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ABSTRACT

We theoretically study the quasiparticle current behavior of a thermally biased bipolar thermoelectrical superconducting quantum interference
proximity transistor, formed by a normal metal wire embedded in a superconducting ring and tunnel-coupled to a superconducting probe. In this con-
figuration, the superconducting gap of the wire can be modified through an applied magnetic flux. We analyze the thermoelectric response as a function
of magnetic flux, at fixed temperatures, in the case of a device made of the same superconductor. We demonstrate magnetically controllable, bipolar
thermoelectric behavior and discuss optimal working conditions by looking at the thermoelectric power and other figures of merit of the device.

VC 2023 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (http://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0169267

Superconductivity has a long contrasted relationship with ther-
moelectric (TE) effects. Initially, it was considered inert thermoelectri-
cally1 until was recognized the peculiar signature of TE effect.2–4

However, hybrid and unconventional superconducting systems further
extend the relevance of the linear thermoelectricity, playing with the
combination of superconductors with other materials. Notable exam-
ples are superconducting-ferromagnetic systems5–17 or tunnel junc-
tions with non-conventional (iron-based) superconductors.18 In these
cases, however, the particle-hole (PH) symmetry is broken extrinsi-
cally, such as in the first case due to the presence of spin polarization,
or even intrinsically, such as for non-conventional superconductors or
multiband superconductors that present a not PH-symmetric density
of states (DOS). At the same time, intriguing phase-dependent and
non-local mesoscopic effects have been also reported19–24 showing,
unexpectedly, the richness of TE effects in superconducting systems.

More recently another phenomenon has been predicted25–27 and
experimentally demonstrated:28,29 the bipolar TE (BTE) effect in con-
ventional superconducting tunnel junctions made by different super-
conductors. The bipolar thermoelectricity reported in SIS’ junctions is
based on the spontaneous breaking of PH symmetry induced by a
strong non-equilibrium condition, i.e., a large temperature difference
associated with the peculiar features of the DOS in superconductors.

In this case, the emerging thermoelectricity, which is associated with a
TE power, �IV > 0, and an absolute negative conductance (ANC),
I=V < 0, appears necessarily bipolar, since it can be shown that the IV
characteristic is necessarily reciprocal Ið�VÞ ¼ IðVÞ, due to the spec-
tral PH symmetry of the superconducting leads. Indeed, two opposite
TE voltages/currents can be induced for the same thermal gradient,
giving an exclusive functionality to the BTE devices.25 Early experi-
ments28,29 exploited a normal-superconducting (NS) bilayer for adjust-
ing the superconducting gap asymmetry, although the inverse
proximity effect affects also the sharpness of the DOS and partially the
BTE performance.29,30

Here, we propose an ad hoc geometry for controlling the BTE
properties through an applied external magnetic field, overcoming
some experimental difficulties, and providing an original phase-
controllable functionality in the superconducting technology. In fact,
in the original proposal, one cannot change the superconducting gap
in a given sample, while this setup allows to fine-tune it through an
external magnetic flux, thereby making it possible to adapt the BTE
performance to specific operating conditions. Notably the flux depen-
dence of this SQUIPT is quite different from the phase-dependence
reported in Ref. 29. Our strategy complements other possible
approaches,31 answering to different technological requirements,
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further widening the domain of applicability of the proposed effects
for quantum technologies, energy harvesting, and energy management
applications.

The device under investigation is a superconducting quantum
interference proximity transistor (SQUIPT)32 formed by a normal
metal wire embedded in a superconducting ring and tunnel coupled to
a superconducting probe, see Fig. 1. To reveal TE effects, we need a
thermal gradient across the interferometer, as recently experimentally
achieved in a SQUIPT with a normal metal probe33 and, crucially, the
probe must be superconducting.32,34 Thus, in the following we assume
to keep both the ring and the proximitized wire at a low temperature,
TL � Tcold , and the superconducting probing electrode at high temper-
ature, TR � Thot .

The DOS of the proximitized normal-metal wire can be com-
puted using Usadel equations in a simplified 1D model.35 This reads

N Nðx; e;T;/Þ ¼ Re aðe;T;/Þcosh 2x
L
arcosh bðe;T;/Þ½ �

� �� �
;

where

aðe;T;/Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

eþ iCð Þ2
eþ iCð Þ2 � D2ðTÞ cos2ð/=2Þ

s
; (1)

bðe;T;/Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
eþ iCð Þ2 � D2ðTÞ cos2ð/=2Þ

eþ iCð Þ2 � D2ðTÞ

s
: (2)

e is the energy relative to the chemical potential in the superconducting
ring and T is the wire temperature. We also took into account the phe-
nomenological Dynes parameter C ¼ cD0

36 associated with finite qua-
siparticle (qp) lifetime, which was important to concretely fit SQUIPT
experimental data.37 In the paper, we consider a quite good-quality
junction, with cL ¼ cR ¼ c ¼ 10�4, but we checked that the results
are only weakly (logarithmically) dependent at least for c < 10�2 (data
not shown). Notably, the DOS depends on the position along the wire,
given by the spatial coordinate x 2 ½�L=2; L=2�. In the case of a negli-
gible ring inductance,38,39 the phase difference acquired in the super-
conducting ring / ¼ 2pU=U0 directly depends on the external
magnetic flux through the loop U, with U0 being the flux quantum. In
the center of the wire, i.e., at x¼ 0, the DOS reduces to

N Nðe;T;UÞ ¼ Re

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
eþ iCð Þ2

eþ iCð Þ2 � D2ðTÞ cos2 p
U
U0

� �
vuuut

2
664

3
775; (3)

which corresponds exactly to a standard BCS DOS where the phase-
dependent gap, jDðTÞ cos ðpU=U0Þj, is determined by the external
magnetic flux. Therefore, the DOS can be adjusted by the magnetic
flux and, consequently, we will explore how this feature reflects over
the BTE performances. In this way, our bipolar TE SQUIPT (BT-
SQUIPT) overcomes some of the difficulties inherent in BTE super-
conducting devices realized so far,28,29 giving the possibility to explore
different gap asymmetry without changing the device, thus requiring a
less strict fine-tuning of temperature difference applied to the junction.
This allows BTE effects to be observed in a device realized with a single
type of superconductor with critical temperature Tc. This computation
can be easily generalized also to the case of a probe done with a differ-
ent superconductor.

In the tunneling limit, the qp current flowing through the tunnel
junction is simply obtained by integrating the x-dependent contribu-
tion of the wire over the width w of the probe contact. One gets40

Iqp ¼ GT

ew

ðw
2

�w
2

dx
ð
deN Nðx; e;TL;UÞN Sðe� eV ;TRÞ

� Fðe;V;TR;TLÞ; (4)

where GT is the junction normal-state conductance, Fðe;V;
TR;TLÞ ¼ f0ðe� eV;TRÞ � f0ðe;TLÞ, and f0ðe;TÞ ¼ ðee=kBT þ 1Þ�1 is
the Fermi-Dirac distribution function since we assume that both the
wire and the probe have a well defined electronic temperature. The
DOS of the superconducting probe N Sðe;TRÞ is practically given by
Eq. (3) for U¼ 0, i.e., the gap is now independent of the external mag-
netic flux. In the case of a narrow superconducting probe (w � L) in
contact with the center of the proximitized wire, the qp current reduces
to the standard tunneling expression, where the DOS for the wire is
reported in Eq. (3).41

In this discussion, we are completely neglecting any contribution
to charge transport stemming from a dissipationless current, i.e.,
Josephson coupling. In other words, since the tunneling resistance is
very high (due to the small area associated with the probe tunnel junc-
tion), the critical supercurrent Ic is expected to be negligible and corre-
spondingly the Josephson energy EJ ¼ U0Ic=2p will be much smaller
than the typical system operating temperature, i.e., EJ � kBT .
However, we have demonstrated both theoretically27 and experimen-
tally29 that a small Josephson current, although it may show a peculiar
behavior,42,43 does not hinder the observation of the BTE effect.

A SQUIPT with a superconducting probe in equilibrium has
been investigated in the previous literature.32,34 However, since we
wish to generate a bipolar thermoelectricity, one needs to apply a
finite thermal gradient across the tunnel junction,25 which we fix to
TR ¼ 0:4Tc and TL ¼ 0:01Tc in order to guarantee a favorable out-of-
equilibrium condition. We choose the temperature setting with the
hotter probe since it is certainly the preferred condition from the
experimental point of view: As a matter of fact, it is more advantageous
to keep the ring and wire, which have a total volume much larger than
the probe, cold, since the electron–phonon coupling scales with the
volume.44 We note that the phenomenology described below, although
strongly dependent on the hot temperature TR, remains qualitatively

FIG. 1. Schematic of the device: left electrode is a superconducting loop (blue)
interrupted by a small proximitized region (gray), which is tunnel-coupled through
an insulating barrier (yellow) to a superconducting probe (red). Left, SL, and right,
SR, sides reside at different temperatures, TL and TR, respectively, and the loop is
pierced by a magnetic flux U.
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unchanged if TL changes, as long as a sufficient finite temperature dif-
ference is kept in the junction and TR � 0:2Tc. Hereafter, we took the
zero-temperature superconducting gap D0 as the standard unit of
energy, and the temperature, the magnetic flux, the voltages, the qp
current, and the thermopower will be given in units of Tc ¼ D0=
ð1:764kBÞ; U0; D0=e; GTD0=e, and GTD

2
0=e

2, respectively.
In the top panels of Fig. 2, we first discuss the TE response in the

case of a narrow probe contact, i.e., w � L. In Fig. 2(a), we report a
density plot with the BTE current IqpðV;UÞ. First, we immediately
observe the full odd symmetry with respect to the V¼ 0 axis, that it is
consequence of the reciprocity of the IV characteristics, due to the PH
symmetry of the DOS. At the same time, the cosine magnetic-flux-
dependence of the proximitized gap, DLðTL;UÞ ¼ DðTLÞj cosðpUÞj,
makes the plot symmetrical with respect to U ¼ 0:5 and periodic (in
the plot we show only a single period), as required by the flux depen-
dence of a SQUIPT. We first show the existence of the BTE effect,
_W ¼ �IqpV > 0, at subgap energies eV < DRðTRÞ þ DLðTL;UÞ. We
also see the emergence of a full dissipative behavior IV> 0 for
eV � DRðTRÞ þ DLðTL;UÞ, which determines the strong blue/red
area in the border of the density plot in Fig. 2(a). A dissipative response
also emerges at low magnetic fluxes, i.e., for U� 0:1: in fact, there is a
threshold value Ul

thðTL;TRÞ ¼ arccos½6DRðTRÞ=DLðTLÞ�=p, corre-
sponding to the condition whereby the hot-side superconducting gap
becomes greater than the cold-side one, below which the BTE effect no
longer emerge. This behavior will imply that there will be ðV ;UÞ

values where IqpðV;UÞ ¼ 0, which are marked by black dashed lines
in the density plot.

Figure 2(b) displays the thermoelectric power _W
¼ �IqpðV;UÞV , which shows, in the yellow region, where the bipolar
thermoelectricity is generated in the plane ðV;UÞ.

Figure 2(c) highlights a few representative IqpðVÞ profiles traced
at the U 2 ½0� 0:5� values marked by horizontal dashed lines in
Fig. 2(a). As expected, due to IV reciprocity, all curves cross the
abscissa at V¼ 0. Furthermore, we observe low-voltage ANC and, at
high-voltage, one finds Ohmic behavior Iqp � GTV (not shown). It is
easy to identify two finite voltages values 6VS where Iqpð6VSÞ ¼ 0,
which define the voltage bias range where the BTE effect occurs. These
VS values are named Seebeck voltages and indicate the condition in
which the system is no longer able to push electrical current against
the bias. The black dashed lines in the density plot of Fig. 2(a) serve to
mark exactly the Seebeck voltages and to clearly identify them in the
ðV ;UÞ parameter space. Thus, the region of ðV ;UÞ values where the
system generate BTE effect (thermo-active response) is the one delim-
ited by the black dashed line in Fig. 2(a) at V � Vs.

The curves in Fig. 2(c) are also characterized by the presence of
the peaks at eVp ¼ 6½DRðTRÞ � DLðTL;UÞ�, due to the matching of
the BCS singularities. Since for jUj 	 1=2 the superconducting gap
DLðUÞ decreases with the magnetic flux, when jUj ! 1=2 the match-
ing peak position, jVpj, increases, shifting toward higher absolute vol-
tages. However, for U ¼ 1=2, the bipolar thermoelectricity is strongly

FIG. 2. [(a) and (d)] IqpðV;UÞ, [(b) and (e)] TE power _W ðV ;UÞ, and [(c) and (f)] some selected IqpðVÞ profiles at the U values marked by horizontal dashed lines in (a) and
(d), in the case of a narrow probe contact, w � L (top panels) and w¼ L/2 (bottom panels).
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suppressed since the wire DOS becomes practically energy indepen-
dent (such as in the normal metal case). In this case, the DOS loses the
monotonously decreasing profile, which typically characterizes BCS
superconductors, and the system cannot develop any BTE effect.25

Notably, the matching peak voltages, jVpj, are always slightly smaller
than the Seebeck voltages, i.e., jVpj� jVSj. The external magnetic flux
can be used to tune the Seebeck voltage, even without changing the
superconductor temperatures.

We note that for U 
 1=2, where the superconducting gap in the
proximitized wire is strongly suppressed, we can face a situation
already noted in Ref. 26 in which the junction at the matching peak is
in the TE regime, despite the absence of ANC (IV slope at zero
voltages).

In the bottom panels of Fig. 2, we report the TE response in the
case of a probe contact with a finite length, w=L ¼ 0:5. The density
plot in Fig. 2(d) shows the same qualitative behavior as observed in
Fig. 2(a); the main difference we note is a larger region of
ðV;UÞ-parameter space around U ¼ 0:5 in which the system is dissi-
pative. This result becomes even more evident by looking at the
_WðV ;UÞ map in Fig. 2(e): we can immediately see how the thermo-
active region (indicated in yellow) shrinks considerably compared to
Fig. 2(b). We also note how the maximum _W value is well below that
shown in Fig. 2(b) for w¼ 0. In fact, the qp current at the matching
peak significantly reduces by increasing the size of the probe contact,
as can be readily seen by comparing the IqpðVÞ profiles at given mag-
netic fluxes shown in Figs. 2(c) and 2(f).

In Fig. 3, we collect different figures of merit of the BT-SQUIPT
as a function of the magnetic flux through the ring, calculated at

V> 0. Here, we concentrate only on the case with a very narrow probe
(w � L) that gives the best performance. These plots make evident the
absence of BTE effect for U� 0:1, because in such a case the gap
asymmetry is not enough, with respect to the temperature difference,
to generate thermoelectricity, violating the approximate BTE condi-
tion, i.e., TR=TL �DRðTRÞ=DLðTL;UÞ.25 Actually, this condition sets a
further threshold in the magnetic flux for the TE effect to be observed,

i.e., U�Uh
thðTL;TRÞ, with Uh

thðTL;TRÞ ¼ arccos½6 TL=DLðTLÞ
TR=DRðTRÞ�=p. Panel

(a) shows both the Seebeck and matching peak voltages, VS and Vp,
respectively (see left-vertical axis). Both increase for U ! 1=2, but Vp

is systematically somewhat smaller than VS, as anticipated before.
Clearly, when the magnetic flux approaches U ¼ 1=2, the BTE effect
sharply disappears. However, the exact “position” where this happens
is non-universal and is influenced by the other parameters, such as
temperatures and Dynes parameter. On the right-vertical axis, we indi-
cate the nonlinear Seebeck coefficients, Si ¼ Vi=DT , where
Vi ¼ fVS;Vpg, which reaches the value � 390 lV=K . Notably, Sp
practically corresponds to the nonlinear Seebeck coefficient at the
maximum power, that for this setup is almost identical to the conven-
tional nonlinear Seebeck coefficient SS.

Figure 3(b) contains the qp current at the peak voltage,
IpðUÞ ¼ IqpðVpðUÞ;UÞ, which is non-monotonic function with a min-
imum around U � 0:18. Clearly, the qp current is negative since it
corresponds to the thermoactive case with ANC. Indeed, also the abso-
lute conductance GpðUÞ ¼ IpðUÞ=VpðUÞ is negative, but monoto-
nously increasing until the BTE effect completely disappears. The
latter quantity has a certain relevance from an application point of
view, since it indicates the maximum load conductance that can be
used by a BTE engine.26,28 Finally, Fig. 3(c) shows the magnetic-flux
dependence of the maximum TE power, _WpðUÞ ¼ �IpðUÞVpðUÞ,
and the maximum TE efficiency, gmaxðUÞ ¼ maxV gðV;UÞ, where
gðV ;UÞ ¼ _WðV ;UÞ= _QðV ;UÞ, with _QðV ;UÞ being the quasiparticle
heat current flowing out of the electrode.41,44 We obtain in both cases
non-monotonic behaviors, with maxima _WpðU ¼ 0:38Þ � 0:016 and
gmaxðU ¼ 0:42Þ � 0:6. In the case of an Al-based junction (with
D0=e � 200lV) with GT ¼ ð10 kXÞ�1, the maximum TE power cor-
responds to _Wp � 0:064 pW.

Interestingly, the maximum-thermopower condition can be further
optimized by changing the hot temperature of the superconducting
probe, TR 2 ðTL; 1Þ, still keeping the cold side in good contact with the
thermal bath at TL ¼ 0:01. This is demonstrated in Fig. 4, which illus-
trates the behavior of _WpðTR;UÞ. The absence of significant BTE is evi-
dent for TR � 0:2; furthermore, the range of magnetic fluxes giving TE
effect reduces by increasing TR. In fact, the thermoactive region of the
ðU;TRÞ-parameter space is delineated by the thresholds Ul

thðTL;TRÞ
and Uh

thðTL;TRÞ defined above, which are marked by the red and white
dashed curves, respectively. Finally, for ðTR;UÞ ¼ ð0:8; 0:41Þ, we
achieve the maximum TE power _Wp � 0:105, which corresponds to
�0.4 pW for an Al-based BT-SQUIPT.

In summary, we have theoretically investigated the behavior of
the quasiparticle current in a superconducting quantum interference
proximity transistor with a superconducting probe, under a sizable
thermal bias. This geometry, which includes a proximitized wire
enclosed in a superconducting ring pierced by a magnetic flux, allows
the superconducting gap to be finely tuned. We have discussed the
emergence of a bipolar thermoelectric response, at given temperatures,
as a function of magnetic flux and the optimal operating conditions,

FIG. 3. Figures of merit of the BT-SQUIPT: (a) Seebeck and peak voltages (left ver-
tical axis) and corresponding Seebeck coefficients (right vertical axis), (b) current,
Ip, and conductance, Gp, at the matching peak, and (c) maximum TE power, _W p,
and efficiency, gmax, as a function of the magnetic flux, U.
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considering some figures of merit and looking at both the thermoelec-
tric power and efficiency of the device.

The possibility of controlling the superconducting gap, and
thereby the thermoelectric properties, via the magnetic field makes it
possible to relax the rather stringent requirements for fine-tuning of
temperatures and to use a combination of different superconductors.
In fact, once a temperature difference has been settled, it is sufficient to
adjust the magnetic flux to properly set the operating point. In this
way, we can search for the optimal working conditions that give, for
example, a more pronounced thermoactive response, simply by chang-
ing the magnetic flux, and this makes the versatility of the designed
thermoelectric interferometer very attractive.
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