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ABSTRACT

This study uses two complementary black-box approaches to obtain information about the time
response of groundwater levels (output) from a well in the Salento Miocene karst aquifer (southern
Italy), subjected to the meteoric forcings of precipitation and atmospherc pressure (inputs). First, a
Langevin equation is used to infer the shape of the output correlation functions when forced by two
correlated random inputs (a pure random process as precipitation and an exponentially correlated
process as atmospheric pressure). Then, a transfer function model is applied to obtain least square
response function coefficients for cross-correlograms of the measured groundwater levels, the
precipitation or net infiltration and the atmospheric pressure, which has a relevant effect on the
groundwater fluctuations and is cross-correlated to the precipitation. The cross correlograms
beteween output and inputs have been reconstructed with the aim to disentangle the effects of the
observed meteoric inputs on the groundwater levels. Thus, the effect of the correlations in the
transfer function inputs is discussed and the inferred results for the groundwater level dynamics are
outlined in both the time and the frequency domain. Both approaches suggest the attribution of the
short-term maxima in the input-output cross correlograms to the correlations between the input
forcings. Consequently, a delayed medium-term response of about 80 days duration in the
groundwater level is attributed to the net infiltration forcing, as result of the least square response

function approach.
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Highlights

° Precipitation and atmospheric pressure forcing on karst aquifer groundwater levels
° Linear response models used to estimate cross-correlograms and spectra.

° Separation and estimation of time responses for cross-correlated forcings.

° Infiltration instead of precipitation as input increases separation but adds noise.

° Pressure forcing shortens apparent response times.

1 Introduction

Aquifer time responses in charge/discharge conditions can be generally studied, without external
artificial forcing such as water pumping or tracer introduction, by the use of correlations in natural
inflow-outflow observations (Larocque et al.,1998, Mangin, 1984, Padilla and Pulido-Bosch, 1995).
The inflows involve inputs from surface reservoirs (rivers, lakes) when they are present, and
infiltration from precipitations, and natural outputs can be measured as outflows from springs. In
this last case, the correlograms and their spectral characteristics have been directly associated to the
time response of the internal flow in a karst aquifer (presence of baseflow/quickflow). If surface
reservoirs are not present the relevant input for the aquifer inflow are the precipitations that can be
measured in meteorological stations over the aquifer area. In addition, and especially when outflow
measurements are unavailable, groundwater level measurements in wells can also provide reliable
information about the dynamics of the aquifer (Balacco et al., 2022, Larocque et al., 1998).
Variations of groundwater levels may be considered as a proxy for inflow/outflow responses when

the aquifer flow can be directly connected to the spatial difference of the groundwater head by the



Darcy law, but delays between spring outflows and measured heads can also be significant: from
several hours to even days (Larocque et al., 1998).

Whatever its interpretation, the variation of the groundwater level in wells in response to
precipitations may be by itself of major importance for the assessment of local water resources in
regions with scarce surface water, as many places in southern Italy.

On the other hand, variations in groundwater level in wells can be affected by external forcing other
than the aquifer inflow/outflow dynamics, such as the effect of variation of atmospheric pressure
(that may contain delays because of local responses of the aquifer and the wells to the pressure
signal transmission), local direct infiltration effects in the wells and also tidal effects (Gunn, 1983;
Spane, 2002; Weeks, 1979). Several studies have been performed in order to model and estimate the
pressure and tidal effects using dynamic equations and/or by the use of linear time response
functions (Rasmussen and Crawford; 1997; Seo, 2001; Yusa, 1969). A barometric efficiency
coefficient has also been proposed to relate the atmospheric pressure variations to the aquifer level
variations, that, however, cannot be considered itself just local in time in order to represent
responses that are generally delayed, so that the use of the response function formalism is indeed
necessary to model, and remove whenever necessary, the pressure and/or tidal effects on the
groundwater time series (Toll and Rasmussen, 2007). Modelling time series of short-time pressure
responses in groundwater levels has also been proposed to distinguish between locally confined and
unconfined aquifers (Rasmussen and Crawford, 1997), to study the variation of the response of
unconfined aquifers with the changing conditions of the vadose zone (Butler at al., 2011), and to
recover hydraulic parameters of aquifer models, also when in presence of additional tidal forcing
(Butler at al., 2011; Qi et al, 2023). In the last case a two-inputs linear modelling has been applied
either directly to time series of groundwater level variations or to their correlation spectra in the
frequency domain.

For longer time responses related to charge/discharge studies, the direct use of precipitation as

input variable can be affected by additional effects related to processes in the soil-atmosphere



interface more than to the proper aquifer response, such soil infiltration and/or evaporation, that can
prevent the precipitated water to reach the aquifer, especially in warm climates with dry seasons, or
change the aquifer loading. Rasmussen and Mote, (2007) used a linear model applied to time
variations of the water storage corrected by pressure and tidal forcings to evaluate the aquifer water
export from the water budget in a confined aquifer, suggesting that water level variations could also
be related to the unloading of the aquifer structure caused by surface evapotranspiration.

The use of the local soil infiltration (net infiltration) instead of the precipitation as input variable for
the groundwater response would be less sensitive to the effects of the surface-atmosphere interface,
but in general its evaluation needs also additional evapotranspiration and soil moisture
measurements, that, because of their inherent measurement errors and localized nature may add
some more uncertainty in the data time series (Delle Rose and Martano, 2018, 2023).

In this study groundwater level time series of a few years length from wells dug in the Salento
Miocene karst aquifer (Southern Italy) have been used, together with precipitation/infiltration and
atmospheric pressure data time series, to evaluate a medium-term response of the groundwater
levels to the meteoric inputs. A characteristic of this aquifer that clearly results from the observation
of the time series (see Section 2, Fig. 2) is the sensitivity of the groundwater levels to the variations
of the atmospheric pressure, that results, in a quite general way for meteorological reasons,
significantly cross-correlated to the precipitation forcing. Thus, a linear response approach was used
in two ways (analytical in continuous time and numerical in discrete time) in an attempt to model a
system with two cross-correlated forcing inputs. First a Langevin equation is used to obtain
qualitative information about the expected shape of the correlograms of a long-term response
system subjected to two short-term correlated forcings. It is well-known that a Langevin equation
with a suitable random forcing term can be proficiently used to model different systems in physical,
chemical and environmental sciences (Haken, 1977, Ridolfi et al., 2011), and that it is related to the

response functions in random time series analysis (Box et al., 2008.).



Then, a discrete time transfer function model is applied to cross-correlograms of daily groundwater
level time series, using both precipitation/infiltration and pressure correlograms as simultaneous
inputs, but with the aim to separate their effects as far as possible in the groundwater level time
responses. The simultaneous effects of both precipitation/infiltration and pressure forcing is then
highlighted in both a generally qualitative (Langevin equation model) and a quantitative way
(applied to correlograms of real data time series) in order to identify an expected shape of the data
correlograms and also to give an estimate of the actual groundwater level time responses, in
particular with respect to the local infiltration. These two approaches take into account both the
effects of precipitation/infiltration and pressure forcings on the groundwater level and are directly

applied on the correlograms that are related to its time responses.

2 Site and data set

Salento (Apulia region) is the extreme southeastern peninsula of Italy (map at the top left of Fig. 1),
with precipitations usually concentrated in few autumn-winter months and a long warm dry season
in the rest of the year. Because of the scarcity of surface water basins and presence of only few
ephemeral torrents just intermittently fed by runoff water, about 80% of the residential water
demand is supplied by groundwater coming from by public and private wells. It is contained in a
complex hydrogeological system consisting of a deep coastal Cretaceous Aquifer (CA) and several
shallow Tertiary/Quaternary aquifers bounded by aquitards and aquicludes (Cotecchia, 1977; Delle
Rose, 2007; Tadolini and Tulipano, 1981; Tulipano, 1988). In geological time, extensional tectonics
faulted the developing sedimentary bedrock, resulting in a NW-SE horst and graben structure that
controls the groundwater circulation, especially the change in conductivity and inter aquifer
exchanges (Delle Rose et al., 2007; Fidelibus et al., 2010; Giudici et al., 2012). Again, due to the
prevalence of carbonate rocks in the bedrock, karst features are considered to play an important role
in determining the groundwater flow pattern (Cotecchia et al., 2005; Delle Rose et al., 2018; Rana

etal., 2018).



In Salento the Miocene units host two aquifers, respectively in the central-southern and central-
eastern sectors of the peninsula. This last one (hereinafter referred to as MACES, Miocene Aquifer
of Central-Eastern Salento), is a typical multilayered aquifer characterized by the succession of
layers with different degree of permeability, in confined or unconfined conditions (Fig. 1).

In the site measurement area, which is located in a graben depression, some Oligocene to Miocene
units form an aquiclude separating CA from MACES (Alfio et al., 2022). Towards the northwest,
this aquiclude becomes thinner and less impermeable, thus MACES drains into the CA. The
drainage of the shallow aquifer into the deep aquifer occurs also towards the southwest and
northeast by means of horst-graben fault systems (Tadolini et al., 1985). MACES do not feed inland
springs. Along the Adriatic coastal plain (Fig. 1, inset b), confined water levels of MACES feed a
number of coastal springs, the largest of which is named Idume (Tadolini et al., 1971). No outflow

data sets are available.
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Fig. 1. Geological setting and hydrogeological features of the Central-Eastern Salento (after Delle
Rose and Martano, 2023, modified). (a) Locations of the Ecotekne Campus and additional weather
stations of the Civil Protection Agency; (b) Geological map and boundaries of the shallow aquifers;
(c) Schematic hydrogeological section along the transect AA’. Legend: 1. Pliocene and Quaternary
units; 2. Miocene and Oligocene units; 3. Cretaceous units; 4. boundary of Miocene Aquifer of
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Central-Eastern Salento (MACES); 5. boundary of Pliocene and Quaternary aquifers (P/QA); 6.
freshwater; 7. boundary of the theoretical transition zone between the freshwater of the Cretaceous
aquifer (CA) and sea-water.

The groundwater level time series have been collected, using a manual water level meter, from
measurements performed in two historical wells dug into the MACES and located some hundreds of
meters apart from one another in the Ecotekne Campus of the University of Salento. Data have been
collected about 2-3 times a week, with up to a daily frequency after relevant precipitation events.
No relevant differences were detectable superimposing the series from the two wells (Delle Rose
and Martano, 2023). The longest of the time series, collected in the period 2017-2022, has been
used in this study. To fill the random vacancies, the data series has been daily interpolated by a
cubic spline, in order to obtain regularly daily-spaced data.

Time series of precipitation, atmospheric pressure, evapotranspiration and soil moisture, for the
same considered period, have been sampled at the CNR-ISAC Micrometeorological Station in
Lecce, located in the Ecotekne Campus, some hundreds of meters apart from both wells. The

database (www.basesperimentale.le.isac.cnr.it, last access 24/01/2025) stores the data for every

half-hour period, and the used variables have been averaged (or cumulated, for precipitation and
evapotranspiration) on a daily interval. The net infiltration was estimated as residual of the surface
hydrological budget evaluation from precipitation, evapotranspiration and soil moisture data. More
details about the data set used in the present study are available in Delle Rose and Martano (2023).

In Fig. 2 the time series of the daily averaged atmospheric pressure, the daily total precipitation and
the groundwater levels collected in the Ekotecne Campus are reported. They show some common

features in their temporal variation that suggest non negligible cross correlations among all of them.
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Fig. 2. Time series of daily groundwater levels H (red), precipitation R (green) and atmospheric
pressure P (blue), in arbitrary units (a.u.).

Additional precipitation observations (daily totals) for the same period have been downloaded from
four automated weather stations (https://protezionecivile.regione.puglia.it/bollettini-meteorologici-
regionali-mensili, last access 29/01/2025) operated by the Civil Protection Agency of the Apulia
region, to test the rain variability over an area larger than the Unisalento Campus in the MACES
region, in relation to the groundwater level time series. The additional stations, all within a radius of
17.5 km from the measurement site, are located in Copertino, Galatina, Melendugno and Novoli

(Fig. 1, inset a).

3 Methods

Two linear modelling approaches consisting in a continuous time analytical equation and discrete
time numerical linear response function have been used, both dealing with a long time-response
system forced with two short-time correlated external inputs (precipitation/infiltration and
atmospheric pressure). The analytic approach takes the form of a Langevin equation and studies the

expected correlation functions in presence of time-correlated forcings. The discrete numerical



model is applied to real data time series of meteoric forcings and the groundwater level data to
solve least square regressions for the groundwater cross-correlograms with two external inputs
(precipitation or net infiltration and atmospheric pressure). In the second approach, the solutions are
studied in both time domain and frequency domain, with the aim of estimate the time response to
the meteoric forcings and separate the infiltration/precipitation response from the pressure response
as far as possible. The link between these two approaches is suggested by the fact that a sufficiently
backward delayed sum of random forcings in discrete time steps is, under certain conditions about
the decay of the response function coefficients, equivalent to one random forcing in a first order
autoregressive system, which in the continuous limit corresponds to a Langevin equation (Box et

al., 2008, Chatfield, 2004).

3.1 Analytical Langevin equation.
In order to simulate a system like the groundwater level H in an aquifer well, that responds linearly
to an external forcing with a much shorter correlation time (8 >> @) a Langevin equation is

proposed as:

dH/dt = -aH + aF(t) (1a)
where F(t)=afy(t)+bfa(t) and (1b)

<fy(Of(t’)>=2D5(t 1), (1c)
<fa(t)fo(t )>=exp(-plt 1)), (1d)
<fi()fa(t)>=<fo()f1(t)>= <fif,>exp(-f|t -t) (1e)

All variables are supposed with vanishing mean (<...>) and unit variance, ¢ represents the Dirac
delta function. The correlation functions of the forcing inputs f; and f, are chosen to resemble those
shown by the real system for the precipitation/infiltration and for the atmospheric pressure
respectively (see Section 4, Fig. 4). The formal solution of equation 1 (with vanishing initial
condition, that does not affect a stationary state) is

H(t)= exp(-at) /o' 0€™F (6)db.



with this solution it is possible to calculate the self and cross-correlation functions for H(t) by
multipliplication and averaging, using the correlation functions of the forcings shown above,

followed by integrations. For stationary conditions the results are:

<H®H(t)> = [¢* (b®+ab<fifo>)/(B-0)] [e“ V(2a) - e Va+p)] + a*Doe™ ™ (2a)
< fi()H(t")> = [ab<fifo>/(B*-0%)] [28“ ™V - (a+B)e” ] + 2aDae™™  (1'>1) (2b)
<b(WH()> = [a(b+a<fify>)/(*o®)] [2pe ™™ - (atp)e”™] (t>1) (2¢)

For t’< t the last two cross-correlation functions just decay exponentially like e”®*).

Note that for b = 0 (no ‘pressure’ forcing) the equations 2a and 2b become simple exponentials
with time constant a (the Langevin equation with white noise gives an exponentially correlated
process, as expected). Instead, to have a delayed maximum (for ¢’#f) in equation 2b (cross-
correlation of H with the ‘precipitation’) it is necessary to have not only » # 0 (presence of
‘pressure’ forcing) but also <fif;> # 0 (hon-vanishing ‘pressure-precipitation’ correlation). On the
contrary a non-vanishing correlation <fy(?)H(t’)> can exist even for no direct effect of f, on H

(b=0), just induced by a non-vanishing <fif,>.

3.2 Discrete transfer function: Time domain
A consistent estimator (correlogram) of a cross-correlation function between two time variables X(t)
and Y(t), discretely sampled as time series X(j) and Y(j) is defined as:

Cuy(i) )=[XY] (1) =(X(1)-<X>)(Y (i+])-<Y>)
where products with repeated indices (j) are intended to be summed over the number of available
data points, the brackets < > indicate the average over the data set, and the symbolic form in square
brackets will be used from now on. The correlation functions or the correlograms can be then
normalized (always in this work) dividing by (Cxx(0) Cyy(0))"%
A linear response function model has been constructed to output a cross-correlogram (of the

measured groundwater levels H) from cross-correlograms of two simultaneous input variables
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(pressure P and infiltration I in the following equations, that can be used also for the case of the
precipitation R as input instead of I).
The transfer function model used to obtain the cross-correlograms of the measured groundwater

levels H with 1 and P has the form of the following system of equations (see Appendix for a

derivation):
[IHI(®) = [11]5 hG) + [1PTij he(j) (3a)
[PHI() = [P11ih(G) + PP he(j) (3b)

The symbol explanation is the following.

One index in brackets indicates a vector variable, two subscript indices indicate a matrix and
products with repeated indices are summed in the equations. Two-characters capital symbols in
square brackets indicate a correlation function between the two capital variables, with the second
delayed with respect to the first of a number of time steps equal to its index (vector) or to the
difference of the indices (matrix). If the difference is negative the correlation order is just inverted.
For example: [IH] (i) is the correlation vector with H delayed of i time steps with respect to I, [IP];
is a matrix defined as [IP]=[IP](i-j) if i-j>0 (P delayed of i-j steps with respect to I) and
[IPT;=[P11(-i) if i-j < O (I delayed of j-i steps with respect to P). The vectors h(j) and hp(j) indicate
the coefficients (unknown to be found) of the response function for I and P respectively. P indicates
the pressure, and | can indicate here either the infiltration or the precipitation, according to the
studied input. The first right hand side (r.h.s.) terms in equation 1a, and 1b represents the single
contribution (autocorrelation) of | and P to their cross correlation with H, while the second r.h.s.
term the contribution of their cross-correlation. As in equantions 2a,b,c, non vanishing [IH] and
[PH] can exist just induced by input cross-correlation effects.

The two equations 3a and 3b can be formally considered a system in the two unknown vectors h;(j)
and hp(j), that can be found by least square solution if the number of available correlation points is
greater than the dimensions of the unknown vectors, as usually happens. Underlining the correlation

vectors to be distinguished from the matrices for clarity, indicating with * the matrix multiplication,
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and the superscript t and -1 for the transposed and the inverse matrix respectively, the usual least

sguare solutions can be obtained as:

[hi he]= (M * M) *M ' * [IH,PH]' (4a)
where

[ [IP] (4b)
M_[[PI] [PP]]

In this case the solution is found as a single vector [h ,hp] for the transfer function coefficients. In
addition, a possible different solution is also proposed, which founds h; and hp separately, and
seems to work better in some cases (Section 4).

This solution of the system of equations 3a and 3b in matrix form reads (see Appendix for details):

hi = [AIT*([1H] - [IP]*he) (5a)
he = ([BIT*[BI])™*[BI]' * ([PH] - [PI]*[AI]*[IH]) (5b)
where

[AIT=([1> 1) ™[’ (5¢)
[BI]= [PP] —[PI]*[AI]*[IP] (5d)

In this case the least square solutions for hp (equation 5b) are found above the subset of the formal
least square solutions of h, parameterized as functions of hp (equation 5a). The inverse is also
possible by inverting the role of the equations 1a and 1b and the coefficient vectors h;, and hp.

All these models has been derived under the causal hypothesis, with H delayed with respect to | or
P, but an expression for the reversed [HI] and [HP] correlations (P and | delayed with respect to H)
can be also written in the same causal hypothesis just reversing all the correlations in the equations

4a,b, and 5a,b,c,d (see also Appendix).

3.3 Discrete transfer function: Frequency domain
The frequency domain analysis has been performed in the usual way, already proposed for

hydrological time series (Chatfield, 2004, Padilla and Pulido-Bosch, 1995, Larocque et al., 1998),
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estimating the amplitude and phase spectra and then the coherency and gain functions by a Fast
Fourier Transform (FFT) directly applied to the correlograms calculated from the data time series.
The usual application of a Tukey filter D(j)=[1+cos(zj/N)]/2 corrects the asymptotically
inconsistent variance of the estimator (FFT) when applied to cross-correlograms calculated from a
finite time series. If the filtered FFT S™(k) and S'(k) of a correlogram Cyy(j) between the time series
of x and y, are defined as (i is the imaginary unit and again the products with repeated indices are
summed over j=1...N points of Cy):

S*(k) = FFT(D[Cyx+Cy]) = [Cxy(j-1)+Cyx(j-1)] D(-1) exp(-2zi(j-1)(k-1)/N)

S'(k) = FFT(D[Cy-Cy]) = [Cxy(i-1)-Cyx(i-1)] D(-1) exp(-2i(j-1)(k-1)/N)

then the spectral amplitude A and phase F are calculated as:

Aq(K)=[Re*(S" (K))+Im(S (k)]

Fyy(k)=-arctan [Im(S"(k))/Re(S*(k))]

Re and Im indicate the real and imaginary parts, and the minus sign in F,, gives a positive phase
delay corresponding to a positive time delay between output and input in the cross correlogram.
Thus, a phase delay Fyy(k) proportional to the frequency Kk in a certain interval of k values indicates
a time delay d=F,/(2zKk) of y with respect to x.

The coherency K and gain G are then defined as:

Ky (K)=Axy ()T Axc()Ayy ()] V2

Giy(K)= Axy(K)/ Axe(K)

Kyxy(K) represents a correlation parameter between x and y, indicating proportionality between input
(x) and output (y), if approximately constant in a certain interval of k values. Gyy(k) represents a

regression coefficient (amplification factor) of y with respect to x, as function of the frequency k.

4 Results and discussion
Fig. 3 shows the cross-correlograms between the precipitation time series from different sites close

to the MACES area and the groundwater level time series from the Ecotekne Campus. They show a
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very reasonable agreement, with common features in their temporal behaviour. Consequently, the
precipitation series from the CNR-ISAC station has been selected as representative for this study
because the station is located on MACES, close to the wells, and continuity of data collection and
data quality were directly monitored by the authors. Equally, the atmospheric pressure is not
expected to show significant variations above an area of few tens of kilometers, while the available
infiltration time series are less representative in terms of area, because of the use of the
evapotranspiration data (representative of some hundreds of meters radius around the collecting
site), and mainly the very local measurements of soil moisture (Delle Rose and Martano, 2023;

Martano et al., 2013).
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Fig. 3. Comparison among the cross-correlograms between precipitations from different sites
(Copertino, Galatina, Melendugno, Novoli, CNR ISAC), and groundwater level in the selected well.

4.1 Analytical solution.

Fig. 4a shows the correlograms of the measured time series and Fig. 4b some cross-correlograms
with the atmospheric pressure. As expected, precipitation (R) and infiltration (I) are almost delta-
correlated (in daily time steps resolution), the pressure (P) is approximately exponentially self-
correlated and correlated with the precipitations (as expected in a quite general way from
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meteorological reasons). All these correlograms are approximately exponenential in the first stage
and with a similar time constant g ~ 2.7 days. The groundwater levels show a much longer (not
exponential) self-correlation, but with a decay time ™ ~ 50 days if exponentially approximated.
These characteristics are analogous to those of the model of Section 3.1

Indicating with R and P the precipitation and pressure forcing corresponding to f; and f, in
equations 1a, and 1b, the forcing intensity coefficients a and b in the same equation can be found as
aa and ab in the equations 3b and 3c by imposing that the (normalized) crosscovariances <f;H>,
<f,H> and <f;f,> coincide with the experimental values (<RH> =~ <PH> ~ 0.14, values for t=0 in
fig. 5a and 5b and <fif,>=<PR> ~ 0.25 from fig. 4b), giving aa =~ 0.053 and ab ~ 0.038. Also, an
estimation of the time integral of <R(#)R(t’)> gives D = 1. With these values for a, f, a, b, D and
<f,f,> the correlation functions of the equations 3a,b,c are shown in the figures 4a, 4b and 5a
(dashed lines).

These plots show that the presence of two simultaneous cross-correlated forcings
(<f1(D)f2(t)>=<P(t)R(t")>) causes a non-exponential decay of the self-correlation (<H()H(t’)>)
close to ’=t, and to produce two maxima at about 4 days and 7 days in the RH and PH cross-
correlations respectively. It is also apparent that these maxima are close in time to those in the first
stage of decay of the correlograms of the data time series (Fig. 4 and Fig. 5).

The exponential decay with time constant ™ = 2.7 days for t > t’ is also in agreement with the data

correlograms (not shown).

4.2 Discrete transfer function: Time domain

The linear model described in Section 3.2 has been applied in two different ways, that is using
pressure time series and differenced pressure time series (day-to-day increments). Box et al. (2008)
suggest the use of differenced time series to reduce the correlations between the time steps in

analogy to the relation between a Wiener process and a pure random process.
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Fig. 4a shows the correlograms of the measured time series and Fig. 4b some cross correlograms
with the pressure (an inverted pressure signal has been used for easier visualization).

As expected, precipitation (R) and infiltration (I) are almost delta-correlated (in daily time steps
resolution), the pressure (P) is approximately exponentially self-correlated with time constant of
about 3 days and correlated with the precipitation, and the groundwater levels show a much longer
self-correlation (months). Instead, the use of daily pressure differences allows a decorrelation from
the infiltration (but not from the precipitation), and also a relevant reduction in the [PH] correlation.
In practice the two ways of application of the response function differ in the fact that the non-
differenced case uses almost delta-correlated (precipitation or infiltration) and self-correlated
(pressure) input signals, always correlated between them, while the differenced case uses short-
correlated pressure time series as inputs too, that appear to be almost uncorrelated from the

infiltration but still correlated with the precipitation.

b) 0.3 — v ~ -
(—(PH] ——[PH] diff||
|——PR] (PR) diff
. —— (P1) diff
0.2] ~ {= = ~PH Langevin i
g § | —~
8 = L
) g 01
s @
s 8 A
w -
o m A
'L TRAW vy o
.'h‘-/
: . . . J 0.1 . - - -
0 30 60 90 120 150 0 10 20 30 40 50
day day

Fig. 4. (a) Correlograms from data time series: groundwater level H, atmospheric pressure P,
differenced P, precipitation R, net infiltration I. The dashed line corresponds to the (normalized)
solution 2a of the Langevin equation for the self correlation of H. (b) cross correlograms from data
time series: [PH], differenced [PH], [PR], differenced [PR], [PI], differenced [PI]. The dashed
line corresponds to the solution 2c of the Langevin equation for the cross-correlation [PH].

The [IH] (or the [RH]) cross correlation function for the input variable I (or R) coupled to the
atmospheric pressure P, has been reconstructed by equation 3a after calculating two 100-
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coefficients vectors hy(j) and hp(j), that have been least-square estimated by equations 4 or 5a,b,c,d,
applied to 1 year length cross correlograms obtained from the data time series. To retain only the
effect of I (or R) on [IH] (or [RH]) in the model, a ‘partial reconstruction’ has also been made using
the same coefficients but only for the vector h(j), that is using only the first r.h.s term in equation
3a.

Fig. 5a,b compare the data and reconstructed [RH] and [IH] cross correlograms, using all the
coefficients for the R and P or | and P contributions, that is both terms in the r.h.s. of equation 3a in
the two model cases (pressure or differenced pressure data) and with the two different solutions
(equation 4, called S1, and equation 5a,b,c,d, called S2). Table 1 shows the root mean square errors
between the correlograms from the data time series and those reconstructed by both S1 and S2
solutions. Although the S2 solution is not just exact as the single-vector solution S1, having also a
degree of arbitrariness in the possibility of inverting the role of the two vectors h, and hp, as
discussed in Section 3.2, it appears to be more effective than S1 in the non differenced case. Thus,
from now on, the S1 solution will be associated to the differenced case and the S2 to the non-
differenced case where not explicitly indicated. Table 1 also shows that the reconstructed cross
correlations are noisier for the net infiltration data if compared with their precipitation counterparts,
which could be expected in view of the additional uncertainty added in the infiltration data time

series (Delle Rose and Martano, 2023).
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Fig. 5. Comparison between cross correlograms from measured data time series and reconstructed
cross correlograms [RH], and [IH], for the solutions S1 and S2, (a) non differenced and (b)
differenced case. The dashed line corresponds to the solution of Langevin equation 2b for the cross-
correlation [RH].

TABLE 1: RMSE values between data correlograms and reconstructed cross-correlograms [RH]
and [IH], in non differenced and differenced case for both solutions S1, S2. Results for S2 with the
inverted vector coefficients are also shown (Section 3.2).

S1 S2 S2-inverted
[RH] 0.023 0.006 0.005
[1H] 0.024 0.018 0.027
[RH] diff 0.008 0.009 0.013
[IH]diff 0.011 0.018 0.023

Fig. 6a,b shows the partially reconstructed cross correlations for [RH] and [IH] (that is using only
the first r.h.s. term of equation 3a), in the two cases (non-differenced and differenced) both for S2
and S1, again compared with the corresponding cross correlograms from the data time series. In the
correlograms from the data series the presence of a large long-term plateau between 30 and 80 days
is evident, together with a relevant short-time response maximum of about one week of time lag.
The elimination of the pressure cross correlation coefficients in the partial reconstruction always
causes a decrease of the first short-term maximum in the [RH] cross correlation, obtaining a less
steep decrease toward a longer response duration between 30-80 days time lag. In the [IH] cross
correlation the effect is different in the two cases, but in the differenced case the short-term
maximum disappears (with a small residual peak with an about two days delay) and only an 80 days
duration response is still present with an enlarged maximum at about 35 and 45 days for S1 and S2
respectively. This fact might be ascribed to the reduction of the [IP] and [PI] correlation in the
differenced case, that allows a better separation between the now almost independent P and | signal
in the linear model. These time-domain results suggest the attribution of the short-term maximum in
the [IH] and [RH] cross-correlograms to the atmospheric pressure cross correlation with the other
input time series, as it disappears when the [IP] cross correlation is small. This would be consistent

with the results of the analytical model.
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Fig. 6: Comparison between cross correlograms from measured data time series and partially
reconstructed cross correlograms [RH] and [IH] for the solutions S1 and S2. (a) non differenced
and (b) differenced case.

In synthesis, the time domain analysis suggests only a long-term response to the infiltration forcing
of about 80 days for the groundwater level, while the apparent shorter time-lag maximum in the
cross-correlograms of the data time series should be ascribed to the correlations between the
atmospheric pressure and the other inputs (R or I). The small residual two-days delay maximum in
the [IH] correlation could also be associated to short time effects of direct local recharge in the
wells under the soil layer, not visible in the [RH] correlogram because masked by the much larger
pressure correlation effects together with the soil infiltration and evaporation effects. No relevant

quick-flow response for the aquifer groundwater levels is then left in this interpretation.

4.3 Discrete transfer function: Frequency domain

In the frequency domain, noise in the data time series may produce large fluctuations in the cross-
correlation spectra. This causes uncertainty in the estimation of characteristic times, expecially
slopes and associated time delays, when the infiltration, that has a higher noise to signal ratio, is

used as input.
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Figures 7a and 7b show the amplitude spectra for the partially reconstructed [RH] and [IH]
correlograms, compared to those from the cross correlograms of data time series, together with the
partially reconstructed [PH] (corresponding to the second term in the I.h.s. of equation 3b), for the
non-differenced and differenced case respectively.

The frequency maximum of the [RH] spectrum is lost in the [IH] spectrum, which suggests a more
random input signal for the infiltration. In the differenced case, the small maximum located at 0.012
days™ (about 80 days) in the [IH] spectrum is increased, that means an enhanced power
contribution at lower frequencies, in agreement with the [IH] correlogram in the time domain (Fig.

6b), while the [PH] spectral contribution is greatly reduced.
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Fig. 7. Spectral amplitude function of cross correlograms from data time series and partially
reconstructed cross correlograms [RH] and [IH]. (a) non differenced and (b) differenced case. The
partially reconstructed spectral amplitude for [PH] is also shown.

Fig 8 shows the phase, coherency and gain for the partially reconstructed spectra in the differenced
case, compared with the spectra from the data correlograms. As mentioned in Section 3.3, a
constant slope of the phase function is related to a delay time d between output and input signals.

Padilla and Pulido-Bosch (1995) associated the time delay calculated in the lowest frequency part

of the phase spectrum of inflow-outflow correlograms to the delay in the aquifer baseflow response.
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The initial slope of the reconstructed [RH] phase plot (Fig. 8a, red dashed line) corresponds to a
low frequency delay of about d=25 days in the groundwater level response. Although in the [IH]
case (Fig. 8a dashed line), the estimation is based on few available points close to the minimum of
the frequency scale, the delay time d appears to be increased towards about d=35 days, in good
agreement with the maximum in the reconstructed [IH] correlogram for the time domain of Fig. 6b.
Fig. 8b shows the coherency function for the measured and partially reconstructed [RH] and [IH].
The general monotonic decrease of the coherency functions shows no proportionality between R or
I and the groundwater level H. This filtered and delayed response, in agreement with the time

domain results, suggests negligible quickflow and karstifications.
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Fig, 8: Spectral characteristics of the partially reconstructed cross-correlograms [RH] and [IH]
(differenced case) compared with those from the cross-correlograms of the data series. (a) phase
angle, (b) coherency function, (c) gain function. The dashed lines indicate the initial slopes of the
partially reconstructed phase angles for [RH] and [IH].

Fig. 8c shows the gain function for the same cases, which, for inflow-outflow measurements, has
been associated to the correspondent frequencies of internal flow response amplification (Padilla
and Pulido-Bosch, 1995). The partially reconstructed case shows a generally quicker decrease
below gain G=1 if compared with the gain of the data time series. In particular, frequencies
corresponding to gain values as small as 0.2 are smaller than about 0.05 days™, that correspond to

time durations greater than about 20 days. For time series of spring outflows, a gain threshold of 0.4

has been proposed to exclude relevant flow responses for smaller gain values (Padilla and Pulido-
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Bosch, 1995). Although the application of the same threshold to the case of groundwater level data
might be questionable, the long-time durations of tens of days extending to gain values significantly
smaller than 0.4 again suggest the absence of relevant quickflow in the groundwater level response.

Athough with the necessary cautions due to the lack of outflow data, all the previous results would
suggest the need of quite a long time (weeks or months) for the net infiltration to either enter the
aquifer from the vadose zone or possibly flow throughout the aquifer matrix, which means

generally negligible karstification in the MACES.

5 Concluding remarks

The correlation functions of the groundwater levels forced by precipitation/infiltration and
atmospheric pressure in a karst aquifer well have been studied using a continuous analytical model
based on a Langevin equation and numerical least square transfer functions reconstructed from data
time series. The analytical model, only based on linear response to random forcings, shows that an
exponential short-term cross-correlation between the two inputs is needed to produce delayed
maxima in the input-output cross-correlation. Thus, it is able to qualitatively reproduce the short-
term characteristics of the correlograms of the groundwater level data, also with a reasonable
agreement in the time position of the maxima. On the other side, the least square approximation of
the transfer functions shows a reduction of the short-term maxima in the partial reconstruction of
the cross-correlograms, i.e. disregarding the contribution of the cross-correlation between the
inputs. In addition, the short-term maximum disappears when a differenced atmospheric pressure
input is used together with the net infiltration one, a fact attributed to the substantial reduction of
their cross-correlation. In this last case the groundwater level response to the net infiltration can be
estimated to have an average duration of about 80 days and an average delay of about 40 days, with
no apparent quickflow contribution. These results suggest that the atmospheric pressure forcing on
the measured groundwater levels add apparent shorter response times in general, especially when

the precipitation is used as input, that is generally strongly correlated with the pressure signal.
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Instead of precipitation, net infiltration time series may be used as input signal to allow a better
separation from the (differenced) pressure signal in the partially reconstructed output. On the other
hand, the estimation errors in the calculation of the net infiltration, that is not a directly measured
quantity, make its signal weaker, noisier and with larger uncertainty in the results, if compared to

the precipitation signal.

APPENDIX

Supposing a linear superposition of the infiltration/precipitation and atmospheric pressure effects
over the measured groundwater levels, a causal linear resonse function model that outputs a
groundwater level H(t) at time t as function of infiltration | and atmospheric pressure P at times ¢” <
t can be generally written as:

HE) =fo" @ )I(t-t)dt’ + fo hp(t’)P(t-t )dt’ Al

where h; and hp represent the transfer functions for the inputs I and P respectively.

Multiplying the above equation by I(t-6) and formally integrating in dt between —<oand +<° after
assuming the time stationarity of the processes, the I.h.s of Al gives (Chatfield, 2004):

S~ THOI(t-0)dt=[1H] (0),

where =[IH](6) is the cross-correlation function with H delayed of 8 with respect to I, using the
same notation as in Section 3.2. The first integral in the r.h.s of Al then gives:

oo’ dt o7 @)t )I(t- 0)dt’= o7 dt i(t)f =o' N(t-2)I(t- O)dt=fo" dt’ hy(t’)[1I] (O-t°)

and the second gives:

S0 dt he(t)[IP] (6-t)

In the same manner multiplying Al by P(t-6) and repeating the same procedure, the following
couple of equation can be obtained:

[IH1(8) = /o™ dt’ (@ )[IT](6-t’) + /o= dt’ he(t’)[IP](6-t) A2

[PH1(0) = o= dt’ h(t’)[PI] (6-t’) + /0" dt’ hp(t’)[PP] (6-t’) A3
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If discrete time series are considered (and if the response functions h; and hp vanish after a
sufficient time lag), the equations Al and A2 are formally identical to the equations 3a and 3b, with
the indices i and j used as explained in Section 3.2, instead of the continuous variables & and ¢’
These equations for [IH](i) and [PH](i) are written for positive time lags (index i). The negative
time lag counterpart of the correlation functions (that is for example [IH](-0) = [HI](#)) can be
obtained by multiplying equation Al by I(t+6) and P(t+6) and integrating as above. The result is a
couple of equations identical to A2 and A3, or equivalently 3a and 3b, but with all correlations
reversed.

A formal least square solution applied to the equation 3a in Section 3.2 can be written in matrix
form as:

hy = (U] [1)™ 1] *(0H] -[1PT*he) = [AIT*([IH] —[IP]*he)

with the same notations of Section 3.2.

Substituting this expression for h; in equation 3b and solving for hp applying again the least square
solution, h; and hp are expressed as functions of the correlograms of the measured time series [IH],

[11], [1P], [PH], [PP], [PI] in the form of equations 5a,5b,5¢,5d.

Data Availability: The data set used in this study is presented in Delle Rose and Martano (2023)
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