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Abstract

In this paper we present a denotational semantics for Basic Process Algebra. The
denotational domain is a new logic obtained by enriching the branching temporal logic
CTL with a fixed point operator and a branching sequential composition operator,
named chop branching. The temporal semantics so obtained is proved to be fully
abstract with respect to the bisimulation semantics defined on BPA terms.

1 Introduction

In the last years there have been several attempts at defining new logics or at using existing
ones to specify properties of reactive and concurrent systems. The gain of associating suit-
able logics, such as modal or temporal logics, to communicating systems is the possibility
of using deductive methods to prove properties. To provide modularity in the specification
and verification of concurrent systems the compositional denotation by logic assertions of
concurrent systems, specified by a process algebra, becomes an important research issue.

Sound and complete proof systems for the satisfiability relation between concurrent
systems and formulae [14,18,19] are compositional if they deduce that a system of processes
satisfies or implements a given logical assertion from the knowledge of the assertions
satisfied by its components, closely following the syntactic structure.

Compositionality can also be guaranteed by defining a compositional semantics for a
process algebra, which associates to each process a logic formula expressing the properties
of its execution sequences, e.g. a temporal semanltics (a particular denotational semantics
[16]).

It is well known that a denotational semantics M is a homomorphism from the term
algebra to the interpretation algebra and therefore preserves compositionality: when the
interpretation algebra is a temporal logic £, we have:

Vpl,p2,..,pn € P : M(O(pl,p2,..,pn)) = [(M(pl), M(p2), .., M(pn)),

where P is the process language and f is an operator (or a composition of operators) of £.




If we want to define a temporal semantics for P, when P is a process language with an
associated operational semantics, it is necessary to establish a link between the temporal
semantics provided and the original operational one: the temporal semantics should be
fully abstract with respect to the operational semantics. A denotational semantics, M, is
fully abstract with respect to the operational semantics OO, modulo an equivalence relation
(=), if and only if :

Vp,q €P. Mlp] = M[q] = O] = O[q]

and
V context C. O[C(p)] = O[C(q)] = M[p] = Mlq).

The purpose of this paper is to present a temporal semantics of Basic Process Algebratg’ rec
(BPAé,rec in the following), a simplified version of the Algebra of Communicating Pro-
cesses, which has as primitive the process constant & and the operators of sequential
composition, alternative composition and recursion [5,6]. On BPA(S,rec terms a bisimu-
lation equivalence relation is defined; according to this, our aim is to give the temporal
semantics of BPAé,rec fully abstract with respect to bisimulation equivalence. The logic
domain in which we define the temporal semantics for BPAg 1. will be the branching
temporal logic CTL [8,9] enriched with a maximal fixed point operator and with a new
logic operator, the chop branching, an extension of the chop operator defined in [3]. From
now on we call this logic vCT'L + Cqg.

This extension is needed because in [10] we have proved that ¥CTL has not sufficient
expressive power to give the meaning to a non-idempotent composition operator, as the
sequential composition operator of BPA’(S,T‘GC is.

The paper is organized as follows: Section 2 describes BPAg ... ; Section 3 presents its
operational semantics; then, in Section 4, we define the logic vCT'L + Cg which is shown
to be expressive for BPAg ree with respect to bisimulation equivalence in Section 5.

2 Basic Process Algebrag

rec
Signature:

sorts A—set of atomic actions

P—set of processes; 4 C P

Var—infinite numerable set of process variables; Var C P
functions + : P x P — P—alternative composition

-+ P x P — P—sequential composition
constants 6 € A-—deadlock

Basic Process Algebrag ,...—BPAg ,..—starts from a collection A = {a,b,¢c, ...} of given
objects, called atomic actions. These actions usually have no duration and form the basic
building blocks of our systems.




The two compositional operators we consider are *”, denoting sequential composition,
and “4” for alternative composition. If z and y are two processes, then z -y is the process
that starts the execution of y after the completion of » and z + y is the process that
chooses either z or y and executes the chosen process.

A vital element in the present set-up of process algebra is the process §, signifying
“deadlock”. The process a - b performs its two steps and then stops, silently and happily;
but the process a-b- 6 deadlocks after the actions a and b: it wants to do a proper action
but it cannot.

Central to theories of concurrency is the solving of recursive equations or equivalently,
the finding of fixed points. In this formal system a recursion e\(precsion 1s a syntactic con-
struct of type (X1 | £), where Xy is the recursion variable and £ = {X; = T;(X1,..., X,) :
i=1,...,n} is a finite set of recursion equations. The T;(\y,..., X,) are process expres-
sions in the signature of BPA§ e, possibly containing occurrences of recursion variables
X1, 0, Xn.

Table 1 gives an axiomatic characterization ol BPA § rec » Where z,y,z € P, X; € Var
fori=1,...,n and £ is a finite set of recursion equations.

Basic Process Algebrag

e

z+y=y+z (Al)
(z+y)+z=z4+(y+2) (A2)
r+zr==x (A3)
(z4+y) 2=z -24+y- =z (A4)
(z-y) z=z-(y 2) (AD)
r+b==x (AG)
b-z=8 (A7)
2 =(X;]1E),i=1,...n
: 1
1 =T1(z1,...,2n) (R1)
2, =Ti(xy,. .. xp),i=1,...,n e
T = (X] | g) TNy X ) is“guarded (RQ)
C'_
= R3
(X1 |)=(X115’) (R3)

Table 1

This axiom system is the core of a variety of more extensive process axiomatisations in-

cluding for instance axioms for parallel operators on processes or communication functions.
Since time has a direction, sequential composition is not commutative and because the

time to which choices take place is important, there is not the other distributive law

z(e+y)=z a4+ y.

In this formal system we suppose that recursion is guarded, i.e. any occurrence of X;
(J =1,...,n) in Ti(Xy,...,X,) is preceded - guarded - by an atom from the action




alphabet; more precisely, every occurrence of .X; is in a subexpression of the form a -’ for
some atom a and expression t’.

By a process we mean an element of some algebra satisfying the axioms of BPAg 1ecs
the z,y, z in Table 1 range over processes. This algebra is a process algebra for BPAé,rec5
another process algebra for BPAé,rec is the graph model consisting of finitely branching
process graphs modulo bisimulation [1,4].

3 Operational semantics of BPA; ..
The scope of this paper is to define a temporal semantics for BjPA’é,rec and to prove its fully
abstractness w.r.t the bisimulation equivalence. We need therefore to give an operational
characterization of the semantics of BPAé,mc . For the sake of simplicity, we derive from
the signature of BPAg o a language of behaviour expressions defining processes of the
process algebra, with the syntax given in Table 2, in which we explicit recursion through
the use of a rec operator; B, By, By are generic behaviour expressions, X is a recursion
variable and B in recX.B is a guarded expression containing X.

Name Syntax
deadlock, inaction b
action a
successful termination €
alternative composition By + B,
sequential composition By By
variable X
recursion recN .3
Table 2

The operational semantics for this language is given in two steps: first a Labelled Transi-
tion System - LTS in the following - is associated to a process, then an equivalence relation
is defined on the transition systems [11].

A LTS is a triple (P, {Rs, 2 € 3_}) such that:

e P is a set of processes,
e ) is a set of actions,
o R, CP xP.

We will use the notation p— g — ¢ to mean that (p,q) € R, and we will say that p is able
to perform action g and transform in ¢. We will also use p,¢ (with indexes) as ranging
over processes.




In Table 3 the operational semantics of BPAg ... is shown, where the transitions of
processes are labelled by the atomic actions (marked as «) and by the successful termi-
nation action \/, not user definable; therefore, we have 3 = A U {\/}. The notation

[Z1/y1,- .., Tn/yn) means that y; is replaced by 2; for i = 1,...

n.

bl

Operator

Operational semantics

Informal meaning

deadlock, inaction

successful termination

action

alternative composition

sequential composition

recursion

e— — 6

a—a—¢

B1 — CI\/-—-* ]3;
By + By — a\/—~ /3/1

BQ—CL\/—%B(/)
Bl-{-BQ—-a\/-—‘*Bé

Bl — Cl.\/ — B?
By - By —a\/ — B{ - B

Bi—/— 6 By—ay — B

Bl-BQ-—a\/-—B.IZ
Bl-—a.—:~6
B1~Bg-a-—;b

BlrecX.B/X]—ay — B’
recX.B —ay/ — B’

it denotes a process which
cannot perform any action

it models the process able to
emit the successful termina-
tion signal \/

it models a process which can
perform the action a

the actions of the process are
the set of possible actions of
By and Bs

this operator allows sequential
process composition

the actions of the process are
those of the behaviour expres-
sion B replacing the recursion
variable X with recX.B

Table 3

On LTSs several equivalence relations are defined; among them we consider the bisimu-
lation equivalence [15] and so we will refer to the operational semantics of BPAj ... as
’

bisimulation semantics.

<t




The operational semantics of BPA§ rec 1s not in contrast with the semantics induced by
the axioms and by the inference rules of Table 1 since the I/T'Ss derived by the application
of the operational semantics rules can be seen as elements of the set of finitely branching
process graphs.

4 A Branching Temporal Logic for BPAs .

Since we are interested in giving the temporal semantics to BPAg o, and the behaviour
expressions in the above language can be modelled by finite or infinite, discrete in time,
sequences of actions, we will define a branching time temporal logic having as models finite
or infinite structures.

We choose a standard branching time logic, C'TL, with the addition of a maximal fixed
point constructor and a new logic operator, the chop hranching, to define the branching
temporal semantics of our language.

The atomic formulae of temporal logic are horrowed from the action set A U {4/} U
{false,true} (we will call them action predicates). The operators that we will use are the
usual first order logic connectives:

-, V, A\;

together with the usual temporal operators:
AX EX, AN N,

a maximal fixed point constructor:
ve.d(x),

and the new logic operator chop branching:
Co.

In order to define the semantics of temporal logic formulae, we need to introduce the
concept of model. A model is a 4-uple (9, sp, R, L), defining a Kripke structure M, where:

e S is a non-empty set of states;
e sgp € S is the initial state or “root” of S
e R is arelation on S defining the structure of the model; the properties of R are:

(i) Vs € S, (s,s) € R and (s,sp) & R;
(ii) Vs,s" € 5, (s,sY e R=> (V5" € S~ {s}, (s".¢') € R);

(iil) Vs € S—{so0}, Is1,..., 80 € S such that (so.s1), (s1,52),. .., (Sn=1,5n), (Sn,s) €
R;
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o L :S — 2F™P j5 4 mapping from S to the powerset of Prop (the set of atomic
propositions, Prop = AU {\/} U {true, false}). We have:

(i) Vs € S, true € L(s) and false ¢ L(s);

(i) Vs € S,Va,b e AU{/},if a # band a € L(s) then b & L(s). (This means that
only one action can be performed in a transition, and implies that (a Ab) = false
if a # b);

(iii) Vs € S — {s0}, Ja € AU{V/}, such that a« € L(s).

Now we can reach the state s’ from s via the occurrence of an action a if and only if
(s,s'y € R and a € L(s').

The formulae of temporal logic are interpreted on the states of a Kripke structure M;
by s l=mr @ we indicate that a state s in a model M satisfies a formula ®.

Informally, EX ® means that if next states exist then a next state exists which satisfies
®. The formula EX!® means that a next state exists which satisfies ®. Moreover, AX ®
means that if next states exist then all next states satisfy ®; the formula AX!® means
that a next state exists and all next states satisfy ®. Also, we have that every state
satisfies true and no state satisfies false.

Note that by ®*(true) we denote the temporal formula &(d(... ®(true)...)) k-times.
The maximal fixed point constructor vz.®(z) denotes the maximal solution to ¢ = ®(z),
which exists if the function ®(z) is monotonic and continuous. The monotonicity require-
ment can be ensured by the appearance of the temporal formula z in ® under an even
number of negations [2] and continuity derives from the continuity of all logical operators.

The chop branching operator is an extension, in branching temporal logic, of the chop
operator introduced in [3] for linear temporal logic. The formula ® Cg ¥, where @ is an
atomic proposition, holds, for a state s of a model Af, if the submodel of M whose root
is s can be decomposed in a model My whose root satisfies ® and in a family of models
{M;}ier whose roots are states satisfying the formula W,

Now we show formally, by means of the satisfaction relation, the meaning of the

vCTL + Cq operators.

e propositional connectives

SEmMQ i QeL(s)

s FEp —® iff  not (s Eym P)

sEM®VY T (s Em ®)or (s Ear W)

s }:M AT aff (S }:]\/[ (I)) and (S f:]\// )

e branching temporal operators

sEM AX® it R(s)={}orforall s € R(s), s =y ®
sEMEX® i R(s)={}orexists s’ € R(s):s =p @
sEMm AX!'® iff  R(s)# {} and for all s’ € R(s), s’ =y @
sEm EX!® iff R(s)# {} and exists s’ € R(s): ¢ = @

-1




e maximal fixed point constructor
s Em ve.®(z) i s Ea Ap>o®"(true) where ®°(x) =z and @"F'(z) = &(2"(z))
e chop branching
s Em ®Co ¥ iff there exist a possibly empty set of indexes 7, a submodel
Mo = (So U {si}ier U {fitier, s, Ro, Lo)
and a family of submodels, of cardinality equal to the number of elements of I,
{M }zel = { iy si R /z)}vﬁe]
such that:
e SoU{si}icr C S;
o {fiiertNS={}
o —3s' € SoU{s;}ier: (si,8') € Ropforallie/;
o Ro={(s,s"Ye R:5,s" € SoU{si}ics} U{(s: [i), for i €1};
o L(s") #Qif s’ € SoU{s:}ier;

n_ ) L(s") if s’ € SoU{si}iers
.LO(S)_{Q ifS/:fi‘fOI'iEI

o {si} = (SoU{sitierU{fitier) N Si, forallie [
e S;CS foralliel;

e MierSi = {};

e Ri={(s,s"YeR:s',s" €85;} forall igl:

e Li(s') = L(s') fors'€S; and for i€ [

o Vs’ € S such that s’ is reachable from s by means of R (that is there exist s1,...,8, €
S such that (s,s1),(s1,82), .., (Sn=1,54),(s,.5") € R) then or s’ € So U {s;}ier or

s’ € S; for some i € I;

o skm, @ Aier siEm ¥

Adequacy

As we are interested in reasoning in a temporal logic £ on terms of a process language
P, with an associated operational semantics, we need to assoclate to processes in P the
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sets of properties (formulae in £) which they satisfy. This requires to define the satis-
faction relation =C P x 7T, written p | @ and read "p satisfies the property ®”. The
definition of this relation induces an equivalence =, between processes which enjoies the
same properties. Formally, we define:

p=c q if and only if F(p) = F(q)

where:

f(p):{@;(bgﬁ/\p}:q)}

Now, if &C P x P is the equivalence defined on the operational semantics of the process
language P, it is possible to define a relation between &~ and =¢:

A logic £ is adeguate [17] w.r.t. an equivalence (=) defined on a given process language
P, if for every pair of processes p and q:

p=r q ifand only it p~q.

In [7] it is shown that CTL is adequate with respect to strong bisimulation on Kripke
structures; in this case adequacy is not lost when enriching the logic with new operators,
as the maximal fixed point and the chop operator. We can extend this result to strong
bisimulation on BPAg ... by relating the models of the logic and Labelled Transitions
Systems: they differ only because in the former labels are associated to states while in the
latter they are associated to arcs. We can transform each other shifting the information
from states to arcs or viceversa [13]. Therefore, vC'T'L + Cp is adequate w.r.t. strong
bisimulation on BPAg ... terms.

5 Expressiveness of vCTL + (g for BPAg ...

Now, we can define a stronger relation between a process language and a logic, based on
the notion of fully abstractness: informally a logic 7 is fully expressive (a refinement of
the ezpressiveness relation given in [17]) w.r.t. an equivalence relation =, defined on a
process language P, if and only if it is possible to define a semantics M for P such that
the denotation domain of M is £, and M is fully abstract with respect to the operational
semantics defining ~.

A logic £ is fully expressive w.r.t. an equivalence relation (~) defined on a process
language P, if it is adequate and for every process p € P there exists a compostitonal logic
semantics M(p) € L such that:

M(p) = M(q) il and only if p=yq

Theorem 5.1 vCTL+Cg is fully expressive for BPA .. with respect to the bisimulation
equivalence.



Proof (by construction): The theorem is proved giving a denotational semantics to
BPA6 - where the domain of denotations is vCT'L + Cg in order to produce a semantics
fully abstract with respect to bisimulation equivalence. The branching temporal semantics
of BPAé,rec is shown below. It is defined by means of the semantics function M and the
auxiliary functions S, £.

Hence the type of the semantic functions is:

M :BPAg .. — logic formulae
S BPA5 rec — logic formulae
T BPA(S rec — logic formulae

Forall B# recX.B, B# X, B# B1-B; inB PAg ;oo we have:
M(B)=S(BYANAN T(B)

moreover we define:

M(recX.B) = va. M(B)

M(X) ==
M(By - By) = /31)(\/ M(B3)
e deadlock, inaction
S(6) = true
T(6) = false

The meaning of an inaction behaviour is
M(6) = true A AX false = AN false;

the states satisfying this logic formula are states without successors because § is a com-
pletely inactive process and so it does not admit any tvpe of transition.

e successful termination

S(¢) = EX1(/ A M(6))
T(€) = / A M(6)

The meaning of successful termination is:
M(e) = EXT(/ AM(E)) AAX (VA M(6)).

The meaning M(¢) is true for states which admit successors verifying AM(6) and to which
we arrive through the execution of the special action \/. The logic formula AX (\/AM (8))
guarantees that different successors cannot exist.

e action
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S(a) = EX!(a A M(e))
T (a) = aAM(e)

The meaning of the action operator is:
M(a) = EX(a AM(€)) A AX (a A M(e)).

The meaning M{(a) is true for states which admit successors verifying M(¢) and to which
we arrive through the execution of the action . The logic formula AX (a A M(¢)) guar-
antees that different successors cannot exist.

e alternative composition

S(B1 —+ Bz) = S(B1) /\S(BQ)
T(Bl + Bg) = T(B]) \Y T(Bg)

The meaning of the alternative composition behaviour is:
M(By + By) = S(B1) AS(By) AAX (T(B1)V T(By)).

The meaning of the choice operator is true for states admitting both behaviours described

by Bl and Bz.
e sequential composition

M(By - Ba) = M(B1) Cy M(B)

S(By1 - Ba) = §(B1) Cy M(Bs)

T(By - Bg) =T(B1)CyM(B2)

The meaning of the behaviour expression By - By is true for states verifying the logic
formula M(B1)C,y M(Bz). The C,/ operator simulates the behaviour of the sequential
composition construct.

e recursion

M(recX.B) = ve. M(B)
M(X)==z

S(recX.B) = 8(B) [ve. M(B)/z]
T(recX.B) = T(B) [ve. M(B)/z]

The meaning of recX.B is the maximal solution of the equation 2 = M(B).

The semantics M is fully abstract with respect to bisimulation semantics of BPA§ rec-
Since we have a compositional constraint, the fully abstractness relation reduces to:
M(p) = M(q) if and only if p=~q.

For the if-direction of the proof we show that the M function respects the laws of
bisimulation on BPAé,reC' For the other implication we show the correspondence between
the transitions of a generic process and its M-formula using inductive arguments. For the
complete proof see the Appendix.
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6 Conclusions

We have given a temporal semantics for BPA5 ... fully abstract w.r.t. bisimulation equiv-
alence. The advantages of the temporal semantics approach when providing the semantics
of concurrent programs can be summed up in the following observations:

(i) verifying that a program satisfies a given property (expressed by a temporal logic
formula) is reduced to verifying that the formula expressing the temporal meaning
of the program logically implies the given property formula;

(i1) verifying the equivalence of programs is reduced to verifying logical equivalence.

These observations make it possible to unify these two verification problems, as they
amount to checking the validity of a logic formula.

The temporal semantics of BPAé,rec has required the definition of a new logic operator,
able to model sequential composition. The obtained logic is obviously more expressive than
temporal or modal logics as vCT'L and p calculus; in fact, the addition of the chop operator
permits to express context-free processes. The interest in this logic is not limited to the
temporal semantics presented in this paper, but it provides a general specification language
able to express the behaviour of processes defined by means of sequential composition.

It is therefore our intention to study more deeply the logic vCTL + Cg, in particu-
lar its expressive power and the applicability to it of algorithms to decide bisimulation
equivalences on context-free processes [1,12].
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Appendix

Proof of Theorem 4.1
a
Lemma A.1 p—/ Va iff S(p) = true.
Proof.
By structural induction; only if:
(i) p=25
6 -~ Va and §(6) = true;
() p=p+p"
a a @
P +p” -/~ Va implies p’ -4+ Va andp”’ -4~ Va. We have, for the induction
hypothesis: 8(p’) = true and S(p”) = true and then S(p' +p") = S(PYA SP') =
true;
(i) p=p'-p”
a a
p' - p”" -/~ Va implies p' -/~ Va. For the induction hypothesis S(p') = true and
then S(p" - p") = S(p') Cy M(p") = true C y M(p") = true;
(iv) p=recX.q(X)

recX.q(X)—/a—> Va 1mplies g(recX.q(X —7L— Ya. For the induction hypothesis
S(g(recX.¢(X))) = true and so S(recX. q(X)) = S(q(recX.q(X))) = true.

if:

(1) S(6) = true
6~ Va;

() SG +5") = SW) A S = true
then we have S(p) = true ed S(p”) = /7 ue and for the induction hypothesis p’ -/~
Ya andp”% Ya. Therefore p -|—p”—7L~ Ya;

(iii) S’ p")=8)CyMp") = true
for the definition of the operator C|, we have that S(p') = true. Then for the
induction hypotesis p —7’——> Va and so p’ - p’ ~7L Va;

(iv) S(recX.q(X)) = true
since S(g(recX.q(X))) = 8(recX.q(X)) we have that S(g(recX.q(X))) = true and
for induction hypothesis g(recX.q(X)) 7L— Va. Therefore recX. q(X)—;L» Va. =
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Lemma A.2 p7?—> Ya iff T(p)= false.
Proof.

Is analogous to that of Lemma A.1.

Lemma A.3 p -2 p' iff S(p) = EX!(a AM(P)) As.
Proof.

By structural induction; only if:

(i) p=e

¢ o5 and S(e) = EX!(y/ A M(6)):

(li) p=a

(iii)

(iv)

a ¢ and S(a) = EX!(a A M(e));

p=p1+p2

if p1 +p2 — p’ then py == p’ or py — p/; for the induction hypothesis we have:
S(p1) = EX!'(aAM@))As or

S(p2) = EX!{a AM(p)) As".

Therefore S(p1 + p2) = S(p1) A S(p2) = EX{a AM(P)) As;

P=Dp1P2

p1-p2 — p' implies p; —— p} with p’ = p| - py; for the induction hypothesis we
have that S(p1) = EX!(a A M(py)) A s’ Therefore 8(py - p2) = S(p1) Cy M(p2) =
(EX!(aAM(p)) As') Cy M(p2) = (EX ! (a AM(p})) Cy M(p2)) A5 C) M(pa) =
EX'a AM(@P, -p))As=EX!(a AM(P))As;

(v) p=recX.¢(X)

if:

@

recX.q(X) = p’ if and only if ¢(recX.q(X)) —= p’. Then for the induc-
tion hypothesis S(g(recX.¢(X))) = EX!(a AM(p)) A s and so S(recX.q(X)) =
S(g(recX.q(X))) = EX!(a AM(p)) A s.

(i) p=ce¢

S(e) = EX!(\/ AM(8)) ande ~, b;

(i) p=a

(iii)

S(a) = EX!(a AM(e)) and a == ¢;

P=p1+p2

S(p1+p2) = S(p1) AS(p2) = EX! (a AM(p')) As; this implies that:

S(p1) = EX(a AM(p')) Asy or

S(p2) = EX!(a AM(P)) A sq.

For the induction hypothesis we have p; —— /' or py — p/ and so py + py — p';




(v) p=p1-p2 |
S(p1p2) = EX! (aAM(p'))As = (EX ! (aAM(€)) Cy M(p'))As = (S(a) Cy M(p"))A
s = 8(a-p') A's. This implies that p; - p» = a - p' + p” where S(p") = s; since
7 " e 7 a7,
a-p +p" — p' we have that p; - py — p/;

(v) p=recX.q(X)
S(recX.q(X)) = S(g(recX.q(X))) = EX{aAM(p'))As; for the induction hypoth-
esis we have that g(recX.q(X)) == p' and sorecX.¢(X) = p'. B

Lemma A.4 p -2 p' iff T(p)=(a AM(P)) VL.
Proof.

Is analogous to that of Lemma A.3.
Lemma A.5 If p 25 p; (t=1,...,n) are the only transitions of p then:
S(p) = ANi=t,..0 EX(a; A M(p;)).

Proof.

By contradiction.
From the Lemma A.3 we have S(p) = Ai=1,....n EX! (a; AM(p;)) As; if the thesis not hold
then we have s = EX!(bAM(g)) A s’ and for all i = 1,...,n a; # b or M(p;) # M(q).

But for the Lemma A.3 p LN g so we have a contradiction. ]
Lemma A.6 If p 2% p; (i=1,...,n) are the only transitions of p then:
T(p) = Vi=1,...n (ai A M(p;)).

Proof.
Is analogous to that of Lemma A.5.
Lemma A.7 If S(p) = Ni=1,...n EX!(a; A M(p;)) then 3qq, ..., gy such that:

e Vic{l,...,n}3je{l,...,m}:p == q; and M(p;) = Mq;);

e Vie{l,...om} I e{l,...,n}:p 2 q; and M(p;) = M(g5).
Proof.

Since S(p) # true, we have, for the Lemma A.1, that 3qy,..., ¢m, b1, ..., by such that

b
the transitions of p are p — ¢; (j = 1,...,m); for the Lemma A.5 we have that S(p) =
Nj=1,...m EX1(b; AM(q;)). Hence Ai=1,..n EX! (a; AM(pi)) = Ai=1,...m EX1(bj AM(g;))

and this implies the thesis of the Lemma. B

Lemma A.8 If T(p) = Vi=1,..n (a; AM(p;)) then 3qy, ..., qn such that:
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eVie{l,...,n}3je{l,...,m}:p = q; and M(p;) = M(qgj);
e Vic{l,...om}3ie{l,...,n}:p=t g and M(p) = M(p;).

Proof.

Analogous to that of the Lemma A.7.

Lemma A.9 p—;L Va iff M(p)= AX false.

Proof.

By structural induction:

(1) p#recX.q(X), p#p1-p2
M(p) = S(p) ANAX T(p) and the result follows immediatly by the Lemmas A.l and

A2,
(i) p=p1-p2; only if:

P1 P2 j—» Va implies py 7’a—> Va. For the induction hypothesis M(p) = AX false
and so M(p) = M(p1) Cy M(p2) = AX false C g M(p2) = AX false.

If:

M(p1 - p2) = M(p1) Cy M(p2) = AX false

for the definition of the operator C|, we have that M(p1) = AX false. Therefore

a a
for the induction hypothesis p; -4~ Va and so we have that p; - po -~ Va;
(ii1) p=recX.q(X); only if:

recX. q(X)7Z> Va implies g(recX.¢(X)) ~7ZI~— Va. For the induction hypothesis we
have that M(g(recX.q(X))) = AX false andso M(recX.¢(X)) = M(q(recX.q¢(X))) =
AX false.

If:

M(recX . ¢(X)) = AX false

since. M(recX.q(X)) = M(q(recX.q(X))) we have that M(g(recX.q(X))) =
AX false and for the induction hypothesis g(recX.q(X)) -~ Va. This implies

recX.q(X)7Z> Ya. B
Lemma A.10 M(p) # AX false implies3py,... pm,ayr, ... ay:
M(p) = Ni=1,...m EX(a; AM(pi)) AN AX (Viz1..m (@i A M(p;))).
Proof.

By structural induction:

(i) p#recX.q(X), p#p1-p
M(p) = S(p) ANAX T(p) and the result follows by the Lemmas A.5, A.6 and A.9;
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(i) p=p1-p2
if M(p1 - p2) £ AX false then from the Lemma A.9 we have that Jp;,...,pm,
ai,...,an such that the transitions of p, - ps are py - ps —= p; (i = 1,...,m); this
implies that 3p),...,pl.,a1,...,am, such that py == p! where p; = pl -ps (i =
1,...,m). Since from the Lemma A.9 we have M(p1) # AX false, for the induction
hypothesis we have that M(p1) = Ai=1,...m EX!(a; AM(P)) AN AX (Viz1,...m (@i A
M(p;))); therefore M(py - p2) = M(p1) Cy M(p2) = (Ai=t,....m EX(a; A M(p})) A

AX (Vi=1,.m (a:AM(p0)))) Cy M(p2) = Aizi,oom EX (@ AM(Pip2))AAX (Viz1,..m (@A

ey

(iii) p = recX. ¢(X)
M(recX.q(X)) = M(q(recX.q(X))) £ AX false; for the induction hypothesis we
have that 3p1,...,pm,a1,..., am such that M(g(recX. ¢(X))) = Aiz1,...m EXHaiA
M(pi)) AN AX (Viz1,...m (ai A M(p;))). This implies that M(recX.q(X)) =
M(g(recX. q(X))) = Ni=t,..om EX(a; AM(pi)) AAX (Viz1,m (s AM(p))). =

Lemma A.11 M(p) = M(q) implies p and q are bisimilar (p =g in the following).
Proof.

For the Lemma A.10 we have only two cases:
1. M(p) = M(q) = AX false »
for the Lemma A.9 we have p—/+ Va and g—/~ Va and so peg;

2. M(p) = M(q) = Ni=1,..m EX ! (a; AM(pi)) AAX (Vim1,.m (ai A M(p;)))
let p LI p; for the Lemma A.5 and A.6 we have that 3¢ € {1,...,m} such that
a; = b and M(p;) = M(p’) and, for the Lemma A.7 and A.8, we have that 3¢’ such
that ¢ — ¢’ with M(¢') = M(p;). Thus M(p') = M(q') and for the induction
hypothesis p’ < ¢'; wecan repeat this reasoning for any transition of p and ¢ and so
we have pe—gq. B

Lemma A.12 pe g implies M(p) = M(q).
Proof.

We will apply the semantic functions M, & and 7 to the left and the right sides of
bisimulation’s axioms of BPAg ... and we will show that these functions preserves the
equalities:

() z+y=y+e
MiE+y) =S+ y) AAXT(z+y) = S(2) AS(Y) AAX (T(2)VT(y) = Sy) A
SEINAX (T(y)VT(2) =S(y+2)ANAXT(y+2) = M(y + z);

(i) (z+y)+z=z+(y+2)
M(z+y)+2) =S(2+y)+2)ANAX T (24 y)+2) = S(e+y) AS()ANAX (T (2 +
YVT(2)=S@EANSYWASEAAX(T(2)VT(y)VT(2)=8)AS(y+2)A
AX (T()VT(y+2)) = S(a+ (g + ) AAX Tla+(y+2)) = Mz + (y + 2);




(i) z4+z=2
ME+z)=8E+2)ANAXT(z+2)=S@)ANS@)ANAX (T(x) VT () = S(x)A
AX T (z) = M(z);

(iv) (z4y) z=2-2+4y-=
M((z+y) 2) = Mz +y)CyM(z) =
(S (w)/\S(y)/\AX(T(w)VT(y))) v M(2)
AX ((T(z) Cy M(2))V(T (y) C\/M( N =
Mz - z+y-z);

(v) (z-y)z=2-(y 2)
M((z-y)z) = M(zy) Cy M(z) = (M(x) Cy M(y)) Cy M(2) = M(z) Cyy (M(y) Cy M(2)) =
M(z) CyM(y - z) = M(z - (y - 2));

b(L —I— 1/) NAXT(z + y))CyM(2)
= (8(2) Oy M(2)) A (8(y) Cy M(2))
(L z /\S(J DINAX (T (2-2)VT (y-2))

>l

(vi) z+6==2
ME+6) =S+ ANAXT(z+6) =S(x)A
true AAX (T (z) V false) = S(e) NAX T (2) =

(vii) 6-0=6
M(6 - z) = M(8) Cy M(z) = (AX false) C gy M(x) = AX false = M(6);
(viii) recX.p(X) = p(recX.p(X))

M(reeX. p(X)) = ve. S(p(X))AAX T (p(X)) = S(p(recX. p(XINAAX T (p(recX. p(X))) =
M(p(recX. p(X))). =

AS(8) A AX (T(2) VT(6) = S(z) A
M(x);

Theorem A.13 The temporal semantics M is fully abstract with respect to bisimulation
semantics of BPAg ..., I.e. M(p) = M(q) if and only if p=gq.
Proof.

Follow by Lemmas A.11 and A.12.
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