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Abstract. The Dirichlet-Ferguson measure is a cornerstone in nonparametric Bayesian statistics
and the study of the distributional properties of expectations with respect to such measure is an
important line of research initiated in Cifarelli and Regazzini (1979a,b) and still very active, see Letac
and Piccioni (2018) and Lijoi and Priinster (2009). In this paper we provide explicit upper bounds
for the ds, the do and the convex distances between random vectors whose components are means
of the Dirichlet-Ferguson measure and a random vector distributed according to the multivariate
Gaussian law. These results are applied to the Gaussian approximation of linear transformations
of random vectors with the Dirichlet distribution, yielding presumably optimal rates on the ds and
the do distances and presumably suboptimal rates on the convex and the Kolmogorov distances.

1. Introduction

Let X be a Polish space equipped with the Borel sigma-field B(X) and let U = {Uyp}n>1 be a
sequence of exchangeable random variables defined on some probability space (€2, F,P) and taking
values on X. Let P(X) be the set of probability measures on (X, B(X)) endowed with the smallest
sigma-field making the mappings P(X) > u — u(B), B € B(X), measurable. According to de
Finetti’s Representation Theorem, there exists a probability measure © € P(X) such that

P(Uy € By,...,U, € By) = / Hp(Bi)w(dp), YV By,...,B, € B(X),n>1.
PX) =1

Therefore there exists a random probability measure II : Q — P(X) such that, given II, the U;’s
are independent and identically distributed with law II. The distribution of II coincides with =
and it acts as a nonparametric prior in Bayesian inference. The Dirichlet-Ferguson measure is a
cornerstone in Bayesian Nonparametrics since it is the most notable example of prior II, see the
seminal paper Ferguson (1973) and the review article Lijoi and Priinster (2009) (see also Lemma
2.1).
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Let o be a finite and positive measure on (X, B(X)) with total mass
B :=o(X) € (0,00).

Throughout this work we denote by 7 the Dirichlet-Ferguson measure with parameter o, see Section
2 for a formal definition. The measure o completely determines the law of 1 and, in a Bayesian
context, has to be interpreted as a mathematical representation of the a priori information of the
observer. It is well-known that Dirichlet-Ferguson measures are conjugate, see Ferguson (1973) and
James et al. (2006). Indeed, for any n > 1 and uq,...,u, € X, under the conditional probability

measure P(- | Uy = uq,...,U, = u,), the law of 7 is that of a Dirichlet-Ferguson measure 1, with
parameter oy, 1= 0 + » ., &y,. Here &, denotes the Dirac measure at z € X and the parameter
ou, describes the a posteriori information of the observer after n samples U; = uy,..., U, = uy.

Within this framework, natural questions to address concern the distributional properties of
means with respect to 7, i.e., the distributional properties of random variables of the form

I(n,h) ::/Xh(w)n(dzn), (1.1)

for some measurable function (or kernel) h : X — R. This important line of research was initiated
in Cifarelli and Regazzini (1979a,b). An appealing aspect of this topic is that distributional results
concerning I(n,h) are also of interest in research areas not related to Bayesian nonparametric
inference, such as, for example, the growth of Young diagrams or the exponential representations
of functions of negative imaginary parts. This fact was emphasized in Diaconis and Kemperman
(1996) and further discussed in Kerov (1998). We remark that, thanks to the conjugacy property of
the Dirichlet-Ferguson measures, the distributional properties of the a priori random mean I(n, h)
may be transferred to the a posteriori random mean

Iy, h) £ I, h) [{U1 = w1, ..., Up = un},

where the symbol £ denotes equality in law.

In Cifarelli and Regazzini (1979b) the authors introduced a series of tools and techniques that,
later in Cifarelli and Regazzini (1994), turned out to be fundamental to determine the probability
distribution of I(n, h). Some conditions formerly required in Cifarelli and Regazzini (1994) were
successively relaxed in the papers Lijoi and Regazzini (2004) and Regazzini et al. (2002). Various
moments formulas for I(n, h) were obtained in Cifarelli and Melilli (2000), Hjort and Ongaro (2005)
and Yamato (1980, 1984), and formulas for the covariance of functionals of 1, even more general
than I(n, h), were proved in Flint and Torrisi (2023) and Peccati (2008). Let ¢t > 0, ¢ a probability
measure on X := R? 7, the Dirichlet-Ferguson measure with parameter ¢t and p; the law of the
random mean I(n, h). In Letac and Piccioni (2018) the authors determine sufficient conditions on
to and the kernel h which guarantee that the mapping t — u; is decreasing for the Strassen convex
order on (0, 00).

All these achievements are exact results about functionals of the Dirichlet-Ferguson measure. It
has to be noticed that the probability density (with respect to the Lebesgue measure) and the cu-
mulative distribution function of I(n, h), computed in Regazzini et al. (2002), are quite complicated
to handle for practical purposes. Hence, it is of great interest to provide approximations of the law
of I(n,h). There have been various proposals in the literature. In Feigin and Tweedie (1989) the
authors constructed a Harris ergodic Markov chain whose unique invariant probability measure is
the law of I(n, h). Later, it was proved in Guglielmi and Tweedie (2001) that such Markov chain,
say {Yy}n>1, is geometrically ergodic if [y [h(z)|o(dz) < oo and uniform ergodic if the support of
o o h! is bounded. Interestingly, the authors are also able to provide upper bounds on the total
variation distance between the law of I(n, h) and the law of Y,,. An algorithm for exact sampling
from I(n,h) has been formulated in Guglielmi et al. (2002). Another method to approximate the
law of I(n, h) has been proposed in Muliere and Tardella (1998). The idea relies on truncating the
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series representation of 7 at some random point in such a way that the (random) Prokhorov distance
between 7 and its truncated version, say 1), is less than ¢ > 0 almost surely. In some cases it
is possible to show that the closeness, with respect to the Prokhorov distance, between n and 7
induces closeness between the laws of [, h(z)n®)(dz) and I(n, h). Numerical methods for approxi-
mating the distribution of I(n, h) can be found in Regazzini et al. (2002) and Tamura (1988). The
method provided in Tamura (1988) is based on the numerical inversion of the Laplace functional of
the Gamma process which generates n (see Ferguson (1973) for details on this construction of 7).
Another numerical method is described in Regazzini et al. (2002). It consists in approximating, on
a sufficiently large interval of the real line and with respect to the uniform metric, the cumulative
distribution function of I(n, h) when o o h~! has a finite support.

To the best of our knowledge, the first Quantitative One-dimensional Central Limit Theorem for
means with respect to the Dirichlet-Ferguson measure has been proved in Flint and Torrisi (2023).
Since the purpose of this paper is to extend such result to d-dimensional, d € N := {1,2,...},
random vectors, whose components are expectations with respect to 7, it is worthwhile to state the
Gaussian approximation of I(n, h) established in Flint and Torrisi (2023). Hereon, we denote by dyy
the Wasserstein distance, by Lip(1) the set of Lipschitz functions g : R — R with Lipschitz constant

at most 1 and by N(0,2?) a random variable with Gaussian law with mean 0 and variance v/2.

Theorem 1.1 (Flint and Torrisi (2023)). Let h : X — R be a measurable function such that

/ h(z)o(dz) = 0. (1.2)
X

Then:
(4)
dw (I(n,h),N(0,1)) := sup |E[g(I(n,h))] — E[g(N)]]

geLip(l)
< V21 - B+1 /h(‘r)%(dx)‘ i B(ﬁ+12)(ﬁ+2)/x’h<x)’3a(d$)
2
N ﬁ2(6+1)2(5+z)/Xm("f)“’(dx)/xh(x) o(dz). (1.3)

(ii) Let {nar}men be a sequence of Dirichlet-Ferguson measures such that, for any M € N, nys has
parameter oy and Bay = op(X) — 400, as M — +oo. For each M € N, let hyy be a function in
L3(X,01r), which satisfies (1.2) with has in place of h and oy in place of o, and suppose that

1 1
2/ har(z)?op(de) — 1 and 3/ \har(x)Popr(de) — 0, as M — +oo.
5]\/[ X IBM X
Then the bound (1.3) holds, with nyr in place of n, hys in place of h, oy in place of o and By in
place of B, and the upper bound goes to zero as M — +o00. Therefore

dW(I(nM7hM)7N(071)) —0, as M — +oo
and

/ har(x) nar(dz) — N(0,1)  in law, as M — +o0.
X

The aim of the paper is to measure how much the law of a d-dimensional random vector of the
form

I(T], h) = (I(’I], hl), e ,I(n, hd)), h .= (hl, ceey hd)
is far from a centered d-dimensional Gaussian random vector with covariance matrix 3, denoted by

N := (Ny,...,Ny).
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Throughout this paper ¥ can be positive semi-definite or positive definite. We quantify the distance
between I(n,h) and N providing explicit upper bounds on ?(I(n, h), N) for three different metrics
0: the ds, the do and the convex distance d.. Such metrics differ among each other for the degree of
regularity required on the test functions involved in their definitions. Specifically, both the ds and
the do distances are defined in terms of smooth test functions g, but the definition of ds requires
g € C3(RY) while the definition of dy requires g € C?(R%). Here C*(R%), k € N, denotes the set
of functions ¢ : R — R which admit continuous partial derivatives up to the order k. The convex
distance d. is instead based on test functions which are indicators of measurable convex sets, and
it has to be considered as a standard multivariate counterpart of the Kolmogorov distance dg. In
fact, the convex distance is often preferable to the Kolmogorov distance since d. enjoys a number of
invariance properties not satisfied by di. For instance, d.(LX,LY) = d.(X,Y), for any invertible
affine operator L : R? — R? and d-dimensional random vectors X, Y, see Bentkus (2003), Nourdin
et al. (2022) and Schulte and Yukich (2019).

We emphasize that, although the dy distance requires less regularity than the ds distance, the
Quantitative Multidimensional Central Limit Theorem in the dg distance (see Theorem 4.2) holds
under the more restrictive assumption that the covariance matrix X is positive definite, while the
Quantitative Multidimensional Central Limit Theorem in the ds distance (see Theorem 4.1) holds,
more generally, for a positive semi-definite covariance matrix Y. Applying Theorems 4.1 and Theo-
rem 4.2 to linear transformations of random vectors distributed according to the Dirichlet law, we
obtain presumably optimal rates which, roughly speaking, are of order O(C’&l), as M — 400, where
C)y is a normalizing sequence (see Theorem 5.3 and the Examples 1 and 2). The convex distance
d. is arguably more interesting than the ds and the do distances since, as already mentioned, it has
very nice properties. However, it is harder to deal with d. because the underlying test functions are
discontinuous. Consequently, the application of the Quantitative Multidimensional Central Limit
Theorem in the d. distance (see Theorem 4.4) to linear transformations of random vectors distributed
according to the Dirichlet law yields a presumably suboptimal rate which, roughly speaking, is of

order O(C]\}l/ 2), as M — +oo, where Cjy is a normalizing sequence (see again Theorem 5.3 and
the Examples 1 and 2).

The generalization of Theorem 1.1 to the multidimensional setting is far from being trivial. To
enlight this fact, we mention that the proof of Theorem 1.1 is based on the Malliavin-Stein method
(we refer the reader to the book Nourdin and Peccati (2012) for an introduction on this method
and to the seminal papers Nourdin and Peccati (2009) and Peccati et al. (2010) for the Gaussian
approximation of functionals of the Wiener and the Poisson measures by this method). Indeed, the
proof of Theorem 1.1 combines a Mecke-type formula for n (proved in Ferguson (1973) and later
extended in Last (2020)) with the celebrated Stein equation (see Stein (1972)), according to which,
given a Lipschitz function g with Lipschitz constant at most 1, there exists a twice differentiable
function f such that

9(x) —Elg(N)] = of(2) - f'(z), @ €R
and

[flloc == sug\f(x)! <20g'llses 1 lloe < V2/7llg loos  1F"loo < 2llg"llo0-
S

In the multivariate setting, the (partial) differential equation involved in the Stein equation is of
second order (see formula (3.3)), increasing the needed degree of smoothness by one, over what
is required in the one-dimensional case. For this reason, when combining the multivariate Stein
equation with a suitable “corrected” integration by parts formula for functionals of I(n,h) (see
Lemma 3.8) we need to replace dy with the smoother dy distance. The proof of the Quantitative
Multidimensional Central Limit Theorem in the ds distance is based on the so-called “smart path”
method and again the afore-mentioned “corrected” integration by parts formula for functionals of
I(n,h). The proof of the Quantitative Multidimensional Central Limit Theorem in the d. distance
essentially combines a version of Stein’s method for the multidimensional Gaussian approximation
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(which is different from that one considered in the proof of Theorem 4.2, see Lemma 3.6) with
an integration by parts formula for functionals of 7 (see Lemma 3.1) and a remarkable smoothing
lemma for the convex distance (see Lemma 3.9).

The article is organized as follows. In Section 2 we define the Dirichlet-Ferguson measure and
recall some of its properties. In Section 3 we give some preliminaries, e.g., we state an integration
by parts formula related to a suitable gradient operator, which plays an important role in the
proofs of our main results, we define the ds3, the dy and the convex distances, we describe the
multidimensional Stein method and we state a crucial “corrected” integration by parts formula for
functionals of I(n,h). The Quantitative Multidimensional Central Limit Theorems are stated and
proved in Section 4. Applications of these theorems to affine trasformations of random vectors with
the Dirichlet law are provided in Section 5. We include an Appendix where we report a number of
technical proofs.

2. The Dirichlet-Ferguson measure

A random probability measure is a measurable mapping from an underlying probability space
(Q,F,P) to P(X). Let k > 2 be a positive integer and

A1 ::{(arl,...,xk): T1,--., 2k >0, x1+~-—|—a:k:1}

the (k — 1)-dimensional simplex in R*. For o = (au,...,ax) € (0,00)F, the Dirichlet distribution
with parameter « is the probability measure on Ag_1 defined by

slald) o TS 00) / T ot
Dir[a](A) : Hle L) S 1a(z1,...,xp) (}_[1 x; dzq - dag_q,
for each Borel set A € B(Ag_1). Here I'(+) is the Euler gamma function.

For an integer k£ > 2, we denote by P (X) the set of partitions { X7, ..., Xi} of X with X; € B(X)
and o(X;) > 0, for any i € [k], where, for ease of notation, for n € N, we set [n] := {1,...,n}. Wesay
that a random probability measure 1 : Q — P(X) is a Dirichlet-Ferguson measure with parameter
o (see Feng (2010) and Ferguson (1973)) if, for each integer k > 2 and {X7,..., X} € Pr(X),

((X1), ... n(Xp)) £ Dir(0(X1), .., o(Xx))].

2.1. The Dirichlet-Ferguson measure as de Finetti’s measure of a sequence of exchangeable random
variables. Let U = {U;};>1 be a sequence of X-valued random variables, defined on the probability
space (2, F,P), such that
{—1

Up haslaw o/B8, Up|{Ui =wu1,...,Up—1 =up—1} haslaw W, 0>2. (2.1)
In particular, for every n € N and every 1 < j; < -+ < jp < 400,
n f—1

o(dzg) + 30— €x.(day)
P(Ujledxl,...,anedmn)—E B+;—1 :

(2.2)

where we set 22:1 := 0. Therefore the sequence U is exchangeable.
The next lemma, which is proved in Blackwell and MacQueen (1973), characterizes the Dirichlet-
Ferguson measure 7 as the de Finetti measure of U.

Lemma 2.1. Let
1 n
P,(B,w) = — 15(U; , N, B € B(X
(B,w) n; B(Ui(w)), ne € B(X)

be the empirical measure of the sequence U previously defined. Then:
(i) Asn — 400, P, converges P-a.s. to the Dirichlet-Ferguson measure 1 with parameter o.
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(i) Given n, the random variables Uy, Us, ... are independent and identically distributed with law
n, i.e., the law of n is the de Finetti measure of U.

Throughout this paper we shall consider means of the Dirichlet-Ferguson measure n of the form
(1.1) with h satisfying (1.2). By Lemma 2.1 one immediately has that if h € L'(X,0) then
E[h(Uy) |n] = I(n, h), and therefore

E[I(n, h)] = ; /X h(z)o(dz) = 0. (2.3)

For later purposes, we also remark that by the isometry formula (8) in Peccati (2008) one has

1

1
E[I(n,h)] = 577 ERO)) = gy

2 2 e (
511 /Xh(x) o(dz), V he L*(X,0) satisfying (1.2). (2.4)

3. Preliminaries

In this section we give the following preliminaries. (i) We introduce a gradient operator and
state a related integration by parts formula. (i7) We define the ds, the dy and the d. distances
between probability laws on R?. As already mentioned in the introduction, such metrics will be
exploited to measure how much the law of I(n, h) is far from the law of N. (ii7) We recall two
slightly different solutions to the multivariate Stein equation, which will be exploited to prove the
Quantitative Multidimensional Central Limit Theorems with respect to the do and the d. distances
(see Theorems 4.2 and 4.4). (iv) We give three preliminary lemmas: the multivariate Gaussian
integration by parts formula, a “corrected” integration by parts formula, which plays a key role in
the proofs of Theorems 4.1 and 4.2, a remarkable smoothing formula for the convex distance d,.

It has to be mentioned that in the specialized literature the symbols ds and ds usually denote
smooth Wasserstein distances; these metrics are induced by test functions which are different from
the ones involved in the Definitions 3.2 and 3.3. We refer the reader to Gaunt and Li (2023) for
more insight into smooth Wasserstein distances.

3.1. An integration by parts formula. For a measurable mapping G : P(X) - R%, d € N, G =
(G1,...,Gq), (x,t) € X x [0,1] and p € P(X), we define the gradient of G as

DyyG(p) := (G1((1 = )+ teg) — Gip), ..., Ga((1 = t)p + tex) — Galp)). (3.1)

The next lemma states that the operator I(n,-) is the adjoint of the gradient D.
Hereon, we denote by & the probability measure on X x [0, 1] defined by

o(dz, dt) := o(dz)(1 — t)?~tdt
and we denote by (-, ) 12(xx0,1),5) the inner product on L*(X x [0,1],5).

Lemma 3.1. Let G : P(X) — R be a measurable function such that G(n) € L*(,P) and assume
that the kernel h € L*(X, o) satisfies (1.2). Then

E[(h(-), D.G(n)) r2xx[0,11,)] = EIG(m)I(n, h)]. (3-2)

It is worthwhile to mention that formula (3.2) indeed holds under more general conditions on the
kernel h and the functional G (see Ferguson (1973) and Last (2020)). However, the assumptions of
Lemma 3.1 are the minimal ones for our purposes.
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3.2. Distances between probability measures on R4, We start introducing some notation. For any
g € CHRY), we set

l9llLip := sup || Vg(z)|,
R4

where || - || is the Euclidean norm on R¢ and V is the usual gradient of a smooth function; for any
g € C%(RY), we set

M>(g) := sup [|Hess g(z)||op.
z€R4

where Hess g(x) is the Hessian matrix of g at x and the operator norm of a d x d real matrix A is
defined by [|Alfop := supy, ||z)=1 [[Az[; for k¥ € N and g € C*(R?), we set

0*g(x)
®||o:= max sup |1 |
g™ lloe 1§i1,...,ik§dzd§d Oxi, ... 0wy,

Definition 3.2. The distance ds between the laws of two R%-valued random vectors X and Y such
that E[||X|%], E[||Y|?] < oo, written d3(X,Y), is given by
d3(X,Y) == sup [E[g(X)] — E[g(Y)]],

gEH3

where H3 indicates the collection of all functions g € C3(R%) such that ||g(?]|oc < 1 and [|¢®]|s < 1.

Definition 3.3. The distance dy between the laws of two R%valued random vectors X and Y such
that E[|X]||], E[|'Y]|]] < oo, written da(X,Y), is given by

da(X,Y) := sup [Elg(X)] = E[g(Y)]l;

where H, indicates the collection of all functions g € C%(R?) such that llgllLip <1 and Ma(g) < 1.

Note that both the d3 and the dy distances are defined in terms of smooth test functions. In
contrast, the convex distance d., that we are going to define soon, is based on test functions which
are indicators of measurable convex sets.

Definition 3.4. The convex distance d,. between the laws of two R%valued random vectors X and
Y, written d.(X,Y), is given by

de(X,Y) = sup IE[g(X)] — E[g(Y)]],

where Z denotes the collection of all indicator functions of measurable convex sets in RY.

We conclude this subsection emphasizing that, if d;(X,,X) — 0, as n — +o00, where j = 2,3, ¢

and X,,, X are random vectors with values in R¢, then X,, converges in law to X, as n — 400, see
Peccati and Zheng (2010) and Schulte and Yukich (2019).

3.3. The multidimensional Stein equation. Hereon, we consider the Hilbert-Schmidt inner product
and the Hilbert-Schmidt norm on the class of d x d real matrices, which are defined, respectively,
by

d
(A, B).s. :=Tr(AB") = > agby; and | Allms. = /(4 A)us.
ij=1
for every pair of matrices A = (a;j)1<ij<; and B = (bi;)1<s,j<d, where the symbols T'r(A) and AT
denote, respectively, the trace and the transpose of the matrix A. For any g € C?(R%), we define
the quantity

Hess g(x) — Hess g(y
Mi(g) o sup IS 9(0) )lop.
TF#Y Hm-—yH
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The following lemma gives a solution to the multidimensional Stein’s equation which comes in handy
in the proof of Theorem 4.2. We refer the reader to Peccati and Zheng (2010) (see Lemma 2.17)
and the references cited therein for a proof. We note that the bounds (3.4) and (3.5) improve
the corresponding estimates in Peccati and Zheng (2010); the proofs of these improved bounds are
provided in Gaunt (2016) (see Proposition 2.1).

Throughout this paper we denote by (-, -) the inner product on R,

Lemma 3.5. Fizd € N and let X = (Ez’j)lgi,jgd be a d x d positive definite symmetric real matriz.
Then, for g € C*(RY) with bounded first and second derivatives, we have that the function

IE|
fle) =g | 1o Elo(SN + VI=sz) - g(N)]ds
is solution to the following partial differential equation (with unknown f):
g(z) —E[g(N)] = (2, V f(x)) - (S, Hess f(2)) s, «€R™ (3-3)

Moreover, one has that

2w
M(1y) <y 215l (3.4

Mahy) < L2T =2 010, (35)

Since it appears unclear how to deal with solutions f, to the Stein equation (3.3) when g is non-
smooth (such as the test functions involved in the definition of d.) in order to prove Theorem 4.4
we need a slightly different version of the multidimentional Stein’s method. The idea is to provide a
solution to (3.3) considering in place of a non-smooth g an its regular version, say g;, which depends
on a smoothing parameter ¢ € (0,1). Of course one makes some error by replacing the test functions
defining d. by their regular versions, but a smoothing lemma (see Lemma 3.9) allows us to bound
this error by some constant multiple of v/#/(1 — t).

and

Lemma 3.6. Fizd € N and let ¥ = (25)1<i j<d be a d x d positive definite symmetric real matriz.
Given g : R? — R measurable and bounded and t € (0,1), we introduce the smoothed function
gi(z) == E[g(VIN + 1 —tz)], z€R% (3.6)

Then:
(1) The function

1
frofw) =5 [ TBla(VAN+ VI =50) ~g(N) ds, & € B!

is solution to the partial differential equation (3.3) with g in place of g (and with unknown f).

(i)

1/2 )e5( 2_1/2)&\\/23-]-, for any i € [d] and t € (0,1).

sup — | < Hg||oo
zeR t £,j=1

Disle)|
0
(ii7) For any d-dimensional random vector X it holds

d 2
D% fr 4(X _
supE | ) <axt?)(x)> < |=7H2,(d*(log t)%d (X, N) + 530d' /%), for any t € (0,1).
g€eL 1 1Vl

(iv) For any £, k,j € [d] and x € R it holds

8 f}g

1
LI | < 3| nL |32 -
Maxkax]\ 1= 321lgl

7

sup
zC€Rd

for any t € (0,1).
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The proof of this lemma is given in the Appendix.

3.4. Preliminary lemmas. We conclude this section by stating some further lemmas. We start with
the multivariate Gaussian integration by parts formula. The proof is elementary and can be found
e.g. in Talagrand (2003) (see Eq. (A.41) therein).

Lemma 3.7. Let g € CY(RY) with bounded derivatives and such that E[[N;g(N)|] < oo, for any
i€ [d]. Then

d
= Z 3iE [8g§:N)] ,  for any i € [d].
j=1 !

The next lemma (whose proof is given in the Appendix) provides a “corrected" integration by
parts formula for functionals of I(n, h), which plays a crucial role in the proofs of the Quantitative
Multidimensional Central Limit Theorems in the ds and the dy distances.

Lemma 3.8. Suppose that the kernels h; € L*(X,0), i € [d] U {0}, satisfy (1.2). Then, for any
g € C*(RY) with bounded first and second derivatives, we have

Elg(1(n, 0))I(n, ho)] = Z 591l h / ho(@)hi(2)o(da) | +c.

where ¢ 1s a constant such that

)9
N )]

Z/Iho )| i) 2o (dz)
st [t E/qu( old )].

Finally we state a remarkable smoothing lemma for the convex distance proved in Schulte and
Yukich (2019), see Lemma 2.2 therein. It plays a crucial role in the proof of the Quantitative
Multidimensional Central Limit Theorem in the metric d..

Lemma 3.9. Let X be a d-dimensional random vector, t € (0,1) and ¥ a d x d real symmetric and
positive definite matriz. Then

4 Vi
de(X,N) < o U [E[g:(X) — g«(N)]| + le 3

where g, is defined by (3.6).

4. Quantitative Multidimensional Central Limit Theorems

In this section we prove the main results of the paper, i.e., three different Quantitative Mul-
tidimensional Central Limit Theorems for the random vector I(n, h). The first gives an explicit
upper bound on d3(I(n,h),N) and it is proved by exploiting the so-called “smart path" method.
We refer the reader to Theorem 4.2 in Peccati and Zheng (2010) for a similar result on the Poisson
space. The second provides an explicit upper bound on dz(I(n,h),N) and it is proved exploiting
the Malliavin-Stein method. We refer the reader to Theorem 3.3 in Peccati and Zheng (2010) for a
similar result for functionals of the Poisson measure. The third furnishes an explicit upper bound
on d.(I(n,h),N). We refer the reader to Theorem 1.2 in Schulte and Yukich (2019) for a related
result on the Poisson space.
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Hereon, we consider the quantities

d 1
Y1 = i’jZZI Eij — W/}gih(l‘)f@(m)o‘(dl‘) y
d d )
vmzﬁw+1xﬁ+mingQm@mmunJm@
)2
B+1 g:l/yh )|o(dz) /\h )20 dx]
d3
V3 1= ng?él/xmi(x)ﬁg(dx),
e 5(54— \/1<z<d/ [hi(@)[Po(dz) 112a<xd/ [hi(@) ' (dz),
V5 = max{'ﬂ,\f%}, V6 = max{’yl,\/’Tg},
where
— 2 : 3
Vf—3m5+nw+a>;;LQ%“”“@@
,3+2 d 2
Jﬂ—i—lz/hk 2de;</hk Yio(dz) + 5ﬁ+1 </hk 20d:1:)>>]
and
Vg 1= 5(ﬁ—|—1 ICES) Z/|h )20 (dx) Z/\h )|*o(dx)

d

\lgifz/hk o(dz) Z( / io(dz) + ﬂ(ﬂﬁ—i—l) </th(33)20(dx)>2>].

1

Hereafter, we denote by 7; ar, ¢ € [8], M € N, the quantity obtained replacing hy, k € [d], o and
B in the definition of ~; with a sequence of kernels Ay s, a sequence of measures or and a sequence
of total masses By := oar(X), respectively. We also set has == (hias, ..., hanr)-

Hereon, if not otherwise stated, the covariance matrix X is assumed to be positive semi-definite.

4.1. A Quantitative Multidimensional Central Limit Theorem in the dg distance.
Theorem 4.1. Let d € N be fized and suppose that

For any i € [d], h; : X = R is a measurable function which satisfies (1.2) with h; in place of h.
(4.1)
Then:
(4)

(0, 1), N) < 2(m +72) < 3 (n +7) < g (n + 7). (4.2

(ii) Let {mar}men be a sequence of Dirichlet-Ferguson measures such that, for any M € N, nys has
parameter opy and By = op(X) — +oo, as M — +oo. For each M € N, let {h;u}iciq be a
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family of kernels in L3(X, o) which satisfy (1.2), with h; pr in place of h and oy in place of o,
and are such that

. 1
For any i,j € [d], %/}ghi,M(x)hj,M(x)UM(dx) — Y45, as M — +oo (4.3)

and
1
For any i € [d], /6’3/ \hi v (z)Pops(dz) — 0,  as M — +oo. (4.4)
M JX

Then, for each M € N, the relation (4.2) is satisfied, with nyr in place of n, hyy in place of h and
vi,m i place of i, 1 =1,2,3,4, and v1am,v3.m — 0, as M — +o00. Therefore

d3(I(77M, hM), N) -0, asM — +x (45)

and

I(nar,har) = N in law, as M — +o0. (4.6)
(iii) Let the sequence {nas}men be as in (). For any M € N, let {hi rr}ic(q be a family of kernels
in L*(X, opr) which satisfy (1.2), with h; pr in place of h and oy in place of o, (4.3) and

1
For any i € [d], 54/ \hi v (z)|*opr(da) — 0, as M — +oo. (4.7)
M JX

Then, for each M € N, the relation (1.2) is satisfied, with nyr in place of n, hyr in place of h and
vi.m in place of v, i =1,2,3,4, and yi pr,vam — 0, as M — +o00. Therefore the relations (4.5)
and (4.6) hold.

Note that, under the foregoing assumptions, if ¥ is a diagonal matriz, then the (dependent)
random variables I(nar, hiar), © € [d], are, as M grows large, asymptotically independent with (one-
dimensional) Gaussian law with mean zero and variance ¥i;, i € [d].

Proof: Proof of Part (i). We start noticing that if h; ¢ L3(X,0) for some i € [d] then v = 73 =
74 = 400 and the bounds are trivially true. Therefore, we suppose that the functions |h;|3, i € [d],
are all integrable with respect to 0. Moreover, without loss of generality, we may assume that 7 and
N are independent. Throughout this proof for ease of notation we put I := I(n, h). Take g € Hs
and set

G(t) :=E[g(v1 -1+ VIN)], telo,1].
We have
1 1
Elo(N)) - Ely(D)] = [G(1) = GO)| = | [ @] < [ e (4.8)

By the properties of g we have that G is differentiable on (0, 1) with derivative

d 9 1 1
G't)=) E (V1 —tI+ VIN) N; — I(n, k)
; |:a$ig (2\/1? oI —1 >]
L L5 (4.9)

= m—
2Vt 2/t —1

where
d 9 d 9

In what follows we denote by Lz the law of a random variable Z, and integrals with respect to Lz
are implicitly realized over the support of Z. For fixed i € [d], t € [0,1] and z € R?, set

fyfz(:z;) = aig(\/l —tz+Vtx), xeR?
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and note that, for any j € [d],

g(V1—tz+Vix), zeR% (4.10)

So, due to the fact that g € Hs, we have that vf’z € C'(RY) with bounded derivatives. Since 7 is
independent of N, we have

0

E [(%'g(\/l — I+ \/%N)Nl} = /E['yf’z(N)Ni]EI(dz). (4.11)

We shall check later on that, for any i € [d], t € [0,1] and z € RY,
Efl7!* (N)Ni] < oc. (4.12)
Therefore by Lemma 3.7, for any i € [d], t € [0,1] and z € R%, we have
0?
E[~* i E 1— N)|.
(N JZ 18 [ a T+ ViR

Combining this relation with (4.11) and using again the independence between 1 and N, we have

(FH/N ] \/ZEUE[ (\/TH\/N)]

Therefore

d
N = ﬂg:l v [a o7 g(V1I—tI+ \/N)} (4.13)
For fixed i € [d], t € [0,1] and z € RY, define
7 0) = g (VT Vi) = 7(2).
Since g € H3, we have that %t # € C?(RY) with bounded first and second derivatives. Indeed,

i:y'?vz(x) =/1—1 g(V1 —tx + \/iz), (4.14)

i
0z

0
3$ia$]’
82 s 83
,’ =(1—¢t)——
6$k6$j% (SL‘) ( t)axiawjﬁxk
1G) Ve < VI=tlgPlloe and  1(7;77)P oo < (1= )19 lcc-

Using the independence between 1 and N, Lemma 3.8 and relation (4.14), we have

g(V1 =tz +Vtz),

E [829(\/1 —tI 4+ VIN)I(n, h,)] = /E L{)ig(\/l —tI 4+ V't2)I(n, hz)} Ln(dz)
— [ B 1. b))

M&

{ |: ~tz /Xhi(l‘)hj(l')U(dx)] +c(i7ta z)}ﬁN(dz)

. 2
- SGTTE {Z GVT=+ViN) [ hite )hj<x>a<dx>] +2(i.0),

B(B+1) x0T
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where ¢(i,t) := [ ¢(i,t,z)Ln(dz). Therefore

d
jzﬁzﬂtl {Z O, g(vV1T — I+ VIN) /h (d:z:)] +;E(z’,t). (4.15)
By (4.9), (4.13) and (4.15) we have
1 & 1
= Z [ (VI =T+ fN)( W/Xhi(:c)hj(x)a(dx)”

d

- > e, t). (4.16)
=1

By Lemma 3.8 we also have that, for any i € [d], t € [0,1] and z € RY,

~tz (2)
‘C(i’t’z)lgﬂfg(+1 ﬁ!:oz Z/Ih Iy (z) 2o (dz)
! ﬁ(ﬁlﬂ) /x i)l (dw) Z /X g (x)l2a<dx)]
1—1)d)|¢®)]| o
_,é’(ﬁ+1ug5+H2 Z/Ih )|k (2)|?o(dx)

B+1/!h |adx /|h |adx]:()

and so |¢(i,t)| < ¢(i,t). The first inequality in (4.2) follows by this latter inequality, (4.8), (4.16)
and the fact that ||g?]|o0, [[¢®]lec < 1. The second inequality in (4.2) follows from noticing that
Y2 < 3. Indeed, by Holder’s inequality we have

(/ \hi(z) o dx>1/3 (/ e >2/3
e ) N />]

d W

izl 121?2{(1/ |hi () [Po(dz) + 34—1 Z 1<Z<d/ () [Por( dx] .

As far as the third upper bound in (4.2) is concerned, it suffices to note that the Cauchy-Schwarz

inequality yields
/|h (z)[3o(dx) _\// |hi(x)|20(dz) /|h )|4o(dz) (4.17)

and therefore 3 < «4. It remains to check (4.12). By the Cauchy-Schwarz inequality it suffices to
check

d
”—ﬁw+mﬁ+z

d
S CESCES)

For any t € (0,1), z € R? and i € [d], E[7/*(N))] < .
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By the Multivariate Mean Value Theorem and (4.10), we have

d d
z z 8 z 2
) =27 O < | sup |37 | )] ]| XD INP < Vallg

yeRr® \ 5 i i—1

and so

i *(N)] < Vllg™ oo

The square integrability of 'yf *(N) then follows by the integrability properties of N.
Proof of Part (ii) and Part (iii). The proofs of these parts of the claim are rather obvious (they
directly follow by Part (i) and the assumptions), and therefore omitted. O

4.2. A Quantitative Multidimensional Central Limit Theorem in the do distance. Denote by Lip,(1)
the set of Lipschitz functions ¢ : R* = R, d € N, with Lipschitz constant at most 1, and by dy the
Wasserstein distance. Since Ha C Lipy(1) it immediately follows that
d2(X,Y) <dw(X,Y):= sup [E[g(X)]—E[g(Y)]|
g€Lipg(1)
for R%valued random vectors X and Y such that E[||X||], E[|Y]]] < co. Consequently, in the one-
dimensional case, a Quantitative Central Limit Theorem in the ds distance is immediately given by
Theorem 1.1. As already discussed in the introduction, in the multivariate case it appears unclear
how to deal with solutions to the multidimensional Stein equation and the Wasserstein distance.
Indeed, the degree of smoothness of the solution to the Stein equation is increased by one, over
what is required in the one-dimensional case. As far as the d-dimensional case is concerned we have
the following Quantitative Central Limit Theorem in the dy distance.

Theorem 4.2. Let d € N be fized and suppose that the kernels h;, i € [d], satisfy (4.1) and that the
covariance matriz X3 is positive definite. Then:

(@)
/ol —1/2 o
da(I(n \/>HE 2|,y H | verlis o,
_ or|| 2172,
< |2 g + ”4”7
2 o V2r||212,
< \/;HE Y2 lopr1 + H4Hp74. (4.18)

(73) Let {nar}amen be a sequence of Dirichlet-Ferguson measures such that, for any M € N, nyr has
parameter oy and By = op(X) = 400, as M — +o0o. For each M € N, let {th}ze be a
family of kernels in L3(X, o) which satisfy (1.2), with h; pr in place of h and oy in place of o,
(4.3) and (1.4). Then, for each M € N, the relation (1.18) is satisfied, with nas in place of n, hyy
in place of h and v; pr in place of v;, © = 1,2,3,4, and y1,m,7v3,m — 0, as M — +oo. Therefore
da(X(nar, har),N) — 0, as M — +oo. (4.19)

(iii) Let the sequence {nar}men be as in (7). For any M € N, let {h; rr}iciq be a family of kernels
in LA(X, op) which satisfy (1.2), with h;y in place of h and oy in place of o, (4.3) and (4.7).
Then, for each M € N the relation (4.18) is satisfied, with nys in place of n, hyy in place of h and
vi,m i place of v;, 1 = 1,2,3,4, and vy1,p,va,mm — 0, as M — +oo. Therefore the relation (4.19)
holds.

Before proving Theorem 4.2, we briefly compare it with Theorem 4.1.
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Remark 4.3. The bounds on ds(I(n,h),N) and da(I(n,h),N) differ only for the multiplicative
constants in front of 1, 72, v3 and 4. So the Parts (i¢) and (iii) of Theorem 4.2 are an immediate
consequence of the Part (i) of Theorem 4.2 and the Parts (i7) and (iii) of Theorem 4.1. The main
difference between Theorems 4.1 and 4.2 is that, although the ds distance requires less regularity
on the test functions than the dz distance, the bounds on the ds distance hold under the more
restrictive assumption that the covariance matrix X is positive definite.

Proof of Theorem /.2: Due to Remark 4.3, we only need to prove the Part (i). Note that if h; ¢
L3(X, o) for some i € [d] then 79 = 3 = 74 = +00 and the bounds are trivially true. Therefore,
we suppose that the functions |h;|3, i € [d], are all integrable with respect to o. Since vo < 3 < 4
(see the proof of Theorem 4.1), we only need to show the first inequality in (4.18). Throughout
this proof, for ease of notation, we set I :=1I(n,h). Let g € C*°(R?) with first and second bounded
derivatives. Then it is easily seen that 0f,/0z; € C?(R?) with first and second bounded derivatives
(see e.g. Lemma 3.3 in Nourdin et al. (2010)). By Lemma 3.5 and Lemma 3.8, we have

Elg(D)] - Elg(N)]|

d r d
=] 2 [ - [t |
d - 9 4
= ’Z;IE Zij ?‘)xf%(x])] - ,B(B1+ D jz E Bxf%(xj / hi(2)hi(2)o(de) ] +;cj(
< Z-JE-G;E [ gi{%gj) sz‘j - B(ﬂl_i_l)/xhj(fﬂ)hi(x)a(da:)’] + ; lcjl, (4.20)

where ¢; is a constant such that

al (3)7

| < ST Z/m ki) o)

! i(x)lo(dr () o(de
+ﬁ(ﬁ+1)/x|hf( Jlo(d >;/thz< )Po(d >]. (4.21)

By (3.4) we have that, for any 4, j € [d], it holds

0% f,(1 2
o ‘ < |[Hess fy(Dllm.s. < sup |[Hessfo(2)[[m.s. < \[HE Plopligllip, P-as.  (4.22)
O0x;0x; zERd T

Moreover, a straightforward computation yields

of, (2 5 .
1(52) e < 100 < Msly). - for any j € [
and so by (4.21) and (3.5) we have

d /
I e LIV (123)

Combining (4.20), (4.22) and (4.23), we have that for any g € C*°(R?) with first and second bounded
derivatives,

71212
S00) - ElN]| < ) 2152l + L0 ag g, (a2a)
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At this point, we note that for any g € Ha there exists a family {ge }e~o of functions in C>(R%) with
bounded first and second derivatives such that g. — g uniformly, ||g:||Lip < ||lg||Lip and Ma(g:) <
Ms(g), for any € > 0 (see the first lines of the proof of Theorem 2.3 in Chatterjee and Meckes
(2008)). Then applying (4.24) to the approximating function g., bounding ||ge||rip and Ma(g:) by

1, and finally taking the limit as € — 0, one has

\/ﬂ 2 2],
E[g(D)] — E[g(N)]| < \/>HE Y2 lopy V2B Pler 1, for any g € Ha.
The claim follows taking the supremum over Hs on this latter inequality. O

4.3. A Quantitative Multidimensional Central Limit Theorem in the d. distance.

Theorem 4.4. Let d € N be a fized integer and suppose that the kernels h;, i € [d], satisfy (1.1)
and that the covariance matriz X is positive definite. Then:

(4)

16d3/2 /80 -
dc(l(""‘)’N)S[( T+ T s[5+ T
16d%/2 /80 )
S[( i 04+ 8 27 o + fu isf? | (4.25)

(7i) Let {nar}men be a sequence of Dirichlet-Ferguson measures such that, for any M € N, ny; has
intensity on and By := op(X) = 400, as M — +oo. For each M € N, let {hi r}icfq be a family
of kernels in L*(X, op) which satisfy (1.2), with h; ar in place of h and oy in place of o, (4.3) and
(4.7). Then, for each M € N, the relation (1.25) is satisfied, with ny; in place of n, hyr in place of
h and ~; pr in place of v;, 1 = 5,6, and v6, 1 — 0, as M — +oo. Therefore

de(I(nar,har),N) - 0, as M — +o0. (4.26)

Proof: Proof of Part (i). We start by noticing that if h; ¢ L*(X,0) for some i € [d], then 5 =
Y6 = +0o (since 77 = 78 = 400) and the bounds are trivially true. Therefore, throughout this
proof we suppose h; € L*(X, o) for any i € [d]. Note that the second inequality in (4.25) follows by
the inequality v7 < ~g, which, in turn, is a consequence of the Cauchy-Schwarz inequality (applied
to the product measure o(dz) ® k(j), where k(j) is the counting measure on [d]). It remains
to prove the first inequality in (4.25). Hereafter, for ease of notation we set I := I(n,h). Let
t € (0,1/2) and g € Z be arbitrarily fixed. The rough idea of the proof is first to bound the
quantity |E[g¢(I)] — E[g:(IN)]| and then to obtain a bound for d.(I,N) combining the smoothing
Lemma 3.9 with a suitable choice of t. By Lemma 3.6(i)-(i7) and (3.2) (note that, for any i € [d]
and t € (0,1/2), the function df; ,/0z; is bounded and therefore df; 4(I)/0x; € L?(£2,P)), we have

rE[gta)]—E[gt(N)]:\iE[z O fig D) ] ;E[ ) il >“

i,j=1 7 8%8% J
d d
0 fir4( ] Ifeg(D)
= E [ o E / 2) Dy —=220(dz, du) | |.
‘szzl [ J 6301890] ; XX[OI] ( ) (@u) a$j ( ) ‘

(4.27)
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By the Fundamental Theorem of Calculus we have

0 d o
( u)axjft,g(l):/o £z 01, 7 frg(I+2D(g)I) dz
d 2

1
0
= /0 dz ; 0xkaxj ft,g(I + ZD(w,u)I)D(m,u)I(na hk)7

and so

/ hj(:c)D(%u)aft’ig(Da(dx, du)
X

x[0,1] Ox;

d 1 )
E R
= E / hi(x I+ 2D ) Dy I(n, hi)dzo(dz, du

d 2
:ZE&MMWM”@MMHWM]

O0x0x;

1 82
h; 1+ 2Dy 1
/XX[O,l] j(x)/ (axkax Jog@+ 2DewD)

_ P fie(M)
8$k8$j

> D(LU)I(T], hy)dzo (dz, du)] =:T71 + Ty. (4.28)

Defining
d
02 f1.4(1)
:Wzﬁﬂ[ﬂl’
i) 0x1,0x;
by (4.27) and (4.28) we have
[Elg:(D)] = Elg:(N)]| < |7| + |72]. (4.29)

We continue dividing the proof of Part (i) in three steps. In the first step we upper bound ||, in
the second step we upper bound |72/, in the third step we conclude the proof.

Step 1: Bounding |T|.

We start by noticing that by the definition of the gradient D and the relation

I((1 —t)n+teg, h) =th(x)+ (1 —t)I(n,h), (4.30)
we have
D(m,t)I(n, h;) = t(hi(z) — I(n, h;)), (x,t) € X x[0,1], 1 € [d]. (4.31)

Therefore, for any function hg € L?(X, o) whose integral against o is equal to 0, for any i € [d], we
have

(ho(+), Da,y L (1, hi)) £2(xx[0,1],5) —/X o tho(z)(hi(x) — I(n, hi))o(dz, dt)
X0,

1 1
= — 1)~ x)h;(x)o(dr) — ; — )%~ r)o(dx
—Aﬂlwldéme)M)Immédlﬂlwéw)@)

_ B(ﬁlﬂ) /X ho () hi(z) (). (4.32)
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So
7] < Z, £ {[5 - / " ]<x>D<m,u)I<n,m)a(dx,du)\\w1]
d 2
:];l i M/th(x)hk(x)a(dx)\la U‘mu
d
< 3 B gy J e J Sl

where we used (4.32) and the Cauchy-Schwarz inequality. Then by Lemma 3.6(4i) we have

7] < 1= op(d] log t|\/de(T, N) 4 24d7/12)~,, ¢ € (0,1/2). (4.33)

Step 2: Bounding |T2].
By the Multivariate Mean Value Theorem and Lemma 3.6(iv) (note that g(-) = 1{- € K} for some
measurable convex set K C R? and so ||g||sc < 1), for any k,j € [d] we have

veER

02 D3 frq(
D < E D
0z, 0x; a0z 19T+ #Dawd) = O:Ek@x 9oz, 0o supJ ‘axlﬁxk(%‘ ‘ 12D el

< 6|2 32— 12D ) I

op \[
Therefore
1 d
|7 < 6d*[|27 H%Q zdz Y B / 1A ()1 D () Ll | Dy L (0, )5 (A, de)
\[ k=1 Xx10,1]
1 d d
= 3d4”2 21/)2 \[ Z / )| Z |D(:v,u)1(777 h€)|2|D(z,u)I(na hk‘)|3(dx7du)
k=1 Xx|[0, 1] -1
1 d
<3S D E / 113 (@)1 Doy T (0, he) | D I (0, )G (d, du) |, (4.34)

\[ jik f=1 Xx[0,1]

where we used the elementary inequality \/Zle la;]? < Z?:l lai|, a1,...,aq € R. So

E

Xx[0,1]

2
BB+ (B +2)

E /Ihj(x)llhk(x) — 1(n, he)| e () —I(mhe)a(dw)]-
X
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By the arithmetic-geometric mean inequality and the convexity of x +— |z|3, we have

E

/ 103 ()] D oy L (0 1) Dy 117, )l )
Xx[0,1]
2

@) Ihela) = T )l Vo) = Ion,ho)
<3Gt 1)(ﬂ+2)E/< 3 3 i 3 >a(d$)]

2 (/ Ihy(@ / E[|hg () = I(n, h)[’]o (da)

- 36 B+1)(B+2)
+/XEHhe(9«") - I(n,he)lg]a(dw))

By this relation and the Cauchy-Schwarz inequality it follows

Xx[0,1]
2d>

d
i\ 30' T
=3+ +2) Z:/X'hj( It

d
+2J 3 / he(e) = 1 o)l a) 3 | Ellnete) = .o

By (2.3) and (2.4) we easily have
1
E[|hi(z) = 1(n, i) [P) = ha(2)? + B(B+1) /X hi,(x)?o(dz) (4.36)

d

Y E

j7k7£:1

dz)|.  (4.35)

and

Ellhu(e) — I, )]
T 2
= B0, )] = LT ]+ A [ mGeotdn) @t @)

By Jensen’s inequality (n(w) is a probability measure and = — z* is convex) and Lemma 2.1(ii),
<ef hk<x>4n<dw>} ~ EE(01)* 7]
X

E[hy(Uy) =3 / hi(z) o (dz), (4.38)

37) and (4.38) we have

we have

E[1(, hi)!] = E [( /X hk<x>n<dx>)4

(2.1). Combining (4.:
; / — Ahy(2)E[I (1, hi)?]

i (2)? / ()20 (dz) + hi ()",

where the latter equality follows by

E|hy(2) — I(n, h)|*

+B(6+1)

and so, using again (2.3), we get
- Yo(dx z)to(dx 0 z)%o(dx :
[ Bline) = 1) o) <2 [ huga)'oldn) + 50 (/Xhm (d >). (4:39)
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Furthermore, (4.36) yields
B +2

[ Bllnnte) = r ) Flotda) = 525 [ hu@)Potaa) (4.40)
Combining (4.34), (4.35), (4.39) and (4.40), we easily have

72| < 3d°||2 ||f’>/2 € (0,1/2). (4.41)

Y7,
\[
Step 3: Conclusion of the proof of Part ().

By (4.29), (4.33) and (4.41) we have

[E{g:(D)] = Elge(N)]| < £ |op(d| log t]/de(TL,N) + 24"/ 1)y + 3|S5 —

and so Lemma 3.9 yields
4 1 20d
de(IL,N) < 2|57 op(d|log t|/de(T,N) + 24d" /1)y + 4dC(|=7 1|57 — \[
3 P \/ f 1—¢
Recall that ¢ € (0, 1/2) is arbitrarily fixed. Therefore t'/4|logt| <2 and 1 —¢ > 1/2. Then
8d /d.(I,N) 1 17/12 1 6 3/2 75 40d
dc(L ) 3 t1/4 HZ H0p75 + 32d / HZ ”010'75 + 4d HE ||O}/7 \[ \/>\/{E (442>
Since d.(I,N) < 1, the first inequality in (4.25) is obvious if v5 > ||3~ 1|]_1/2/\/§. So we suppose
v5 < [|=7Y|op’?/v/2 and take t € (0,1/2) so that

V2
Vi Y2000, 151 |
By this choice of ¢ and (4.42), we have
d3 /2 \/7
- 3 21/4

40d
5125 4 2d (LN
+ L2 + LN,
which is equivalent to the first inequality in (4.25).
Proof of Part (ii). The proof of this part of the claim is rather obvious (it directly follows by Part
(7) and the assumptions), and therefore omitted. O

1
Y7,
\[

de.(I,N) < 13 _1||0p75‘|‘32d17/12”Z 1||OPVE>+4dG||Z 1||01775

We conclude this subsection noticing that the claims of Theorem 4.4 immediately transfer to the
Kolmogorov distance

dg(X,Y) = sup [P(Xy <xy,...,Xq <) —P(Xy <1,...,Xg < 2g)

T1,...,Lq€ER

where X = (X1,...,Xy) and Y = (Y7,...,Yy) are R%valued random vectors. Indeed we clearly
have that dg(+,-) < d.(-,-).

5. Gaussian approximation of linear transformations of random vectors with the Dirich-
let distribution

For M,d € N and i € [d], let K;pr > 2 be integers and let
YM = (Ylla"'a}/lKu\/[a}/Ql;"'>Y2K21V[7"'7Yd17"'7YdeM)

be random vectors distributed according to the Dirichlet law with parameters

M M M M M M
aM) .= (agl )>""0‘§K1)M’O‘gl )""vo‘gK;Mv'--’O‘En ),... ElelM)
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The next results provide Quantitative Central Limit Theorems for the sequence of random vectors
defined by

Kin KdM
Sn = (ClM > i (Yim — EYiml), -+ Cans > ttan (Yam — E[Ydm])> ;

m=1 m=1
where Cipr, i € [d], are normalizing constants and {wim }ic(a), m=1,..., k;p; C 1—1,+1}.
Set
d Kim Kim 1 Kim
oM ::ZZO‘E’%)’ Qi = Za and  ping ::OTZuimal(-n]\f), i € [d].
i=1 m=1 M m=1

In this section we consider the quantities

~ C2 2 ChiCy
_Zg _Yim (g YiMPim ’ 1{d>2 Z’Z MM
Y1,M ‘ i — i aM+1) (OéM Gnr ) +1{ } ij + &, (@ +1)MZMM]M7

1,5€[d]
&3 22,0\
= ~ /~ . N9 C a - Z,vil
M an(ap +1)2 {1125%1 iM < aim an >}
% 4 max 4 CS&#?M@M o 4CZ'SMM;1M i GCiGM/’LZZMaiM . 4Cz4MM12M
¢ 7 ~ 4 3 2 v
1<i<d (aar) (o) () M

C8 M4 d 1/2
J=1,3#i

V6,0 = max{y1 ar, /I8 }

Sl

and

oM

2
M = 3&M(aM+1 aM+2 {

) (@nr)? (@nr)? an i

4
Z < zMMzMalM _ 4CzM:uzM +601M/%M0‘zM 4CiM:u12M 2

1/2
Chutby © ~
M it it

an

O‘M+22 . Chr1iiy
aM+1 a

My MazM CZMILL’LM CzM:“zMaZM CzMMzM
2 E MG —4 +6 —4 +C%a
( M)t (aar)3 (aar)? an MM

Clviling : 2~
j=1, 5

29711/2
6 4 ~. C H
* apy(any +1) ;(CiM <azM Z[MM>> ” } (5-)

The following theorem holds.
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Theorem 5.1. Let d € N be fized. Then:
(1) If ¥ is positive semi-definite, then

d3(SM7 )
(ii) If ¥ is positive definite, then

\/277 »-1/2),
SM7 \/>||E 1/2||op’)/ ” 4 ” p 4,M (53)

(vi,m + Ya,m)- (5.2)

[\.')\}—t

and

S 6,0 (5.4)

1 d3/2
de(Sar,N) < [( 6d°/2 V80 64d17/12—|—8d6>HE Yop +

Hereafter, we write a,, ~ b, for two positive sequences {a, }nen and {b, }nen such that a,, /b, — 1
as n — +00. The next two theorems and the next remark refer to the d-dimensional case with d > 2.
The one-dimensional case is provided by Theorem 5.5.

Theorem 5.2. Let d > 2 be fixed, let the notation of Theorem 5.1 prevail and suppose:
(H1): The sequences {Cin}men, @ € [d], diverge to +00, as M — +oo and are such that, for any
Jj€1{2,..., K}, there exists a positive constant k; > 0 such that Cjpr ~ k;Ciar, as M — 4o00.
(H2): For any j € [d], ajm — o, as M — +oo. Here ay,...,qq are non-negative constants such
that (a1, .. ad) 75 0.
(H3): For any j € [d], pjm — i € R, as M — +o0.

Let 3 = (Xij)1<i,j<a be the symmetric matriz with entries

/1? K313 _ K;’H?’ _ .
E]J = ? a] - P ) J € [d]v Z]k = 3 /’Lj/*[/kv J 7é k,],k € [d]v
where
d
K= Zm?aj >0 and k1:=1.
j=1
Then:

(1) If ¥ is positive semi-definite, then the upper bound (5.2) holds, vy ar,vamr — 0, as M — 400,
and so d3(Spy,N) — 0, as M — +oo.

(13) If ¥ is positive definite, then the upper bounds (5.3) and (5.4) hold, i ar,Yanm, v, — 0, as
M — +o0, and so dj(Syr,N) = 0, as M — +o00, j =2,c.

Theorem 5.3. Let d > 2 be fixed, let the notation of Theorem 5.1 prevail, and suppose:

(H1)': The sequences {Ciptaen, @ € [d], diverge to +o00, as M — 400, and are such that, for

any j € {2,...,d}, there exists a positive constant k; > 0 such that Cijrr/Cinv = Kj + O(C’l_]\}[), as

M — +o0.

(H2)': For any j € [d], aju = o + O(C’l_]a[), as M — +oo. Here aq,...,aq are non-negative

constants such that (..., aq) # 0.

(H3)': For any j € [d], pjn = pj + O(Cryy), as M — +oo. Here u;,,. .., piy are real constants.
Then, letting 3 denote the matriz defined in the statement of Theorem 5.2, we have:

(i) If © is positive semi-definite, then d3(Syr,N) = O(Cr,}), as M — +oc.

(i) If % is positive definite, then da(Syr, N) = O(Cy;Y) and d.(Sy,N) = O(C’l_]&/z), as M — +oo.

Remark 5.4. (i) Note that the assumptions (H1)’, (H2)" and (H3)’ of Theorem 5.3 are stronger than
the hypotheses (H1), (H2) and (H3) of Theorem 5.2, respectively, and guarantee a rate for the var-
ious distances. (i7) There are various criteria which guarantee that a real symmetric square matrix
is either positive semi-definite or positive definite. For instance, if a real symmetric square matrix
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has non-negative (positive, respectively) diagonal entries and it is diagonally dominant (strictly
diagonally dominant, respectively) then it is positive semi-definite (positive definite, respectively).
Therefore, the matrix > defined in the statement of Theorem 5.2 is positive semi-definite if

4 2,2 3.3

K K4S K3k, ‘

J L/ IS J ,

= <0@ . >_ > gkl Vg€ [d]
keld]

and it is positive definite if

4 2,2 3.3

K K54 KK, ,

_J . I J )

e (ozj p >> > 3 |kl V€ [d].
ke(d]

The next theorem concerns the one-dimensional case.

Theorem 5.5. Let d =1, let the notation of Theorem 5.1 prevail and set

Kim

Sy = Cim Z Ulm (Ylm - E[}/lm])

m=1
(i) If Crar — +00, 1ar — >0, piar — p € R, as M — +o0, and v? := a 2(a — a1 %) > 0,
then relations (5.2), (5.3) and (5.4) hold, with Sys in place of Syr, N(0,v?) in place of N, d = 1,
v? in place of ¥, and the upper bounds go to zero as M — 400.
(i) If, as M — oo, Cipr — +00, diy = o+ O(CL), for some a > 0, piy = p+ O(CL,y), for
some i € R, and v* := a2 (a — a~tu?) > 0, then

ds(Sar, N(0,0%)) = O(Cryy),  da(Sar, N(0,0%)) = O(Cryy),  as M — 400

and
de(Sp, N(0,1%) = O(C/%),  as M — +co.

We conclude with a couple of examples.

Example 1 For M € N and d > 2, define K;j; := C, i € [d], where C is a fixed even integer,
Ui, := (—1)™, agn]‘f) = (M), i € [d], m € [C], where ¢ : N — (0, +00) is a function which diverges
to infinity, and Cjps := /Cp(M), i € [d]. Tt is readily checked that a;p; = 1 and p;pr = 0, @ € [d].
Therefore, letting

YM = (Yn,...,}/10,}/21,...,)/20,...,Ydl,...,ch)
denote a random vector with the Dirichlet distribution with parameters all equal to ¢(M) and
setting

C C
Sar = /Cop(M) <Z(_1)mym, e Z(—nmydm) :

m=1 m=1

by Theorem 5.3 we have
d3(S11,N) = O(o(M)™'2),  da(Sas,N) = O(p(M)™1%) and  de(Sar,N) = O(p(M)~1/*),

as M — 400, where N is a centered d-dimensional Gaussian random vector with diagonal covariance
matrix ¥ = diag(d—2,...,d"2). Similar rates can be obtained in the one-dimensional case applying
Theorem 5.5; we omit the details.

Example 2 For M € N and d > 2, define K;y; := M, ozl(i\;[) ;= > 0and Cjy := VM, i € [d],
m € [M]. Let wipm := um, i € [d], m € [M], where {tum }meian C {+1,—1} is a sequence such that

Card({m € [M] : uy, = +1}) = % +O(VM), as M goes to infinity
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(here the symbol Card(S) denotes the cardinality of the set S). It is readily checked that, for any
i€ l[d], aipg =1 and

M=%, as M — .

Ms

/%M—M

m=1
Therefore, letting
Y=Y, Y, Yor, oo Yo o Yars oo Yaur)

denote a random vector with the Dirichlet distribution with parameters all equal to v and setting

Su ::W(ium (Ylm—d]lw>,...,§:um (Ydm_d;\4>>’

m=1 m=1
by Theorem 5.3 we have
d3(Sar,N) = O(M~Y?), dp(Spr,N) = O(M~2) and  de(Spr,N) = O(M /1),

as M — 400, where N is a centered d-dimensional Gaussian random vector with diagonal covariance
matrix X = diag(d_ ,d=2). Similar rates can be obtained in the one-dimensional case applying
Theorem 5.5; we omit the details.

6. Appendix

6.1. Proof of Lemma 5.0. We refer the reader to p. 337 of Chen et al. (2011) and Lemma 3.3 in
Nourdin et al. (2010) for a proof of Part (7), to Proposition 2.3 in Schulte and Yukich (2019) for a
proof of Part (¢i7) and to p. 12 formula (2.5) in Schulte and Yukich (2019) for a proof of Part (iv).
As far as Part (i4) is concerned, letting ¢ denote the density of N, for any t € (0,1), z € R? and
i € [d], a simple computation yields

Oftg(x) ‘/ 9p(2)
a(@)| _ N dzds|
‘ ox; ‘ 2 \f\/l—s Rd 9(Vs2 + S ox;
B V1-— s Rd z; > \/E rd | O0x; ) .
Setting (¢(2zi) := 2?21,#1‘(271/2)@]‘2]3 a straightforward calculation shows
J 2
o(z) = ; 12 E 1/2 )eizj
(2m)ddets 25\ 5 7%
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and therefore

9 (Z) d d
g ZZSO(Z)Z[( 1/2 ZCE 1/2 li
i =1 =1
d d d
= —2i0(2) Y (=6 =D > (ETV)5(E ) uz0(2)
=1 (=1 j=1, j#i
S (o).
£,j=1

The claim easily follows by this expression, (6.1), the fact that N; is Gaussian distributed with
mean zero and variance X;; and the Cauchy-Schwarz inequality.

6.2. Proof of Lemma 5.8. The proof of Lemma 3.8 exploits, in turn, the following lemma, which
provides a “corrected" multivariate chain rule for the gradient D.

Lemma 6.1. LetF = (Fy,..., Fy) : P(X) — RY be a measurable mapping. Then, for all f € C?(RY)
with || f®||ee < 00, for P ® G-almost all (w,z,t), we have

d
0
Doy [(F(n) = > 5[ (F(y
=1

where R : R4 x R* — R is a measurable mapping such that

(wt) ( )+R( ( )aD(m,t)F(n))a

d 2
1 ~
|R(F(n)7D(:B,t)F(77))| < 5”f(2)”00 <Z |D(x,t)Fi(n)|) ,  Jor P®c-almost all the (w,x,t).
i=1

The proof of this lemma is provided later on in this Appendix, and now we proceed by proving
Lemma 3.8. Throughout the proof, for ease of notation, we put I :=I(n, h). Let g € C?(R%) with
bounded first and second derivatives. Then g(I) € L?(£2,P). Indeed, by a simple application of the
Multivariate Mean Value Theorem we have

d
2
9(@) —9(O)] < | sup Z\ G2 Zun, P < VgD ooy | 3 1 (n, i) 2
z€ g i=1
By (2.4) we immediately have
d 1 d
E I(n,hi)?| = — /hixQdaﬁ<oo
> 10 >] T L el

and so g(I) — g(0) € L?(Q,P), i.e., g(I) € L?(Q,P). Thus by Lemma 3.1 (with G(n) := g(I)) and
Lemma 6.1 (with f:= g and F(n) :=I) we have

Elg(1)1(1, ho)] = E (ho-), D.g<1>>L2<Xx[o,u,a)}

[

+E[(ho(+), R(I, D.I)) 12(xx[0,1],5)]

(6.2)

), DI(n, ki) 12(xx[0,1,5)
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with
|E[{ho, R(L, D.1)) 12 (xx[0,1],5)]]

d 2
1 ~
§§r|g<2>|roo /X [01]|ho(x)|E <Z|D<x,t>l(n,hi)> & (dz, dt). (6.3)
=19 i=1

Furthermore, for any (z,t) € X x [0, 1], by the convexity of z + 2% and (2.3), (2.4), (4.31) we have
d 2 1 d 2
E (Z Dz (0, hz‘)\) = d°E (d > DI, hi)\)
i=1 =1

d
<dY E[|DeyI(n,hi)l’]
=1

d d
1
= t%d hl-:UQ—l—i /him‘Qadm .
(;Zl ()] 3G+ D) ;:1 X| ()"0 (dz)
The claim follows on combining this latter relation with (6.2), (4.32) and (6.3).

6.3. Proof of Lemma 0.1. For P®c-almost all the (w,,t), we have D, ) f(F(n)) = f(D@nF(n) +
F(n)) — f(F(n)), and so by the Multivariate Taylor’s Formula with the integral remainder we have

d
Dia FB ) = 3 o F(R ) Dy i) + ROF(n), D B ),
i=1 "

where
(D(zpF1(n)" ... (D(ap Fa(n))"
R(F(n), Dy F () = 2 () BAAR
niy:...nq:
(n1y...,ng) ENU{0}: ni+...4ng=2
1 grittna f(F(n) + Dy ) F
X/ a1 f(m(??) Dizt M) 4
0 Oxy'...0x,
Therefore,
[R(F(n), Dz F(n))]
1
2
2 n n
< [a-nan® > Dl P - 1Dy Fal) "

(nl,...,nd)ENot ni+...4+ng=2

d 2
1 .0 ~
= §Hf( Moo <§1 |D($’t)Fi(n)|> , for P ® g-almost all the (w,x,t)
where the latter relation follows by the Multinomial Theorem.

6.4. Proof of Theorem 5.1. Let M,d € N, ops a positive and finite measure on (X, B(X)) and

{Xlla s 7X1K1Ma X217 SRR X2K2A17 s 7Xd17 s 7XdeM} € mzie[d] Kin (X)

a partition of X such that oy (Xim) = al(%) > 0,7 € [d], m € [Kinm|. Let ny be the Dirichlet-

Ferguson measure with parameter op;. Then
d Ky

,BM = UM(X) :ZZOJET]\:) :a]\/[

i=1 m=1
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and, by the definition of n,;,

L
(T]M(Xll), ce . 777M(X1K1M)777M(X21)7 v ,T]M(XQKQM), . ,?’]M(Xdl), e ,T]M(XdeM)) = YM.
(6.4)

For i € [d], define the function

A
hipi(z) == Cinr Z tim | Lx (@) = S22 ), @ e X
and note that
Kim
I(nars hie) = Cim Z Wi (01 (Xim) — E[nar (Xim)]),
m=1

indeed E[na(Xim)] = ozz(%)/ﬂM since a7 (Xim) is the 4m-th marginal of Dir[a(™)]. Therefore, by
(6.1) we have that

I(nM7hM) - (I(nM,hLM), e 7I<77M7hd,M)) é SM
Since o7 (X) = By, we have

/ hzyM(ﬂf) O'M(dm) =0.
X

Therefore, the kernels h; ps satisfy the condition (1.2) with h; pr in place of h and o)y in place of o.
The inequalities (5.2) and (5.3), with

d
1
= Ei'—7~ = hi hj d .
ma= 3 P g | Beas @l an(@yons ) (6.5)
and
'—d—3 max/|h~ (x)|2on(d) max/|h' (x)[*op(dx) (6.6)
Y4,M = &M(5M+1)2 12020 ) i,M M 12920 ) i,M M , .

and the inequality (5.4), with v 3 := max{vy1 ar, /78,1 } and

2
= hz )20 () h@ ioar(d

d 6 2 1/2
> (2 /X hk7M(x)4aM(dx)+m ( /X hk,M(a:)QaM(dx)> )] }

k=1
(6.7)

then follow by Theorems 4.1, 4.2 and 4.4, respectively.

The rest of the proof consists in computing the integrals involved in the expressions of v1 ar, ya,m
and g ar.
Step 1: Computing vy1,um -
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For any i,j € [d] and z € X, we have

Kim Kjm ()z(M) a(M)
Pt (@hyar (@) = CorCone Y D it <1Xm<> % )(1Xjn<w>— )

m=1 n=1 BM
Kin Kjm o) (M) (M) (M)
=CimCi UimWin | 1x. () —1x. () —1y Lim 4 IR ,
MGt ) 3 ity <lemxm<> Ko (0) o = L (@) 5+ =
and so
Ky Kjm a(.M)a(.M)
/ hijM(l’)hj’M(aj)O'M(de‘) = CZMC]M Z Z Uim Ujn (UM(sz M Xjn) - Zmﬁjn> .
X m=1 n=1 M
Hence
C,L C ]I\/I
[ haan@hsastz)ons(de) = - L 33 walald
X m=1 n=1
C3 C3
= MMMM]M, fori# jand d > 2 (6.8)
QN
and
[ Kin M 1 Kim M) 1 n#m ) (M)
/ hz,M(x)QGM(dx) = CZQM Z Qim) - 57 Z (agm )2 - 57 Z WinUim Oy, )ain
X _m*l M m=1 M n}me[Ku\l]
[ Kin 1 Kinm 2
2
=C;] o — Wi O
|5l (3 et
-KiM 1
= 022 Z a%) —Cj MMM
m=1 B
~ C;
=4, (aiM - W) . (6.9)
Qg

The expression of 41 5 in the statement of the theorem easily follows by (6.5), (6.8) and (6.9).
Step 2: Computing ~ya,p and g v -
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The claimed expressions of y4 37 and g as follow by (6.6), (6.7), (6.9), and the following computation:

/Xhi,M( x) o (da) M/<Z Uim, <1le z) — aé%j)))ZlaM(dx)
M;;/ <Z]\f Uik (1)% ;Z)>>40M(dx)

Ciar ff/(i]\:f Uik <1sz Q;Z)>>40M(dx)
+1{d > 2}C" Z Z / (Z Uit <1X1k O‘;?)YUM(dx)

j=1,5#4itm=1
Ky a(M) 1 Kinm o)
Uim | 1x;,,, e Uik QY dx
MZ/ ( (X() /8M> 5Mk_§¢mkk)UM( )
Kjinm Kim ( 4
4 Qg
B S S (Zuz )
j=1,j#im=1
M / (Uzm - 5 Ui Oy, ) O'M(dl‘)
BM Bumr % m
ity
> 1
+1{d > 2} MM (Gar)t Z C2\ M

J=1,57#i

a(-M) 1 (M) ! Chuliin - 2
o; Wimn, mo) - Ui QL +1{d > 2} A1~ Ciya
Z < Bur Bur 2wk ) { } (aar)? 2 Cludi

k=1, k#m j=1, j#i
Kim 8 4 d
C2\rhing Civh; ~
Z am (uzm vt ) +1{d > 2}4(%4 )151\4 C'J?Mosz
an MIT =gt

and we also easily have

(@) (@nr)? (aar)? an i

k3 4 4
ZM azm (uzm _ Cg](\j]\/;iM> Czlz%ﬂzMO‘zM _ 4CZMMZM i 6CzMMzMO%M _ 4CiM:u12M o2

6.5. Proof of Theorem 5.2. We divide the proof in three steps where we show that ;1 — 0, as
M — +oo, for any j = 1,4,8. The claims (¢) and (i¢) then follow by Theorem 5.1.

Step 1: Proof of y1,m — 0.

Note that aps = Zl 1 C%, ains. Therefore by the assumptions (H1) and (H2) we have

an ~ kC%yy, as M — +oo. (6.10)
By this relation and the assumptions (H1), (H2) and (H3) we easily have, as M — 400,

#Ml) (ajM M“aM) L (aj _ a“a) . jeld (6.11)

an(ay + an K2 K
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and

C]‘{-)’MC,?M K3 K3

7k . .
M . — L 2, k, j,k € |d.
&2 (G + 1) MM S s #k, j [d]

On combining these relations with the definition of 1 37 and the definition of the matrix ¥ in the
statement of the theorem, we immediately have y; s — 0, as M — 4-o0.
Step 2: Proof of yan — 0.

Note that
1 2 /JQ 1/2
-3 _ 04 ~ z]\f 1M
"M {(aM—l—l)2 iSiga M (O"M an
1 4 C}A(}[N?MaiM _ C?M:“?M C?M#?MaiM _ C?M“%M
X == 5 max Cyyy — 4= + 60— = 4—=
(aar)?(apr + 1)? 1<i<d (aar) (aar) (anr) an
8 M4 d 1/2
+ Chytinr + — 2L N CFydu . (6.12)
(@)t 45

By (6.11) and the fact that aps — +oo (this follows by (6.10), k > 0 and Cipr — +00), we have
that, as M — o0,

L max Oy (@ — St _ o (6.13)
(@u)? 1giza MMM T T ) TN |

As far as the term inside the second square root in (6.12) is concerned, exploiting (6.10) and the
assumptions (H1), (H2) and (H3) easily follows that, as M — +oo,

1 4 Cz‘lj\glu?MaiM B Cz‘SM/“L;lM C?MN%MaiM . C;LM/“L?M
— max C; = 41 +6 = 4=
(aM)4 1<i<d (OéM)4 (OzM)S (OéM)2 (e%3Y)
~ C8 M4 d 9~
+ Chydin + —2E2L N C2ydn | = o(1). (6.14)
@) 47

On combining (6.12) with (6.13) and (6.14) it immediately follows that v4 s — 0, as M — +o0.
Step 3: Proof of vg,m — 0.
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Note that

9 C 1/2
< d ot | & M
TEM = 35 (@ + D)@y + 2) { [f??é{d iM (O‘ M=

4 ~ 4 ~
> [max Ior <Ci1]?/[:uiMaiM _4C§MMiM +60?MM12M@iM _40 VA

+ CMaZM

(anr)* (an)? (anr)? an

8 M4 d 1/2
+1{d > 2} AL N CfMaszﬂ

4
@n* 45w

+ 2
ay +1 1<i<d apg

o 2
?Z,M+ dmaxC <aiM CMMZM)

(anr)

2d max C4 Czll(\)/[f’;lMalM _ 4C’LM/J’ZM + GCzMMzMazM B 401MMZM
1<i<d 4 (apr)3 (aiar)? s

- C8 d ~
=1, j#i

6 N CQMMZM 2 1/2

The claim follows on noticing that this upper bound converges to zero as M — +oo by (6.10),
(6.13) and (6.14).

6.6. Proof of Theorem 5.5. We divide the proof in three steps. In the first step we prove that
yi,m = O(Cy,}), in the second step we prove that y4 1 = O(Cy;;) and in the third step we prove
that sy = O(CY; ]\}[) The claim then follows by the bounds on the distances d3, dy and d. of
Theorem 5.1.

Step 1: Proof of yim = O(Cryy)-

We first show that the addend 1{d > 2} Z#] |---| in the expression of y1 s is O(Cy;y), as
M — +00. By the definition of the matrix X and the assumption (H3)', we have

i#] o3 03 J#k 3 53 o3 03
iM™~ 5 M J IM~ kM ) —1
Cim Z ’ZU + ~2(&+1)N1M/‘JM‘ Cim Z ‘ Maﬂk + ﬁ(ﬂaﬂk +0(Cry))
i,j€d] Jkeld]
= Tim-
Note that
C?MCI‘:’M - 1

a% (aa +1) &M/(C?MCgM) + &M/(C]:'SMCI?M)
1

= = B RN ]#kvjake[d]
a3/ (CHiClyy) + O(Cry)

We shall show later on that

K3/ (K3K3) + O(Cryp)
1+0(Ch) ’

atr/(CinCinr) = for any j # k, j,k € [d]. (6.16)
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Therefore
J7k 33 -1
- it + O(Cryy)
Tivm = Cim ‘*MM'MML -
2| e+ 0l
J#k -1
O(Ciy)
= C'1M ‘ LM BN
J,kzé%d] w8 (fg) + O(Cra)
whose limsup as M — +oo is finite. This shows that the addend 1{d > 2} ZZ# |--+] in the

JEld]
expression of 1y is O(C;y), as M — +o0.
Now we show that the addend Zf-l:l |-+ ] in the expression of vy as is O(ClM) as M — +o0,
which, combined with what we have previously proved, yields v, 3 = O(CY; M) as M — +oo. By
the definition of the matrix ¥ we have

~ CimPin
ClMZ ‘Eu m <azM OZM> ‘
4 2 2
N A TS ~ Ciukim
=Cin Y ‘ ( ) anr(@n +1) (O‘JM anr ‘
Jeld]
=: Tom- (6.17)

By the assumptions (H2)" and (H3)" we have

4 2,2 4
B, _ Bt Cin g — C7 M'“JM
K2 J (&M + 1) an
P HQMQ 4 C
J Jry M -2 J 2 —1
= -5 — o o d
12 Q; o OzM(OéM+1)(aJ+ ( 1M))+&?\/1(05 +1)(M]+ (Cha), Jeld
(6.18)
We shall show later on that
O _ 83000y G SR 0G0 -y o)
an (o +1) 1+ 0(Cr) & @u+1)  1+0(Chh) '
Combining these relations with (6.18) we have
4 2,2 4 22
AT O o D VIR PO YL/
K2 J K &M(&M + 1) J an
K 2u2\  Ki/KE+O(CH)) K8/K3 +O(Cy)
=2 o -2 -~ P (i, + O(CT2)) + -2 (12 + O(Cry
2 J < 1—1—0(01_]\14) ( ] ( 1M)) 1"‘0(01_1\}1) (M]M ( 1M))
=0(Cy,;), for any j € [d] (6.20)
and so the lim sup as M — oo of T is finite, and therefore the addend Z?:l |- -] in the expression

of 1, is O(C’i\lj), as M — +o00. To conclude the proof of Step 1 it remains to show the relations
n (6.16) and (6.19). We only check (6.16). Indeed, the relations in (6.19) can be verified along
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similar computations. By the assumptions (H1)" and (H2)', we have

3
3 Cin |2 -
Char (Zgzl CEM&iM> B (Zjé[d} (Ci]\M) (o + 0(011\24)))

/(o Cie) = CroCiuChy (5 +O(CH))3 (ki + O(Cryp)?
__@zwmw+om*n%%+owﬁ»f
B K3 K}k +0(CYy)

_ (k+0(Cryy ))3 _ Broeh))
R+ O(CLYy) KR+ O(Cy)

for any j # k, j, k € [d]

which gives the claim.
Step 2: Proof of yam = O(Cl_]\}[)
Rewriting v4 3 as in (6.12), thanks to (6.13), it suffices to show that

02 4 CZ'IJ\%N?MaiM o CzSM:U’;lM C?M:“?MaiM o C;LM:U*?M
1 max Cyyy = 4 +6 — 4=
(anr)? 1<i<d (anr)? (OZM)3 (anr)? an
Cc3 ~
O din + Clting Coydsn | = 0(1), (6.21)
(aM) Jj=1,j#i

as M — +oo. This relation follows noticing that by (6.10) and the assumptions (H1)’, (H2)" and
(H3)" we have

c?, .C? CY ity ainr
it =0, T = 0(Chy), forany jE(d
3 MH M Cinbin
7]3 = O(C%M)v ]Afij = O(CIZM)7 for aHYj € [d]
(aar) aM
Contin@im 2 2 ~ P ‘
W = O0(Ciy),  Cimaju = O(Cly),  for any j € [d]
CgM/ﬁM d
ﬁ =0(1), > Chydrm =O(Chy), for any j € [d).
M k=1, k]

Step 3: Proof of vs i = O(C;A}[).
Note that it suffices to show that the right-hand side of the inequality (6.15) is O(Cy;}), as M —

+o00. Using (6.10) and that y4 s = O(Cf]\}) as M — 400, we easily see that it suffices to prove
that

d C? 12
- ol N M
(OéM)G 1I21a<xd M (aZM QN

0.4 ~ 4 2
9d max C CleB’zMalM _ 4C¢MF%M + GCZMMZMQZM 4CiA~4MiM + C2 @i
1<i<d (aM)4 (041\4)3 (aM)2 QN

= 0(Cyp)-

2
zM:uzM ~ 6d ct G — Chuking
; Ma]M) aM(aM + 1) lrilza<xd< iM (Ole &M
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By (6.21) we rewrite the left-hand side of this relation as
2
d 4 [~ Chulin —2 6d 4 [~ Chukin

(apr)? 1<i<d an
By (6.10) and the assumptions (H1)’, (H2)" and (H3)" we have

4 2 2
Civ [~ Cimbim
ang

) =0(1), forany j € [d].

Therefore the term in (6.22) is
O()(O(Cyi) + O(Cry)) = O(Cryy)

and the proof is completed.

6.7. Proof of Theorem 5.5. The proof of Theorem 5.5 is similar to the proofs of Theorems 5.2 and
5.3, and therefore it is omitted.
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