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Abstract

The most widely used prediction intervals in empirical time series anal-
ysis are of plug-in type, i. e., the empirical estimates of model parame-
ters are inserted into formulae for prediction intervals which are obtained
from a theoretical analysis of the time series model. Several authors have
pointed out that such model-based prediction intervals are too narrow, i.
e., that the actual confidence level is smaller than the nominal confidence
level. The reason is that the uncertainty contained in the parameter esti-
mates is not taken into account in the prediction interval. We investigate
this problem for exponential smoothing under covariates with additive
trend and additive season. We determine alternative prediction intervals
by analysing a linearisation of the underlying model with linear model
methods. Two simulation studies based on electricity load data and on

sales data confirm the reservations about the plug-in prediction intervals,
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whereas the intervals based on the linearisation approach are significantly
better, and perform very well, with actual confidence levels close to the

nominal.

Keywords: Point forecast; Prediction interval; Exponential smoothing with
covariates; Damped additive trend; Additive season; Linear model; Electrical

load forecasting; Sales forecasting

1 Introduction

The core interest of statistical time series analysis is forecasting a future value
Yitn of a time-indexed phenomenon, based on the observed process history
Hi = (Yi,Yio1,...) up to time ¢. The forecast may be a point forecast Y,
or an interval forecast Byyp); under a prescribed confidence level « such that
P(Yiin € Biyni) > -

The theory, software implementation, and industrial practice of time series
has strongly been concentrating on point forecasts. A large variety of time
series models and related point forecasting algorithms have been suggested in
literature. Three approaches have had particular influence in industry: i) The
autoregressive moving average (ARMA) and autoregressive integrated moving
average (ARIMA) forecasting methodology, introduced by Box & Jenkins with
the first edition of their book in 1970'. The method is based on a precisely stated
model which allows to derive optimum point forecasts. It has become a standard
both in applied sciences and in industry, and has been implemented in numerous
software solutions for forecasting purposes. ii) R. Lewandowski’s?'3 FORSYS
scheme is less known in applied sciences, but very popular in various industrial
branches, mainly due to its embedding in the forecasting systems for demand
planning and logistics offered by the Marketing Systems company founded by
R. Lewandowski. FORSYS has a clearly stated forecasting algorithm, but lacks

an underlying time series model. iii) Exponential smoothing (ES) dates back to



the work of R. G. Brown* and C. C. Holt® in the 1950s for purposes of inventory

management, see section 2 for the evolution of ES.

The issue of prediction intervals has been receiving considerably less atten-
tion than point forecasts. For long, prediction intervals had few significance in
statistical software packages. Some, like Statistica, still do not support predic-
tion intervals at all. In others, like SPSS, prediction intervals are supported
by add-on modules. Poorness in prediction intervals continues to be a weak
point of forecasting software, see the review by Kiisters et al”. Among popu-
lar textbooks, some neglect prediction intervals completely®, others? invest few
effort into the subject, in comparison with the efforts made to build models
and derive optimum point forecasts. However, the low priority given to predic-
tion intervals in statistical methodology seems to be contrary to the interest of
forecasting practitioners, see, for instance, the empirical survey conducted by

Collopy & Armstrong'°.

In the theory of statistical time series analysis, the by far most popular
approach to prediction intervals is what Ord et al.® call the plug-in method
(PIM). Consider a parametric time series model indexed by a parameter vector
0. The model provides a parametric unbiased h-step ahead forecast function
Yitnit = Pin, (0), where Yy p), is the forecast for time ¢ + h made at time ¢,
and H; is the observable time series up to time ¢. The distribution Fg ;4 of
the forecasting error Dy yp s = Yiyn — Yiqn)e is studied in dependence of 6, in
particular the forecasting variance o? nyt(0). An estimator 0 for the parameter
0 is obtained by fitting the model to available observations Y7, ..., Y7 in the
sense of minimising a fit criterion like the mean square error (MSE) or the
mean absolute percentage error (MAPE). Then a prediction interval can be

obtained by evaluating the estimated distribution F; of the forecasting

0,t+h|t

error Dy ;. The most popular approach is to start with a suitable normal

distribution assumption in the base model, which leads to a normally distributed



forecasting error Dy p|;. Then the PIM prediction interval B, |, of nominal

confidence level 7 is

Bt-‘,—h\t = (Yt+h|t - ZUt+h\t(9)§ Yt+h\t - ZUt+h|t(0)) (1)

where z = 2n(0,1)(0.5(1 + 7)) is the 0.5(1 + ) x 100 % quantile of the normal
distribution N (0, 1).

It is crucial that the actual confidence level does not fall below the nominal
confidence level 7, i. e., that P(Y;y, € B) > 7. Customary predicticion inter-
vals of the PIM type offend against this requirement, i. e., the actual confidence
level is smaller than the nominal confidence level . The intervals use to be
too narrow, suggesting a precision of inference which is actually not feasible at
the stipulated level of confidence. This phenomenon was demonstrated Makri-
dakis et al.'? in a broad empirical study on the time series used in the 1982

M-competition!!.

Chatfield '3 lists 4 potential reasons: 1) wrongly identified
model, 2) true model changing over time, 3) nonnormal error distribution, 4)
insufficient account for the error in estimates of model parameters. The rea-
sons 1), 2), and 3) are of general nature, and affect any method for calculating
prediction intervals. The reason 4) is the specific problem of the PIM approach.

Several remedies against excessive narrowness of prediction intervals have
been suggested, see Chatfield’s'? review. We concentrate on the problem 4) of
accounting for the effect of the error in parameter estimates on the estimation
of the forecasting error distribution. Basically two approaches may be taken:
i) Reduce model dependence by infiltrating parameter-free elements into the
analysis of the forecasting error distribution. For instance, Gardner!# (1988)
suggested to estimate the h-step ahead forecasting variance Uf bt directly from
the training data without referring to the underlying model, and to replace the
normal distribution quantile z in (1) by a value calculated from the Chebyshev

inequality. This approach is robust, but produces excessively wide intervals

which are hardly of use in industrial or scientific practice. ii) Evaluate the



effect of parameter estimation error on the estimation of the forecasting error
distribution. Unfortunately, the nonlinear nature of time series models prevents
against obtaining useful analytical results in a straightforward manner. One
way out is to resort to simulation methods. Another option is to transform the
nonlinear problem into a linear scheme that can be dealt with the techniques
of regression analysis. This approach has been considered by Ord et al.® in the

context of exponential smoothing.

The present study applies a modified version of the approach of Ord et al.®
to exponential smoothing with covariates. For time series analysis under co-
variates, the problem with PIM is particularly serious, since the coefficients of
the external variables increase the number of parameters to be estimated, see
the remarks in section 7. The study is organised into the following sections:
section 2 reviews exponential smoothing, in particular, prediction intervals used
in exponential smoothing. The linear single source of error model for expo-
nential smoothing with covariates (ESCov) is introduced by section 3. Section
Empirical fitting and forecasting under the linear SSOE ESCov model describes
empirical fitting and forecasting for ESCov. Section 5 develops the linear expan-
sion of the ESCov model, the statistical analysis of the linearised model follows
in section 6. Approximate prediction intervals based on the linearised model
are developed in section 7. Sections 8 and 9 investigate the actual coverage
probability of the intervals suggested by section 7 in simulation studies based
on time series of electricity load data from the Italian market and on sales data
from a major German company. To illustrate the consequences for empirical
forecasting, the approximate prediction intervals are applied to the prediction

of electricity consumption in section 10.



2 Review of exponential smoothing

The basics of exponential smoothing (ES) were developed by R. G. Brown?* in
the 1950s for purposes of inventory management. Holt® and Winters'® added
methods for treating linear (additive) trends and additive and multiplicative
seasonality. This work provided the scheme for further extensions, in partic-
ular, the damped additive trend considered by Gardner & McKenzie'6, the
multiplicative or exponential trend introduced by Pegels!” and extended to a

8

damped version by Taylor 8. 1920

Gardner provides a detailed survey of the

historical evolution and the various facets of ES.

For a long time, ES was often considered as a heuristic forecasting technique
without a precise model foundation which guarantees optimality. The essential
step towards a solid and general model framework was achieved with the single
source of error (SSOE) state space scheme presented by Ord et al®. In particular,
the state space formulation allows to demonstrate the optimality of the classical
ES predictors by deriving them as conditional expectations in the SSOE model.

1'21

Hyndman et a elaborate the SSOE approach to a broad taxonomy of ES

methods.

Box & Tiao?? (1975) initiated the study of ARIMA models under exoge-
neous covariates, so-called ARIMAX models. An analogous model extension for
ES was coined by Wang?? (2006) as exponential smoothing with covariates (ES-
Cov). The ESCov model has recently been generalised to multiple additive and
multiplicative seasonality in the context of electrical load forecasting??. The
subsequent sections restrict attention to the linear SSOE ESCov model with

one additive seasonality, see the model description in section 3.

Approaches to prediction intervals for ES have been of PIM type, in the
majority. The essential step is to express the prediction variance as a function
of the smoothing parameters. Without an underlying time series model, Yar

& Chatfield?® and Chatfield & Yar?S solved the problem for the Holt-Winters



smoothing method (linear trend, additive and multiplicative season) by stipulat-
ing that the smoothing algorithm leads to independent residuals. Hyndman et
al.27 (2005) give a broad survey of analytical expressions for the variance based
on state space models. Further references are provided by Gardner2® (2006)
who conjectures that “analytical prediction intervals will almost certainly prove
to be too narrow”. In a simulation study based on tourist arrival time series,

1'29

Kim et al.“” obtained relatively good actual confidence levels for PIM prediction

intervals at a nominal 95 % level. For ESCov, PIM prediction intervals based
on SSOE models are provided by Wang?? (2006) and G&b et al.?4, see section
4, below.

3 The linear single source of error model for ex-
ponential smoothing with covariates

We consider the ESCov model ADT-AS (additive damped trend, additive sea-

son) defined by the observation equation
Y, = o1+ oA +B m+ & (2)
and the state transition equations
pt = p—1+ 01 + a1, Ar = dAr1 + ol (3)

et = er—q+ azés. (4)

The components of the model equations (2), (3), (4) are: i) the time indexed
datum Y;; ii) the states, namely: ii.1) the series level i, ii.2) the trend increment
Ay, 1i.3) the seasonal parameters ey, ..., e;—q41 where d is the seasonal lag; the
vector ¢y = (L1, ..y xtk)T of the levels of k covariates; iv) the vector of covariate
coefficients 3 = (B4, ..., Bx) '; v) the error or residual &, which acts as a noise

with E[&] = 0 in the observation equation and in the state transition equation;



vi) the smoothing parameters 0 < «; < 1 for the level, 0 < ay < 1 for the
trend increment, 0 < a3 < 1 for the season; vi) the trend damping coefficient
0 < ¢ < 1. A description of the model as an instance of a linear SSOE state

state scheme is provided by Gob et al.??.

In an empirical context, Y; and x; are observable. All other quantities
are unobservable or unknown, and have to be estimated from observations
Y;. For an abbreviated notation, the states are assembled in the state vec-
tor uy = (g, Ag, €4y ..yei_qy1) ', and the smoothing and damping parameters
in the vector o = (a1, a2, 3,¢) . The total parameter vector 8 = (OLT,BT)T
includes the smoothing parameters and the coefficient 3 of the exogeneous co-

variates.

A variety of specific model instances are obtained as reductions or special
cases of the model ADT-AS defined by (2), (3), (4), namely: i) NT-NS: no
trend, no season; ii) AT-NS: additive trend, no season; iii) ADT-NS: additive
damped trend, no season; iv) NT-AS: no trend, additive season; v) AT-AS:
additive trend, additive season; vi) ADT-AS: additive damped trend, additive
season. The undamped trend AT is obtained by letting ¢ = 1. Models NT
without trend and NS without season are obtained by omitting the respective

components of the state and parameter vector.

Subsequently we restrict attention to independent and homoscedastic resid-
uals (£;) with constant variance V[¢;] = 7. With some more technical efforts,
the results can be adapted to autocorrelated residuals, and also to the case
of multiplicative residuals analogously to the approach by Hyndman et al.?!
under exponential smoothing without covariates. Under independent and ho-
moscedastic residuals the minimum mean square error (MMSE) h-step ahead
forecast conditioned on observations up to time ¢ is2*

h
Yienp = ety & Di+eny i+ B Tirn (5)

j=1



with the conditional forecasting variance?*

Ui%twﬂt = V[}/t‘f‘h‘t] =

h—1 s—m. 2 ) ) (6)
{ Z [ozl + g Z o+ Oég]l{d(l_,’_\_s—w;flj)}(s - m)} } O¢ +0¢.

m=1 i=1

4 Empirical fitting and forecasting under the

linear SSOE ESCov model

Consider a time series (Y;) which is assumed to follow an ESCov SSOE model
as described in section 3. Let Y7,..., Y be T successive observations from the
series. The estimation procedure of the model parameters has the following
modules i), ii), iii).

i) Tterative estimation of state vectors and residuals under known parameter
vector 0: i.1) Provide a starting value ug for the state vector. i.2) Estimate the
residual &; from the forecasting error by fAl =Y - 5Iu0 — 3"z, and estimate
the state vector u; from t, = Gaug + waéi. 1.3) Continue the pattern i.2) to

estimate successively &1, ...,&r and wq, ..., wr as functions of wyg.

ii) Estimation of the parameter vector parameter vector 8 = (o', 3")7 and
of ug: Estimate «, 3, and wg by minimising an appropriate fit measure. If
k-step ahead forecasts are intended, appropriate fit measures are the empirical
mean square error MSE;(0) = 1+ Z;TF:_lk (Yigr —Yiikje)? or the empirical mean

absolute percentage error MAPE(0) = =+ Z;TF:_lk %

at lead time k,
where Y, s = Y;1+(0) is the forecast defined by equation (5) which depends

on the parameter vector @ and on the associated states estimated by module i).

iii) The final estimates {Al, ey ET are obtained by repeating module i) with the
estimate 6 as an input. The residual variance a? is estimated by the empirical

variance

_ 1 S
Ot ms = 71 2(55 —&)>. (7)



Based on an estimate 5, point predictions Y71 of future instances Yrp are
obtained by replacing @ with the estimate 0 in equation (5). The forecasting
error variance o7, pr 18 estimated by inserting 0 and oz for  and o7 g, respec-
tively, in equation (6). With the estimate U% SR|T plug-in prediction intervals

of the type (1) can be obtained.

5 Linear expansion of the ESCov model

Let Y = (Y1,...,Y7,....,Yryn) " be a segment of a time series (Y;) subject to
an ESCov SSOE model as described in section 3. In the respective empirical
context, let Y7, ..., Y be the observed past observations, and let Y7 1,...,Yryn
be instances at future times T + 1,...,T + h. By the equations (2), (3), (4),
each Y can be expressed as a function of the parameter vector 6, the residuals

&1, ..., &5, and the initial state vector ug. Thus, conditioned on ug, we can write

Y = H(0.6) = (H.(0.¢)) (®)

1<s<T—+h’

where & = (&1, ...,6r4n) " is the vector of residuals. For the model ADT-AS

with one additive season, we obtain the nonlinear functions

s—1 s—m
Hs(e,g) = [041 + o Z ¢1 + a3]I{d(1+Lsﬂ;71D}(S — m)}Sm—i—
m=1 =1 (9)
s d—1
7 . T
NO+AOZI¢ +Zoe—iﬂ{d(1+L%J)_s}(l)+ﬁ s+ &s.

We intend to use methods from linear model theory to account for the effect of
parameter and residual estimation on forecasts. Hence we follow Ord et al.® and
develop a linear expansion of H (0, &) around (E,E) where the entries 21, cny {AT
are the estimates obtained from the observations Y7, ..., Y7, and where the future

values are forecasted as 2T+1 =..= §T+h = 0. Let k' be the dimension of 6,

10



and let N =T + h. Let the N x k' matrix M be defined by

M = —H(0.6),,; =
oe 9
s—1 N s—1 s—m f:§ s—1 N
(S 55008 Sty o mée w0

m=
1 s—m s
~ e i—1 “m—1
Ao Y &m > i A md !, a, :
1<s<T+h

m=1 i=1 m=1

Let the N x N matrix L be defined by

o}
L~ SH.6l, 5 (1)
£=¢
where for 1 <m <s—1
8 S—m ;
EH $(0,6) = artaz Z "+ agll{d(lﬂ;,:,lj)}(s —m), (12)

i=1
H:(0,¢) =1, 85 H(0,€) = 0form > s+1. By first order Taylor expansion
we obtain the approximation
Y ~ H(0,§)+M(0—6)+L(¢—€) = H(H,£)—MO—LE+M6 + L. (13)
——
=z
Let YP = (Ylv"'vyT)T = HP(07€)7 ép = (517"'7§T)T7 Zp = (Zlv"'va)T be
the vectors corresponding to the observed past, and let Y = (Yry1, ..., YT+h)T =
H(0,¢), & = vty éran) "y Zt = (Zpy1, .., Zr1n) | be the vectors corre-

sponding to the unobserved future. We decompose the matrices L, M by

Loy (0] M,
TxT T xh T x kK
L = , M = (14)
Ly, Lg M;
hxT h x h hx k'

where L, Ly, Lg are invertible as lower triangular matrices with 1 on the main

diagonal, see (11), (12). Then

Z, = M0 + L€, (15)
Z; = M0 + prgp + Lff{f, (16)
Y: ~ Hi(8,€) — M0 — L€, — Lak; + Z; (17)

11



6 Statistical analysis of the linear expansion of

the ESCov model

On grounds of the approximation (17) the prediction of the future time series
segment Y'¢ amounts to predicting Zr. The equations (15) and (16) are linear
regression equations with autocorrelated residual vectors L&, and Lg,§, +
Lg&;, respectively, in an unknown parameter vector . Hence linear model
theory can be used for inference on Z;. Ord et al.® undertake a Bayesian
analysis. We use a frequentist approach which provides additional insight into
the problem. See the appendix A for a derivation of the subsequently presented

results.

Considering (15) from linear model theory, we obtain as an unbiased esti-
mator of oF the quantity

~ 1 _ _
Giim = ﬁ(Lp]}ZP)T[I_E]Lp;}ZP (18)

where 7 is the rank of M, and where
-1
S o= LM (L M) (LI My)) (L M,)T (19)

The vector P*(Z,,) of best linear unbiased predictors for the entries of the future
vector Z¢ is
P (Z,) =

-1

(M = Ly L My ) (L M) T (L M) ) M (L) + L | 1) 2,
(20)
If the residuals &1, ..., &4, have the normal distribution N (0, 0?), then the limits

of a level v prediction interval for Zrj are

P*(Zp)k + 2z X 8E=LM X A/ Ukk, (21)

where z = zyp_y(0.5(1 + 7)) is the 0.5(1 + ) x 100 % quantile of the central

t-distribution ¢(T" — r), and where ugy is the k-th diagonal entry of the h x h

12



matrix

U = LgLi+
L (22)
-1 -1 Ty -1 - -1 T
(Mf - prLpp Mp) ((Lpp Mp) (Lpp Mp)) (Mf - LfPLpp MP) :
By Bayesian heuristics, Ord et al.® achieve an interval similar to (20) of the
type point forecast £ z x 0¢ X \/ugx, with the essential difference that z is the
0.5(1 + ) x 100 % quantile of the normal ¢-distribution N(0,1). At the same
variance estimation ¢, the interval (20) is always broader than the interval
suggested by Ord et al., where the difference is particularly noticeable for a

small number T of observations.

7 Approximate prediction intervals

If the ESCov model defined by equations (2), (3), and (4) is warranted, the
k-step ahead point forecast should be the MMSE predictor Yp i defined by
formula (5). The results obtained from the linearisation in section 5 are used to
account for the dispersion of the forecast around Yr4. By equation (17), the
dispersion of a forecast for Y is approximately the dispersion of a forecast for
Zr4) based on the linear model equations (15) and (16). Hence, to obtain an
approximate level v prediction interval for Y75, we replace in the prediction
interval (21) the point forecast P,(Z), by the point forecast Yp . The
general scheme for the prediction interval limits is Y7 — / + co where 52
is an estimate of the 1-step ahead forecasting variance. We have two choices
for the estimator 52: 1) the estimator 8?,1357 see formula (7) in section 4; 2)
the estimator agﬁLM, see formula (18). In the PIM intervals, the coefficient c is
chosen as the 0.5(1 4 ) x 100 % quantile ¢ = zx(9,1)(0.5(1 + 7)) of the normal
distribution N(0,1), see (1). The analysis of section 6 leading to formula (21)

establishes the coefficient ¢ = z X ug, where ugy is the k-th diagonal entry of the

h x h matrix defined by (22), and where z = z;(p_y(0.5(1 +)) is the 0.5(1 +

13



7v) x 100 % quantile of the central ¢t-distribution ¢(T" — r). Ord et al.® also use
the coefficient ¢ = z X ugg, but with z = 2x(9,1)(0.5(1 +)). To obtain sufficient
evidence about the best choice, we will subsequently consider the intervals 11,
12, 13, I4 resulting from the four combinations of the two coefficients with the

two available variance estimators:

I1) t-distribution interval with standard deviation estimated by the
linearisation estimator o¢ rv:  Limits Yy 0+20¢ 1vy/Urr, 2 is the 0.5(1+
) x 100 % quantile of the ¢-distribution ¢(T'—r), see formula (21) with P, (Z )

replaced by Y-

I2) Normal distribution interval with standard deviation estimated
by the SSOE plug-in estimator ¢ gs: Limits Y, £ 20¢rs, 2 is the
0.5(1+~) x 100 % quantile of the normal distribution N(0,1), see formula (1).

13) t-distribution interval with standard deviation estimated by the
SSOE plug-in estimator o¢ gs: Limits Y|, £20¢ gs/ukk, 2 is the 0.5(1+
) x 100 % quantile of the ¢t-distribution ¢(T —r), see formula (21) with P, (Z, )

replaced by Y;yp¢-

I4) Normal distribution interval with standard deviation estimated
by the linearisation estimator ¢ rm: Limits Y,y £ 20¢ 1w, 2 is the

0.5(1+ ) x 100 % quantile of the normal distribution N(0, 1), see formula (1).

To understand the inadequacy of the customary plug-in approach 12 for
ESCov, consider the case that the vector a of smoothing parameters is known.
It remains to estimate the covariate coefficient 3. Approach this estimation
problem by MSE minimisation as considered in section 4. By (8) and (9), the
resulting estimator B is a generalised least squares estimator under a linear
model with correlated residuals. In this case, the ES variance estimator 3§7ES

essentially coincides with the linear model variance estimator ag LM see formula

14



(18), and the exact prediction interval under normally distributed residuals is
(21). In (21), however, different from the naive scheme (1), the estimator o
has an additional coefficient /ugr > 1. Hence the interval designed by (1) is

definitely too narrow.

8 The coverage probability of approximate pre-
diction intervals — simulation studies based on
electricity load data and sales data

We investigate the actual coverage probability of intervals of nominal confidence
level 7y of the types I1, 12, 13, 14 suggested by section 7 in two simulation studiers,
one based on electricity load data, and a second one based on sales data. The
subsequent paragraphs 8.1 and 8.2 describe the underlying data and the design

of the simulation studies. The results are discussed in section 9.

8.1 [Italian electricity load data

The first simulation study is conducted on the basis of two datasets of daily
electricity loads in Italy over nine weeks, i. e., 63 days. The first dataset,
subsequently addressed as electricity data type E1 , covers the daily loads of a
consumer from 09 May 2005 to 10 July 2005. The second dataset, electricity
data type E2, covers the daily loads of a consumer from 01 September 2005 to
02 November 2005. Each considered period contains one public holiday on a
weekday, the 2nd of June and the 1st of September, respectively, on which the
electricity consumption is unusually low compared to usual weekdays. To avoid
disturbance of the parameter estimation by these unusual days, we replace these

days’ electricity loads by the averages of the values of the two adjacent days.

In both cases, the regional average temperature in °C on day ¢ is chosen

as the covariate z;. To simplify the evaluation of the prediction intervals for

15



the considered forecasting period over the days 57 through 63, the tempera-
tures xs7,...,xg3 are assumed to be known precisely at the forecasting time
t = 56. For load forecasting in field practice, the uncertainty in temperature
forecasts has to be taken into account, see G&b et al.2* for an approach to this
issue. However, temperature forecasts have become remarkably exact so that
the remaining uncertainty will not affect the accuracy of prediction intervals
substantially. Teisberg et al.?® demonstrate that the accuracy of load forecasts
based on meteorological forecasts is only marginally inferior to the accuracy of

load forecasts based on the exact knowledge of weather characteristics.

Both datasets are analysed by ESCov. The first eight weeks are used to
estimate the smoothing and covariate parameters as well as the initial values for
the states and the variance of the one-step-ahead forecasting errors, on the basis
of which the simulation is initialised. This results in a sample size of n = 56.
The covariates in form of the average daily temperatures on the remaining 7

days are needed for the prediction of the electricity load of 1 to 7 days ahead.

We apply the ESCov model ADT-AS, i.e., the model with damped trend
and additive seasonality. The parameters «, § minimising the mean squared
forecasting error (MSE) of the 1-, 2-, ..., 7-day-ahead forecasting errors as well
as the starting values g, Ag, eg for the level, trend increment and season and
the variance 0? of the one-step-ahead forcasting errors are used to initialise the
simulation. The values of these parameters for both electricity data of types E1
and E2 are provided by tables 2 and 3. For each of the two datasets, we consider
the prediction lead times k = 1,2, ..., 7 days. Given a set (¢« 3, o, Ao, €o, 052) of
simulation parameters, we obtain a time series Y1,..., Y, Yy q1,..., Yy, T =
56, by first simulating the vector (&1, &2, ...,&7r, 741, ..., éren) | of independent
residuals, and then inserting into equation (9). We consider two distributions
for the residuals &;, both with mean 0 and with variance Ug found from the

ESCov estimation, see tables 2 and 3: i) normal distribution, and ii) Laplace

16



Table 1: Simulation design for the electricity load data.

Factor Levels
datasets electricity data type E1, electricity data type E2
prediction lead times k 1,2,...,7
distribution of the errors &; normal distribution, Laplace distribution
confidence level 0.95
simulation runs 5000

distribution as alternative with much more weight on the tails than normal
distribution. For the simulated series Y7, ..., Y we reestimate the parameters of
the ESCov model ADT-AS. On the grounds of the estimated model we calculate
the prediction intervals I1, 12, I3, and 14 for a nominal confidence level of v =
0.95, and evaluate the empirical coverage by observing whether the true value
Y71k is contained in the prediction interval. For each setting, we carry out 5000
simulation runs. In total, we have 2 x 7 x 2 settings with 5000 simulation runs

each. A summary of the simulation design is given by table 1.
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Table 2: Simulation parameters for electricity data type E1 under ESCov model ADT-AS.

h| o az as ¢ B Ho Ao €o o7
1| 0.874 0.173 0.126 | 0.025 830.6 17469.5 | 3488.1 | 1868.4, 1370.9, 1148.5, 1305.8, 650.8, -2695.5, -3648.9 | 3149110
2 | 0.495 0.073 0.344 | 0.015 | 1290.0 9999.1 5622.5 | 1868.4, 1370.9, 1148.5, 1305.8, 650.8, -2695.5, -3648.9 | 3539957
3 | 0.484 0.098 0.348 | 0.014 | 1410.4 7964.0 6203.9 | 1868.4, 1370.9, 1148.5, 1305.8, 650.8, -2695.5, -3648.9 | 3702301
4 | 0.503 0.056 0.381 | 0.013 | 1462.0 5993.6 6766.9 | 1868.4, 1370.9, 1148.5, 1305.8, 650.8, -2695.5, -3648.9 | 3933766
5 | 0.550 0.052 0.352 | 0.012 | 1456.6 5234.5 6983.8 | 1868.4, 1370.9, 1148.5, 1305.8, 650.8, -2695.5, -3648.9 | 4008116
6 | 0.550 0.100 0.325 | 0.013 | 1450.6 5569.4 6888.1 | 1868.4, 1370.9, 1148.5, 1305.8, 650.8, -2695.5, -3648.9 | 3930932
7 | 0.001 | 1.921-10~* | 0.316 | 0.011 | 1661.5 1520.1 8045.0 | 1868.4, 1370.9, 1148.5, 1305.8, 650.8, -2695.5, -3648.9 | 7624992
Table 3: Simulation parameters for electricity data type E2 under ESCov model ADT-AS.

h o1 a2 as ] B Ho Ap €o Ug

1| 0.604 | 6.04-10"%* | 0.396 | 0.982 44.0 22627.3 | -120.9 | 1350.3, 1565.8, -242.0, -1645.8, -708.2, -776.2, 456.0 | 520420.5

2 | 0.528 | 5.27-107* | 0.472 | 0.984 97.3 22626.7 | -120.7 | 1350.3, 1565.8, -242.0, -1645.8, -708.2, -776.2, 456.0 | 583832.1

3 | 0.486 | 4.86-10"* | 0.452 | 0.984 | 127.4 | 22626.6 | -120.7 | 1350.3, 1565.8, -242.0, -1645.8, -708.2, -776.2, 456.0 | 668798.9

4 | 0.021 0.021 0.244 | 0.968 81.8 22633.7 | -122.7 | 1350.3, 1565.8, -242.0, -1645.8, -708.2, -776.2, 456.0 1042202

5 | 0.023 0.023 0.211 | 0.965 89.3 22634.9 | -123.1 | 1350.3, 1565.8, -242.0, -1645.8, -708.2, -776.2, 456.0 1069170

6 | 0.468 | 8.64-1073 | 0.171 | 0.974 | 144.6 | 22630.9 | -121.9 | 1350.3, 1565.8, -242.0, -1645.8, -708.2, -776.2, 456.0 814094

7 | 0.827 | 5.32-1073 | 0.049 | 0.979 | 159.4 | 22628.9 | -121.3 | 1350.3, 1565.8, -242.0, -1645.8, -708.2, -776.2, 456.0 | 903297.2




Table 4: Simulation design for the sales data.

Factor Levels
datasets sales data
prediction lead times k 1,2,...,5

distribution of the errors §; | normal distribution

confidence level v 0.95

simulation runs 5000

8.2 Sales data

The second simulation study is conducted on the basis of a dataset of monthly
sales data from a business unit of a major German industrial company. The
full datasets contains 134 monthly values from January 2002 through February
2013. The covariate is an index on the future tendency of manufacturing selling
prices. A distributed lags analysis based on the ESCov model was conducted
to find the best predictive lag for the indicator. The result revealed a lag of 5
months, i.e., the indicator value of January 2002 is predictive for the sales in
June 2002, etc. Therefore, the sales dataset had to be reduced to the values
from June 2002 to February 2013, i.e., to a size of 129 monthly values.

The considered ESCov model and simulation design are the same as for the
electricity load data in paragraph 8.1, see tables 4 and 5. Due to extensive
computation time we considered only the normal distribution for the simulation

study of the sales data.
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Table 5: Simulation parameters for sales data under ESCov model ADT-AS.

a1 az as ® B Ho Ao €0 o2

0.586 | 5.86-10~% 0.047 0.952 8919.2 6613536 | 148019.5 | 458704.89 -166769.61 -2515022.90 -69944.13 1053807.98 768394.89 | 4.85 - 101!
-1253941.17 -393365.34 428072.64 799424.62 713828.60 176809.50

0.591 | 5.91-10~% 0.023 0.954 | 10030.03 | 6615357 | 147716.1 | 458704.89 -166769.61 -2515022.90 -69944.13 1053807.98 768394.89 | 4.86 - 101!
-1253941.17 -393365.34 428072.64 799424.62 713828.60 176809.50

0.740 | 7.40-10~* | 2.60-10—% | 0.953 | 9342.002 | 6615093 147760 458704.89 -166769.61 -2515022.90 -69944.13 1053807.98 768394.89 | 5.05 - 1011
-1253941.17 -393365.34 428072.64 799424.62 713828.60 176809.50

0.001 1-10°6 0.047 0.945 | 56898.43 | 6607404 | 149041.6 | 458704.89 -166769.61 -2515022.90 -69944.13 1053807.98 768394.89 | 7.72- 10!
-1253941.17 -393365.34 428072.64 799424.62 713828.60 176809.50

0.001 1-106 0.049 0.945 | 57798.41 | 6607311 149057 458704.89 -166769.61 -2515022.90 -69944.13 1053807.98 768394.89 | 7.72- 101

-1253941.17 -393365.34 428072.64 799424.62 713828.60 176809.50




9 Results of the simulation studies

9.1 Results of the simulation study on Italian electricity

load data

The results of the simulation study described in paragraph 8.1 are provided for
electricity data type E1 by table 6 for normally distributed residuals, and by
table 7 for Laplace distributed residuals. The results for the electricity data E2
can be found in tables 8 and 9, respectively. The tables provide the estimator
p of the coverage probability from 5000 independent observations, and the two-
sided Clopper-Pearson confidence limits at the level 0.99 for the true coverage
probability p. The comparison of confidence limits shows whether differences
between the four methods are significant at the level 0.01 = 1—0.99. In general,
the estimated coverage probabilities decrease with increasing prediction lead
time.

We review the results for the four methods in detail. I1): The estimated cov-
erage probabilities meet the nominal confidence level or tend to be only slightly
to narrow for small prediction lead times k, but underperform for increasing
k. 12): The plug-in method, which ignores the uncertainty in the parameter
estimation, is considerably worse than I1 and underestimates the nominal con-
fidence level for all prediction lead times. I3): This interval outperforms all
others in terms of the coverage probability. Apart from a few exceptions for
k = 2, the improvement is significant at the level 0.01. I4): These intervals
show the worst performance for the conducted simulation study and produce
prediction intervals which are clearly too narrow.

Overall, the best results are obtained by method I3. The nominal confidence
level of v = 0.95 is met well for small prediction lead times k£ and only slightly
underestimated for bigger lead times. Interval 14 is not competitive and shows

a very bad performance. For the plug-in interval 12, the hypothesis was con-
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firmed that these intervals tend to be too narrow. Apparently, method I3 is
astonishingly robust against deviations from the normality assumption used in

paragraph 6 for the derivation of the linear model results.
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Table 6: Estimates p of coverage probabilities and two-sided Clopper-Pearson

confidence limits at the level 0.99 from 5000 simulation runs, electricity data

type E1, normally distributed residuals.

I1

12

13

14

PL

pPu

PL

p

bPu

PL

bPu

PL

p

bPu

N O ot WwN

0.9419
0.9306
0.9210
0.8940
0.8633
0.8253
0.9372

0.9504
0.9398
0.9308
0.9052
0.8758
0.8392
0.9460

0.9580
0.9481
0.9398
0.9156
0.8876
0.8524
0.9540

0.9174
0.9037
0.9020
0.8835
0.8631
0.8307
0.9227

0.9274
0.9144
0.9128
0.8952
0.8756
0.8444
0.9324

0.9366
0.9243
0.9228
0.9061
0.8874
0.8574
0.9413

0.9357
0.9445
0.9475
0.9301
0.9189
0.8896
0.9436

0.9446
0.9528
0.9556
0.9394
0.9288
0.9010
0.9520

0.9527
0.9602
0.9628
0.9478
0.9379
0.9116
0.9595

0.9242
0.8793
0.8508
0.8064
0.7483
0.6948
0.9138

0.9338
0.8912
0.8638
0.8208
0.7642
0.7116
0.9240

0.9426
0.9023
0.8761
0.8346
0.7796
0.7280
0.9334

Table 7: Estimates p of coverage probabilities and two-sided Clopper-Pearson

confidence limits at the level 0.99 from 5000 simulation runs, electricity data

type E1, Laplace distributed residuals.

I1

12

13

14

pPL

pPu

PL

p

bPu

PL

bPu

PL

p

pPu

N o ot WwN

0.9229
0.9165
0.9094
0.8835
0.8687
0.8266
0.9189

0.9326
0.9266
0.9198
0.8952
0.8810
0.8404
0.9288

0.9415
0.9358
0.9294
0.9061
0.8926
0.8536
0.9379

0.9034
0.8990
0.8929
0.8758
0.8668
0.8338
0.9098

0.9142
0.9100
0.9042
0.8878
0.8792
0.8474
0.9202

0.9242
0.9202
0.9147
0.8991
0.8909
0.8603
0.9298

0.9191
0.9306
0.9368
0.9254
0.9172
0.8911
0.9237

0.9290
0.9398
0.9456
0.9350
0.9272
0.9024
0.9334

0.9381
0.9482
0.9536
0.9437
0.9364
0.9130
0.9422

0.9094
0.8754
0.8556
0.8101
0.7684
0.7008
0.8984

0.9198
0.8874
0.8684
0.8244
0.7838
0.7176
0.9094

0.9294
0.8987
0.8805
0.8381
0.7987
0.7339
0.9196
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Table 8: Estimates p of coverage probabilities and two-sided Clopper-Pearson

confidence limits at the level 0.99 from 5000 simulation runs, electricity data

type E2, normally distributed residuals.

I1

12

13

14

PL

pPu

PL

p

bPu

PL

bPu

PL

p

bPu

N O ot WwN

0.9233
0.9032
0.8887
0.9276
0.9216
0.8326
0.7304

0.9330
0.9140
0.9002
0.9370
0.9314
0.8462
0.7466

0.9418
0.9240
0.9109
0.9456
0.9403
0.8592
0.7624

0.8938
0.8695
0.8579
0.9039
0.8967
0.8132
0.7520

0.9050
0.8818
0.8706
0.9146
0.9078
0.8274
0.7678

0.9154
0.8933
0.8826
0.9245
0.9181
0.8410
0.7831

0.9178
0.9254
0.9214
0.9357
0.9329
0.8791
0.8291

0.9278
0.9350
0.9312
0.9446
0.9420
0.8910
0.8428

0.9370
0.9437
0.9402
0.9527
0.9502
0.9021
0.8559

0.8990
0.8253
0.7864
0.8938
0.8837
0.7131
0.5799

0.9100
0.8392
0.8014
0.9050
0.8954
0.7296
0.5980

0.9202
0.8524
0.8158
0.9154
0.9063
0.7457
0.6159

Table 9: Estimates p of coverage probabilities and two-sided Clopper-Pearson

confidence limits at the level 0.99 from 5000 simulation runs, electricity data

type E2, Laplace distributed residuals.

I1

12

13

14

pPL

pPu

PL

p

bPu

PL

bPu

PL

p

pPu

N o ot WwN

0.9091
0.9045
0.8913
0.9178
0.9223
0.8417
0.7245

0.9196
0.9152
0.9026
0.9278
0.9320
0.8550
0.7408

0.9293
0.9251
0.9132
0.9370
0.9409
0.8676
0.7567

0.8856
0.8804
0.8575
0.8978
0.9045
0.8235
0.7477

0.8972
0.8922
0.8702
0.9088
0.9152
0.8374
0.7636

0.9080
0.9033
0.8822
0.9190
0.9251
0.8507
0.7790

0.9066
0.9278
0.9293
0.9244
0.9318
0.8881
0.8256

0.9172
0.9372
0.9386
0.9340
0.9410
0.8996
0.8394

0.9270
0.9458
0.9471
0.9428
0.9493
0.9103
0.8526

0.8894
0.8496
0.7926
0.8898
0.8948
0.7400
0.5676

0.9008
0.8626
0.8074
0.9012
0.9060
0.7560
0.5858

0.9115
0.8749
0.8216
0.9118
0.9164
0.7715
0.6038
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Table 10: Estimates p of coverage probabilities and two-sided Clopper-Pearson

confidence limits at the level 0.99 from 5000 simulation runs, sales data, normally

distributed residuals.

I1

12

13

14

k| pL D pU

pPL p pu

pPL p pu

pPL p pu

—_

0.9383 0.9470 0.9549

[\

0.9178 0.9278 0.9370

w

0.8927 0.9040 0.9145

0.9269 0.9364 0.9450
0.9064 0.9170 0.9268
0.8837 0.8954 0.9063

0.9380 0.9468 0.9547
0.9456 0.9538 0.9612
0.9423 0.9508 0.9584

0.9295 0.9388 0.9473
0.8758 0.8878 0.8991
0.7920 0.8068 0.8210

9.2 Results of the simulation study on sales data

The results of the simulation study on sales data described in paragraph 8.2 are

provided by table 10. The length of the underlying time series leads to large

simulation times. We have hence restricted the study to normally distributed

residuals and to prediction lead times k = 1,2,3. A comparison with the cor-

resonding tables 6 and 8 shows that the pattern of the result is perfectly the

same as for the electricity load data. The best results are obtained by method

I3, the plug-in interval 12 is obviously too narrow, I4 performs particularly poor,

I1 tends to become worse with increasing prediction lead time.
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10 Application of prediction intervals in fore-
casting

We apply the prediction intervals of types I1, 12, I3, 14 introduced in paragraph
7 to the two electricity load time series E1 and E2 which provided the basis
for the simulation study considered in paragraphs 8.1 and 9.1. It is interesting
to compare forecasts retrospectively with the realised values. To this end, we
take the 7 last days of the available data as the forecasting period, i. e., 04 July
through 10 July 2005 for E1, and 27 October through 02 November 2005 for E2.
The model ADT-AS was fitted to the remaining data, i. e., 09 May through 03
July 2005 for E1, and 01 September through 26 October 2005 for E2.

Figures 1 and 2 show the prediction intervals at the nominal level 95 %
together with the observed daily electricity demand values (white line). The
width of the prediction intervals for the 7 forecasts are displayed by figures 3
and 4. As to be expected, the ascending order of widths essentially replicates the
ascending order of actual coverage probabilities found by the simulation study,
in the succession 14, 12, 11, 13. The width of 11, 12, 13 are clearly associated. At
moderate forecasting lead times 1 < k < 4, the width of the best interval I3 does
not differ too much from the width of the worse intervals. At larger forecasting
lead times the width of the best interval I3 can be considerably higher than
the width of worse intervals. Not surprisingly, the improved actual coverage
probability can sometimes entail a considerable loss in forecasting precision. In
figure 2, e.g., the standard deviation ¢ gs at lead time 7 is almost 3 times
higher than o¢ v. Interval I1 compensates this by the factor |/ug in formula
(21) being close to 3. Combining ¢ gs and /ugy in the interval I3 leads to an
inflation of its length. However, in particular for large forecasting lead times the
simulation study shows that the apparent precision of classical plug-in intervals

like 12 is a fallacious illusion, bought with a drastic loss of intended forecasting
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Figure 2: 7-day-forecast for electricity data E2.

reliability.

10.1 Application of prediction intervals in the forecasting

of sales data
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Figure 3: Lengths of prediction intervals for the 7-day-forecast for electricity
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11 Conclusion and outlook

The results of our simulation study confirm the reservations about plug-in pre-
diction intervals. Different from the findings of Kim et al.?? for exponential
smoothing without covariates, the plug-in method performs markedly bad un-
der exponential smoothing with covariates. The plug-in method’s lack of ac-
counting for the uncertainty in estimating the covariate coefficients is the most
likely reason for this phenomenon. In contrast, the intervals derived from a
linearisation of the underlying ESCov model perform very well. The simula-
tion study found the best results in terms of the coverage probability for the
t-distribution interval I3 with the standard deviation estimated by the SSOE
plug-in estimator ¢ gg. For smaller lead times the actual coverage probability
is close to the nominal confidence level, and for largeer lead times the loss in

coverage is significantly less than for the other 3 prediction intervals considered.

From the point of view of empirical practice, the linearisation intervals have
clear advantages over competing methods like simulation or resampling. The
linearisation method is easily implemented, and operates very economically in
computation time. Taking into account the findings of paragraph 10, we rec-
ommend for the practice to calculate both the intervals I3 as well as I1 and in
general to trust interval I3. In case of an unfavourable constellation of the in-
volved factors and a very broad prediction interval I3, which considerably lacks

forecasting information, we recommend to use interval I1.

The results are promising, but still limited in empirical and in theoretical
respects. In an empirical respect, more simulation studies are necessary to
corroborate the superiority of the linearisation method, and to investigate its
behaviour. In a theoretical respect, we have considered a model with additive
trend, additive season, and additive residual. Future studies should consider the
respective multiplicative model versions. It will also be necessary to get more

analytical insight into the linearisation intervals. This problem may tentatively
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be approached by first considering simpler model instances, e. g., a mere local

level model without trend and seasonality.
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A Derivation of the linear model results of para-
graph 6
Let Wy, = Cov[Z,]. Then
Wy, = Cov[Z,] = Covlep] = Cov[Lppé,] = 0°LppLy, (23)
From (15) and (16) we obtain
Cov[Zy, Zi] = Cov[Lpp€,, Lip€,] = 0”LppL,. (24)
Let
D = W, Cov[Z,,, Z] = (L,,) 'Ly LyLi, = (L)) 'Ly, (25)

We use linear model theory results from Christensen?® (1996) to derive the re-
sults of paragraph 6. The formula (18) for the unbiased variance estimate is
obtained from Christensen®® (1996), page 31. From theorem 12.2.3 by Chris-
tensen?? (1996) it follows that the vector P*(Z,) of best linear unbiased pre-

dictors for the components of Z¢ has the form
-1
P (Zy) = [(Mi=DTM,) (MW IM,)) MW, !+D"|z, -

-1
(M = Lip L M) (L M) T (L M) M (L) 'Lyt + Ly L | 2,
This proves equation (20).

Let the residuals &1, ..., &74p, have the normal distribution N (0, a?). To jus-

tify the prediction interval (21) we consider the distribution of the ratios

Zrik — Po(Zy)k
O¢. LM/ Ukk

From (15), (16), (19) and (20) we obtain

for k=1,..., h. (26)

Zi—P.(Z,) = M0+ Lg&;+ L, €,

27
-1 Tr-1 AT T -1 &0

My (L M) T (L M,)) M (L],)7E,
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From (19) it is easy to see that 3? = 3 and hence
-1
(LoD = M (L M) T (LMy)) My (L)) i-%] = o.

From the latter result, equation (27), the independence of &, &;, and =3
we obtain
Cov[Zi — P(Z,), 1 - XL ) Z,)| =
-1
LoD — My (L M) T (LI M) ) M (L) 7! Covig JIT-%) = O.
Because of the normality assumption on the residuals &y, ...,&p4p, the latter

result demonstrates the independence of Z¢ — P,(Z},) and [I - X]L;J Z;,. With

(18) we obtain the independence of Zy — P,(Z,,) and EéLM. Letting
K = LS - M((LyMy) T (Ly!My) M (L)
matrix algebra shows that
KK' = (M- L Ly My) (L M,) (L, M,,)) My - L LMy

Hence with definition (22) and (27) we see that Zy — P,(Z,) has a normal

distribution with zero mean and with
COV[Zf — P*(Zp)] = UgU.

Christensen® (1996), page 31, states that (T' — 7)62,;/0¢ has the central
x2-distribution x?(T — r). Because of the independence of numerator and de-

nominator, we can conclude that the ratios

ZT+k - P*(Zp)k
O LM/ Uk

have the central ¢-distribution ¢(T — r).
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