [21] for two key points. First, when the frequency
dependence is not taken into account, we showed that the
variable A%/p proposed for the friction-weakening behavior
also controls the effective viscosity in our more realistic setup.
Moreover, we have also proposed a minimal model for such
a scaling in Appendix C. Second, when the full frequency
dependence is taken into account, we showed that it is not
possible to predict the viscosity reduction by simply con-
sidering some thresholds on A?/p and T" because it depends
on the control parameters through K (A, f), which is the key
variable embodying the nonmonotonic dependence on f. We
believe that the same idea could be used to generalize the
analysis on the friction coefficient done in Ref. [21] by taking
into account the nonmonotonic ©(f) dependence. It is also
important to point out that the relationship between granular
temperature and rheology of vibrated granular materials was
already introduced (although with a less systematic analysis)
in our previous study [20] and later in Ref. [22] by Irmer ef al.
that showed how the granular temperature controls the local
rheology in a double plate geometry. However, we point out
that the latter study has been performed in a more idealized
numerical setup without a direct experimental counterpart and
without any specific mention of non-monotonic behaviors of
rheological observables and granular temperature.

For future studies, it would be useful to develop a theo-
retical framework to estimate the exponent « of the power
law that links n and K. Moreover, inspired by seminal studies
on nonvibrated granular flows [7], it would be interesting to
study the combined effect of vibration driving parameters and
confining pressure, also on the volume fraction of vibrated
granular systems.
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Appendix A: Details on numerical simulations. Our
DEM simulations make use of the pair_style granular com-
mand of the LAMMPS package [29-31] to implement the
Hertz-Mindlin [31,32] model for grain-grain, grain-lid, and
grain-vane contact dynamics. The lid is composed of 1773
granular particles glued together, and the rotating vane con-
sists of 4 x 10 particles glued together and overlapping
by half a radius. Grain-wall interactions are described by
the same model, implemented with the wall/gran/region
command. The Hertz-Mindlin model accounts for both the
elastic and dissipative responses during mutual compression
of the interacting objects and incorporates the dynamics of
their relative translational and rotational motions (see Ref.
[31] for the specific expressions of tangential and normal
forces).

All this requires five parameters to be set, representing the
stiffness and viscosity of both the normal (k,, ,,) and tangen-
tial (k;, n,) forces, along with the tangential friction coefficient
w. For all our simulations, we fix k, = 6.1 x 107 Pa, Ny =
29 x 107 ms™', k, =7.0 x 107 Pa, n =23X% 10° ms~!,
and p = 0.5 for grain-grain, grain-lid, grain-vane, and grain-
wall interactions, which, for simplicity, are considered to be
made of the same material. These numerical values are chosen
within a range that, in previous studies [20,27], proved to yield
numerical results consistent with experimental observations.
As shown in Ref. [20], these parameters influence the energy
transfer mechanisms, but the observation of the nonmonotonic
response as a function of driving frequency remains robust
against their variation.

Our simulations are initialized by randomly pouring the
grains into the container and then by letting the lid fall
on them. During the pouring process, we impose a high-
amplitude shaking to compact the system more effectively.
After pouring, the specific A and f to be probed are set, and
the torque on the vane is switched on.

To complement the discussion of “A unified picture” sec-
tion, we show in Fig. 5 the plot of the system’s kinetic energy
as a function of p for different driving amplitudes at a fixed
frequency f =400 Hz. We observe that the variation as a
function of p over almost two decades is small compared to
the one given by varying A € [6,58] wm. Comparing this
plot with Fig. 3(c), we do see that such variation is also
small compared to the one observed by varying I through f.
We do not have a clear explanation for the slight systematic
increasing trend of K as a function of p. One possible reason is
that a heavier lid implies a better confinement of the granular
medium, thereby enhancing its interaction with the vibrating
box and thus improving the energy transfer from the external
source. Overall, the main conclusion drawn from this analysis
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FIG. 5. Kinetic energy of the granular medium as a function of p
for four shaking amplitudes and f = 400 Hz.

is that the effect of p on K is negligible when compared to the
one of A and f.

Appendix B: The role of energy dissipation. In order to
support our interpretation based on energy dissipation for the
nonmonotonic behavior of K, we studied the behavior of the
average work done by the dissipative forces in our system.
Our analysis starts by considering that in a time interval
At, the variation of the total internal energy in the system
(i.e., kinetic plus potential) is equal to the work W,. done
by the nonconservative forces on the system in that interval
U@+ At) —U(t) = Wy. Assuming a stationary state and
taking the time average of this equality, we obtain (W) = 0.
In other words, different contributions to the work done by
nonconservative forces must balance each other. In the setting
used to study the granular temperature of the granular medium
(i.e., without the rotating vane), we have the work done by
the vibrating container W, the work done by the confining
lid W; and finally the work due to the dissipative components
in the grain interactions W, (see Appendix A and Ref. [31]).
Thus, assigning the plus sign to the work done on the system
and the minus sign to the work done by the system, we have
Whe = W, + W, — W, The average work done by internal dis-
sipative forces can then be expressed as (W;) = (W,,) + (W)).
In the following, to simplify the analysis, we considered simu-
lations without the lid (i.e., (W;) = 0 by definition); moreover,
stationarity allows us to write down the work contributions
during an interval Atz in terms of power. All this leads to the
central identity for the analysis that follows:

wa At = w, At, (B1)

where w, and w,, are, respectively, the power associated with
the dissipative interactions and the one associated with the
vibrating walls. Practically, from our numerical data, we mea-
sured the instantaneous force F}’ between the walls and each
grain i at contact for each simulation step dt, along with the
displacement dS; traveled by the grain in the same dt. We
point out that, to further simplify this numerical measure, we
switched off the tangential interactions between the walls and
the grains in the simulations performed for this analysis. Then,
using Eq. (B1) we obtain the per-particle dissipation power

@q = (Ndt)™' Y "F} -dS,. (B2)

1

This procedure is much easier than evaluating the dissipation
rate from the work done by the dissipative contact forces
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FIG. 6. Ratio of the dissipative power to the granular tempera-
ture (main panel) and dissipative power (inset) as a function of I'
varied through f. Simulations are in the same geometry as the ones
discussed in the main text but removing both the vane and the top lid.
The driving amplitude is fixed to A = 26 pm.

for each couple of interacting grains. Nevertheless, we also
performed some auxiliary simulations in a simplified
geometry with only a couple of grains to check the consis-
tency of our approach (not shown).

In Fig. 6, we plot the ratio @, /K as a function of I" varied
through f and observe an increasing monotonic trend. This
quantity represents the rate at which energy is dissipated per
unit of granular temperature at a given driving frequency. Its
monotonic increase tells us that maintaining a stationary state
with a granular temperature K at higher driving frequencies
implies a higher dissipation rate than at lower frequencies. In
other words, our analysis provides a direct confirmation of our
main argument for explaining the nonmonotonic trend of the
granular temperature as a function of f discussed in the main
text. Increasing the driving frequency increases the amount
of energy available for absorption by the granular medium
(i.e., the walls have a higher kinetic energy). However, it
also increases the dissipation rate, which makes the energy
absorption process less efficient. In the inset of Fig. 6, we also
plot @, as a function of f showing that it is decreasing at large
f. This tells us that the monotonic increase in @, /K is due to
the fact that the decay of dissipative power at large f is slower
than that of the granular temperature.

Appendix C: A minimal two-block model for the A | p scal-
ing. Here, we present a generalized model of a driven-damped
oscillator that qualitatively reproduces the main features of
the frictional behavior observed in this study. The model is
sketched in Fig. 7.

It extends the model introduced in Ref. [20] to account
for the kinetic energy measured in DEM simulations, which
shows a nonmonotonic dependence on the driving frequency
with a maximum at f*, an overall increase with driving am-
plitude, and a shift of the peak frequency toward lower values
as dissipation grows.

The model is derived from the equation of motion of a
single particle by assuming that the collective dynamics of
the granular system can be approximated by the behavior of
an individual grain. Since the medium remains dense across
all shaking regimes, particle motion at short timescales is
confined within cages formed by surrounding grains. The
key parameter is the mean collision time ., which decreases
as the driving frequency increases, leading to more frequent
dissipative events.
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FIG. 7. Schematic representation of the two-block model.

To keep the model simple, we restrict the analysis
to vertical motion and describe a particle confined in a
one-dimensional cage, represented by a spring attached to
the base of a vibrating box oscillating with amplitude A and
frequency f. The cage, composed of neighboring grains, also
induces an effective viscosity. Numerical simulations show
that 7, becomes smaller for increasing the driving frequency
f. This effect has been modeled by assuming a viscosity y
which is an increasing function of f: y = y, f* with«a >~ 0.67
estimated from numerical simulations.

To study the effect of friction, we consider a similar model
in which a second particle is placed on top of the system to
mimic the role of the upper plate over the granular material. A
repulsive spring of stiffness k; is then included in the model to
describe the interaction between the grains and the top plate.

Accordingly, because of the interaction with the top plate,
the particle is subject to a spring-like force of the form

# sen(z — z), (Cl)

where z is the position of the particle and z, the position
of the top plate. Here, 8 =1 or 8 =3/2, depending on
whether a Hookean or a Hertzian spring model is considered,
respectively. A similar force acts on the particle because of
the interaction via a spring of stiffness k; with the bottom
plate, whose position z,, presents regular oscillations z, (1) =
Acos(2m f1).
In addition, the particle experiences a viscous force

Fviscous =Y (Z - Zp)s (Cz)

where y is the viscous damping constant.
The top plate is subject to two forces: an upward force from
the interaction with the particle,

fo =k |z — 2| sgn(z — z,), (C3)

and a downward force Fp proportional to the external pressure.
For simplicity, we consider a unitary mass m = 1 for both the
particle and the top plate.

Fspring =-klz—-z
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FIG. 8. Average friction (i) as a function of I' = Af?/Fp in the
Hertzian case. Different curves correspond to different values of A
and Fp. The equations of motion are solved with k; =k, = 1, and
y =5.

The key quantity is the difference between the top plate
position z, and the particle position z. When z, — z > [y, with
Iy the rest length of the spring, there is no interaction between
the top plate and the grains. This corresponds to a zero-friction
scenario. Conversely, friction arises when the top plate is
“attached” to the particle.

The mean value of friction coefficient can thus be estimated
as the percentage of contact time:

Tcontact
(n)y=——,

Ttot
where 1, 1s the total observation time and Teoptact < Tiot 1S
the fraction of time with z;, — z < lp. When the two particles
are always in contact, () reaches its maximum value, while
(i) = 0 corresponds to the absence of contact.

To evaluate (), it is necessary to solve the coupled equa-
tions for the dynamics of z(¢) and z(¢). This is a nontrivial
task even in the Hookean case, and therefore we present below
the results of the numerical solution of the equations.

Results. In Fig. 8, we show the average friction (u) as
a function of the dimensionless parameter I = AF—];Z varies
through f. Each curve corresponds to fixed values of A and
Fp, while the frequency f is varied. Results are reported for
the Hertzian case, but qualitatively similar behavior is found
for the Hookean case.

We observe a clear nonmonotonic trend: friction decreases
with increasing I, reaches a minimum g, at I' > 1, and then
increases again. Both the position of the minimum and the
value of pmin depend explicitly on A and Fp.

In Fig. 9, we analyze the dependence of the minimum fric-
tion i, on the driving amplitude A, for different confining
pressures Fp, by comparing Hertzian and Hookean models. As
shown in Fig. 9(a), at small amplitudes i, >~ 1, while for A
larger than a characteristic value (which increases with Fp),
Umin decreases monotonically.

A striking difference emerges between the two contact
models. For the Hookean case [Fig. 9(b)], rescaling A by
Fp leads to a perfect collapse of the data for different Fp.
Conversely, in the Hertzian case [Fig. 9(c)], the collapse is

recovered only when A is rescaled by FP1 2,

(o))
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FIG. 9. Analysis of pm, as a function of deformation amplitude
and pressure. (a) Trend of i, as a function of deformation am-
plitude (A) for two extreme pressure values: Fp = 0.1 (circles) and
Fp =0.001 (left triangles). Filled symbols represent the Hertzian
contact model, while empty symbols represent the Hookean contact
model. (b) Normalization of the Hookean data, showing the collapse
of curves for various pressures as a function A/Fp. (c) Normalization
of the Hertzian data, showing the collapse of curves as a function of
A2 /Fp.

Analytical interpretation of the different collapse of [Lmin
between Hookean and Hertzian cases. Figure 9 highlights the
different scaling behaviors of the minimum friction pn, as a
function of A and Fp for Hookean and Hertzian interactions.
In the Hookean case, the scaling is exact: By rescaling A
and Fp by the same factor yields identical results, i.e., the
data are strictly invariant under proportional changes of A and
Fp. In contrast, for the Hertzian case the collapse obtained
with A/F? is only approximate and limited to a certain range
of parameters, with deviations emerging outside this regime.
The origin of this difference can be clarified by analyzing a
simplified version of the model, where the stiffness of the
bottom spring is taken in the limit k; — oo. In this regime, the
vertical position z; of the lower block is constrained to follow
the bottom plate, i.e., z1 = z, + £o, where z, is the vertical
position of the bottom plate and ¢ is the rest length of the
lower spring. Thus, the dynamics reduce to those of the top
block, whose vertical position z; satisfies the equation

mi + v +k(lza — 21 sgn(z —z21) = N — Fp,  (C5)

where N = kzﬂg represents the reaction force ensuring that,
in the absence of confining pressure (Fp = 0), the equilibrium
position of the top plate is zp = z; + £o.

By assuming that the bottom plate oscillates as z, =
A cos(wt), and by introducing the relative distance between
the top block and the bottom plate as z = z, — z,,, Eq. (C5)
can be rewritten as

mz + vz +ka(|z — €o])? sgn(z — €o)

=N — Fp + mAw* cos(wt) + yAwsin(wt).  (C6)
By introducing dimensionless variables
A F L
y:i’ A/Z_, FP!:_Pa C()/Z(,()[(), V/Zu,
£y Lo N Ny

with the characteristic timescale ) = v ’”TZ“, Eq. (C6) can be
expressed in nondimensional form as

F+yy+A+y)Psgn(l+y)=1-F+Af), (C7)

where derivatives are taken with respect to the scaled time
t' =t/ty, and
f(@) = o cos(o't') + y'o sin(w't)).
Hooke case p = 1. By setting, 8 =1 in Eq. (C7), after
rescaling the variable as v = y/F}, we obtain
.. /. A
U4y v+v=14—f(o), (C8)
Fp
which clearly shows that the evolution of v depends only on
the ratio A/Fy. This implies that, upon rescaling the driving
amplitude A by the external pressure Fp, the explicit depen-
dence on Fp vanishes. Such a scaling argument explains the
exact data collapse observed in Fig. 9(b).
Hertz case B = 3/2. In this case, we focus on small os-
cillations around the steady-state solution, i.e., y < 1. By
expanding Eq. (C7) up to second order in y, we obtain

FHYY+By+ 1y =—F + A f(o), (C9)

with A = 3/8.

We next decompose y(t) = q(t) + ¥ (¢), where q(t) =
(y(2)) denotes the average of y(¢) over one period T = 27 /w,
and v (¢) represents the fast fluctuating component. By substi-
tuting y(¢) into Eq. (C9) and averaging over one period yields

G+v'q+ Ba(l +q/4) + 1(y?) = —F,. (C10)

The evolution equation for ¥ (¢) can be obtained by sub-
tracting Eq. (C10) from Eq. (C9). By following the so-called
inertial approximation [35], we approximate it as

 =A'f(o),

which gives (%) = %’Z(AQCO/Z +972).
By substituting this result into Eq. (C10), we obtain

(C11)

(,()/2

G+v'q+Bq(l +q/4) =F,— A 5 (A%w? 4+ y™). (C12)

Since this equation holds for y <« 1, we introduce the
rescaled variable v = g/Fp. At leading order, we obtain the
oscillatory equation

A/Zwl4 . y/zw/z

2F} F}

V+yv+Bu=1—2 (C13)

When Aw? (the acceleration associated with the oscillating
bottom plate) is much larger than y w (the dissipative contri-
bution of the medium), the oscillations of the upper block
are primarily governed by the ratio A?/Fp. This condition
is expected to hold near the frequency corresponding to the
minimum in the friction coefficient. Therefore, Eq. (C13)
provides a theoretical justification for the scaling observed
in Fig. 9(c). In summary, our analysis demonstrates that the
A?/Fp scaling naturally arises from nonlinear effects in the
effective interaction between the granular layer and the upper
plate.
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