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The study of charge current fluctuations (noise) can give useful insights into the properties of nanoscale
systems. In this work, the peculiar properties of noise in multiterminal hybrid normal-superconducting systems
are explored in the thermal out-of-equilibrium regime, i.e., when temperature biases are present (�T -noise).
Using the Landauer-Büttiker approach, we identify two contributions: background noise and excess noise,
analyzing them when both electrical and thermal biases are applied. When temperature biases are present,
and superconducting terminals are grounded, we find that the first contribution depends not only on the
electrical conductance, as the Johnson-Nyquist at equilibrium, but also on a quantity strictly related to the
heat conductance. This is our first main result. On the other hand, the second contribution shows, as expected,
additional terms originating from the partitioning of currents into different transport channels, including the
ones associated with Andreev reflection processes. However, noise induced by the temperature differences
unveils also interference terms that cannot be present either in voltage bias or in the absence of any Andreev
processes. Finally, we apply the results obtained to two different specific physical situations. The first is a
generic three-terminal normal-superconductor-normal system and the second is a device based on spin-resolved
copropagating chiral channels in the integer quantum Hall regime with a superconducting region. In these
example setups, we investigate mainly the shot-noise regimes, when high-voltage or high-temperature biases
are applied. We find remarkable differences between the two limits, which ultimately show the different nature
of electrically and thermally induced charge current fluctuations.
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I. INTRODUCTION

It is a well-known fact that charge current correlations are
a valuable source of information in electronic systems [1],
thanks to their capability of probing various effects and ob-
servables. These can range from the charge of current carriers
[2–5] or their statistical properties [3,4,6,7] to the thermo-
dynamic quantities of devices [8,9], the quantum features
in coherent mesoscopic systems [10], or even the intrinsic
limitations of quantum machine performances [11–14]. In-
deed, thanks to all recent advancements in nanofabrication,
the application of the properties of charge current noise will
enable more and more promising technologies, for example,
making use of interferometric effects in quantum Hall sys-
tems [15–18] or for quantum state tomography in electronic
quantum devices [19]. Nonetheless, the same amount of in-
terest is being devoted also in hybrid normal- or quantum
Hall-superconducting devices [20–25], mainly thanks to their
relevance nowadays in the field of quantum technologies and
computing [26,27]. By engineering the combination between
existing normal platforms with superconductors, one can
again investigate the noise properties in order to detect several
important effects, e.g., the quasiparticles’ nature [28–31] or
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the basic features of the systems we are dealing with, includ-
ing the presence and the type of interactions [32–35].

Historically, the focus has been devoted to the electrically
out-of-equilibrium characteristics of current fluctuations.
However, there has recently been a surge in the interest around
the thermally out-of-equilibrium ones [36–43], also in quan-
tum Hall systems [44–46]. This is justified by the fact that
exploring those regimes can give access to, for example, ad-
ditional and complementary information on the presence of
interactions in a certain system, of the quantum states therein,
or of hotspots in quantum devices [47–52]. Although such
thermally induced noise fluctuations are limited by very gen-
eral bounds [53,54], there is room for relevant applications,
such as thermometry [55] and quasiparticle manipulation and
detection [56–58]. Again, the study of this kind of noise
in hybrid normal-superconducting systems is of primary im-
portance for future applications of thermally biased systems
[59–61] but, to the best of our knowledge, until now the
analysis has been devoted mainly to the study of the noise
characteristics of temperature-biased NS junctions [57,62].

In this paper, we investigate the general properties of
noise under stationary out-of-equilibrium configurations of
multiterminal nanoscale hybrid superconducting systems, par-
ticularly focusing on the effects determined by temperature
differences (�T -noise). In the first part, we review the
Landauer-Büttiker theory of coherent electron transport in
the presence of grounded superconductors for a general mul-
titerminal setup [63,64], while recalling the definitions of
the Onsager matrix elements which are useful to write the
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noise expressions in a compact form. We mainly concen-
trate on the charge current self- and cross-correlations at zero
frequency, where we identify two contributions of different
nature: the background (or thermal) noise and the excess (or
partition) noise. We analyze their main features and behavior
with respect to the applied external biases. Regarding the
first contribution to noise, we discuss a fundamental distinc-
tion between the normal and superconducting cases, which
emerges in the presence of temperature differences: our main
finding is that the background noise part of self-correlations,
at any given terminal, contains terms strictly related to the
heat conductances, relative to the other terminals. These are
�T -noise contributions, which effectively measure the ther-
mal noise contributions determined by all other terminals and
reduce to the standard Johnson-Nyquist noise at thermal equi-
librium. On the other hand, the excess noise in multiterminal
hybrid systems exhibits a more conventional behavior. Since
the excess noise is the sum of all the partition noises that
originated in the system, in our case, we have additional terms
corresponding to the Andreev processes, even when they are
determined by temperature differences only, and we obtain
the known result that such terms can be positive in hybrid
systems. In particular, a full characterization of this contri-
bution is done in the case of an energy-independent scattering
matrix. We then study the electrical shot noise, i.e., the excess
noise produced by applying strong voltage differences in the
terminals, and also what we call thermal shot noise, which
is the excess noise produced by applying strong temperature
differences instead.

Finally, we apply the approach developed to two examples
that are sufficiently general to show the important facts of the
general analysis presented before. The first system consists of
a three-terminal normal-superconductor-normal (NSN) junc-
tion and the second one is a multiterminal device based on
the integer quantum Hall effect with a pair of copropagat-
ing spin-resolved chiral edge states containing a proximate
superconducting region. We mainly analyze the properties of
the excess noise in various regimes, highlighting the role of
thermally induced current fluctuations and contrasting them
with the more conventional electrical ones. In particular, we
start from a consideration developed in the past literature,
namely, that noise in hybrid systems can be used to probe
not only the electrical conductance of a device, e.g., via
Johnson noise measurements, but also the heat conductance
[65–68]. In this work, we recall that this is a peculiarity of the
electrical shot noise of self-correlators, contrasting it with the
thermal shot noise results, where a much clearer depen-
dence on heat conductance is recognizable. This observation
highlights substantial differences in the nature of electrically
induced and thermally induced charge current fluctuations
in hybrid systems, which, in conclusion, can be noticed by
comparing the electrical and thermal shot noise of cross-
correlators.

II. CURRENT CORRELATIONS IN HYBRID
MULTITERMINAL SYSTEMS

In the following, we wish to present the general theory
of the current correlations for a hybrid superconducting mul-
titerminal system out of equilibrium. We will review the

general formulas in the scattering formalism for finite voltage
and temperature biases. We first recall the formulas of the
average currents and we concentrate on the results for the
cross-correlations. The approach will be completely general
such that we could easily apply those formulas from a few
terminals to chiral quantum Hall edge states with or without
superconducting terminals.

A. Hamiltonian and scattering matrix

We consider the general case of a hybrid superconducting
system, taking into account the various quantum numbers that
characterize its states, including spin. The system consists of
a generic scattering region comprising both normal and su-
perconducting regions connected, through leads, to M normal
contacts. The latter are at local thermodynamical equilibrium,
each characterized by a temperature Ti and an electrochemical
potential μi, with i = 1, . . . , M. Each lead allows a number Ni

of transport channels, possibly dependent on the energy. All
superconducting regions are assumed to be at the same elec-
trochemical potential μs. Such a setup can be conveniently
described using the Bogoliubov–de Gennes (BdG) Hamilto-
nian approach [69]:

H =
(

H0 �

−�∗ −HT
0

)
, (1)

where H0 and � are 2 × 2 matrices in the spin space to
fully account for the spin degree of freedom. In particu-
lar, H0 accounts for the particle degree of freedom, −HT

0
for the hole degree of freedom, and � is the superconduct-
ing order parameter that couples particles and holes [70,71].
To write the BdG Hamiltonian, we have used the basis of
Ref. [69], i.e.,

c(E ) = (
cieq↑(E ), cieq↓(E ), cihq↑(E ), cihq↓(E )

)T
,

(2)

where ciαqσ (E ) is the annihilation operator for an α-like par-
ticle (α = e ≡ +1 for electrons and α = h ≡ −1 for holes)
with spin σ =↑,↓ in lead i with channel index q. We measure
the excitation energies E with respect to the common electro-
chemical potential μs of all the superconductors of the system.
Using the scattering theory for normal-superconducting de-
vices [10,63], we define the scattering matrix s(E ) which
connects the scattering states’ creation operators a(E ), in-
coming to the scatterer, with the outgoing ones b(E ) via
the equation b(E ) = s(E )a(E ), assuming elastic scattering
processes. The scattering matrix has the following structure
(α, β ∈ {e, h}):

s(E ) ≡ sαβ
i j (E ) =

⎛
⎜⎜⎝

sαβ

i j,11(E ) . . . sαβ

i j,1Nj
(E )

...
. . .

...

sαβ

i j,Ni1
(E ) . . . sαβ

i j,NiNj
(E )

⎞
⎟⎟⎠, (3)

where each element describes the probability amplitude for
a particle of type β from lead j to be scattered into lead i
as a particle of type α, between all pairs of open channels in
the leads. The Fermi distribution in the contact i with electro-
chemical potential μi and temperature Ti, for α-like particles,
is defined as f α

i (E ) = {exp [(E − sgn(α)eVi )/kBTi] + 1}−1,
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which satisfies the particle-hole symmetry (PHS) property
f h
i (E ) = 1 − f e

i (−E ). In addition, the voltage biases are mea-
sured from the superconducting electrochemical potential,
i.e., eVi = μi − μs, and in the following we fix μs = 0.

B. Currents

We can now calculate the currents flowing through the
normal contacts within scattering theory [10,63,70,72]. As-
suming that they are positive when entering the scattering
region, we can express the average electrical current JC

i and
the energy current JU

i in the lead i = 1, . . . , M can be written
in the following form:[

JC
i

JU
i

]
=

∫
dE

2h

M∑
k=1

[
e�+

ik (E )

E�−
ik (E )

][
2 f e

k (E ) − f e
i (E ) − f h

i (E )
]
,

(4)

where the integration extrema are (−∞,+∞). Notice that
the 1/2 prefactor in front is strictly needed in order to avoid
the double counting of quasiparticles at energies of opposite
signs, precisely due to the adopted domain for the energy inte-
grals. Additionally, the heat current can be easily computed as
JH

i = JU
i − ViJC

i . The “transmission” functions �±
ik are defined

as follows:

�±
ik (E ) = Niδik − Tr

[
see†

ik (E )see
ik (E )

] ± Tr
[
she†

ik (E )she
ik (E )

]
.

(5)

The traces Tr[. . .] terms are the normal (ee) and Andreev
(he) transmission coefficients between contacts i and k and
we notice that �+ and �− differ just by a single minus sign
in front of the Andreev term. The difference accounts for the
fact that the holes carry an opposite charge with respect to the
particles but the same amount of energy and, indeed, electrons
that undergo Andreev processes contribute oppositely to the
electrical current in the arrival contact. As a side note, we
remark the fact that, in a purely normal device, no Andreev
processes occur, i.e., Tr[she†

ik (E )she
ik (E )] = 0; hence �+

ik and �−
ik

would be identical. As a consequence of their definitions, the
following properties hold for �±

ik :

M∑
k=1

�±
ik (E ) =

M∑
k=1

Tr
[
seh†

ik (E )seh
ik (E )

] ± Tr
[
she†

ik (E )she
ik (E )

]
,

(6)

where we can better appreciate the similarity and the differ-
ences between �±. Notably the right side for the �+ expresses
the fact that, due to the Andreev reflections, the charge is even-
tually not conserved across the normal contacts at least when
the superconducting regions in the scatterer are grounded. The
right-hand side of Eq. (6) for �+ is sometimes called excess
conductance [70,73]. It is also interesting to use the PHS,
finding

M∑
k=1

�−
ik (E ) + �−

ik (−E ) = 0, (7)

which expresses instead the energy conservation [74].

In the linear response regime, small voltage eδVk � kBT
and temperature biases δTki = Tk − Ti � T are assumed with
T being the equilibrium temperature. The currents can be
expressed in terms of multiterminal Onsager matrices Lik as
[71,72] (

JC
i

JH
i

)
=

M∑
k=1

Lik

(
δVk/T

δTki/T 2

)
, (8)

where

Lik =
(

LCC
ik LCH

ik

LHC
ik LHH

ik

)
, (9)

where we have also introduced the affinities δVk/T and
δTki/T 2. From Eq. (4) we can write the Onsager matrix el-
ements as [75]

Lik =
∫

dE

h

[
−∂ f (E )

∂E

](
e2T �+

ik (E ) eT E�+
ik (E )

eT E�−
ik (E ) T E2�−

ik (E )

)
, (10)

where f (E ) = [exp(E/kBT ) + 1]−1 is the electron equi-
librium distribution at temperature T . When the energy
dependencies can be neglected, i.e., �±

ik (E ) ≡ �±
ik , we find the

usual expressions for the charge conductances LCC
ik = G0T �+

ik
(with G0 = e2/h being the conductance quantum) and for the
heat conductances LHH

ik = (π2/3)(k2
B/e2)G0T �−

ik [76]. In the
energy-independent case, the off-diagonal terms (proportional
to the Seebeck and Peltier coefficients) are null, since the
integrand is odd in energy and, therefore, there are no thermo-
electrical effects. We also notice that, in this same limit in the
normal case, we immediately recover the Wiedemann-Franz
law LHH

ik /LCC
ik = (π2/3)(k2

B/e2)T . However, this is known to
be violated when superconductors are present and in fact, in
general, one has �−

ik/�
+
ik 	= 1.

C. Correlations

Using the scattering approach we can also compute the
charge current correlations. In particular, we are interested in
the symmetrized definition of the correlators or current-noise
power spectrum in stationary conditions [10]:

Si j (ω) =
∫ +∞

−∞
dt eiωt

〈
δĴC

i (t )δĴC
j (0) + δĴC

j (0)δĴC
i (t )

〉
, (11)

where δĴC
i (t ) = ĴC

i (t ) − JC
i [77]. We will concentrate the

discussion on investigating only the zero-frequency limit,
which is also more easily measurable. We can then divide
the noise expressions in two contributions Si j (0) = S̄i j + S̃i j

as, until now, has been done previously for normal systems
[40,53,54,64], based on the dependence over various Fermi
function distributions’ expressions. The first term is what we
will call background noise, containing only expressions of the
type F e

i (E ) ≡ 2 f e
i (E )[1 − f e

i (E )] [78]:

S̄i j = G0

∫
dE

[
F e

j (E )�+
i j (E ) + F e

i (E )�+
ji(E )

− δi j

M∑
k

F e
k (E )�−

ik (E )

]
, (12)

023321-3



PIERATTELLI, TADDEI, AND BRAGGIO PHYSICAL REVIEW RESEARCH 7, 023321 (2025)

where the functions �−
ik are present only in the self-correlators

(i = j) [79]. At equilibrium, i.e., Tk = T,Vk = 0 ∀k, this term
contains the so-called Johnson-Nyquist thermal noise [8] and
it is the only surviving term of the noise. Notably, this is also
the only term that survives when the values of the biases are
small, i.e., eV, kB�T � kBT . In this limit, intriguingly, this
term can be considered the leading term of noise in linear
regime (see also later discussions). However, when the system
goes well beyond quasiequilibrium (namely, well beyond lin-
ear regime), one needs to consider the contribution also from
the second term of the noise, S̃i j , which can be called excess
noise [36] and it contains only squared differences of Fermi
functions Dkγ lδ (E ) ≡ [ f γ

k (E ) − f δ
l (E )]2:

S̃i j = G0

∫
dE

∑
α

sgn(α)
∑

kl
γ δ

Dkγ lδ (E )

×Tr
[
seγ †

ik (E )seδ
il (E )sαδ†

jl (E )sαγ

jk (E )
]
, (13)

where, from now on, the Greek indices α, γ , δ range over
the particle types e, h and the Latin ones k, l over the
contact labels from 1 to M. At thermal equilibrium (Tk =
T ∀k), these terms contain the expected Schottky current noise
contributions, which usually emerge at high electrical biases.
Moreover, these terms are proportional to a fourth-order con-
tribution of the scattering matrix, thus clearly encoding the
effect of the partition noise [10].

In the following, we will study the behavior of the excess
noise under electrical and thermal biases or both. However, in
the excess noise, it is important to study the aforementioned
large voltage bias limit and, in our case, to compare it to the
large temperature bias limit. For the sake of simplicity, we call
these limits electrical and thermal shot noise, respectively,
and in both limits the excess noise is almost linear in the bias
applied.

It could be possible to generalize the previous results also
to finite frequency noise. However, in such cases, the simple
scattering approach computation neglects effects due to the
displacement currents, which are, in the end, interaction ef-
fects which cannot be easily described with a pure scattering
approach [10]. Furthermore, the measurement of frequency-
dependent noise is usually much more complex than that for
zero-frequency noises, also involving issues connected to the
precise quantum measurement prescription [80,81]. For these
reasons, we do not discuss frequency-dependent effects any
further. Instead, we will concentrate on the structure of the
background and the excess noise terms.

1. Background noise

To better analyze the background noise’s structure it is
convenient to first investigate it in the limit of energy-
independent scattering matrix, i.e., sαβ

i j (E ) ≡ sαβ
i j , and conse-

quently �±
ik (E ) ≡ �±

ik . In general, we keep all the terminals at
different temperatures Ti and different voltages Vi. However,
in the limit of energy-independent scattering matrices, the
background terms are completely independent of the different
biases Vi and one finds

S̄i j = 2kBG0

[
Tj�

+
i j + Ti�

+
ji − δi j

∑
k

Tk�
−
ik

]
. (14)

The structure of the different terms of the background noise
clearly resembles a sum of standard Johnson-Nyquist noise
contributions generated by each terminal, with the first two
weighted with the transmission coefficients �+

i j and the others
in the sum with �−

ik . At equilibrium (Tk = T,Vk = 0 ∀k), the
first two terms give exactly the Johnson-Nyquist noise [8],
while the others cancel out, a direct consequence of the energy
conservation in Eq. (7). These last terms appear only in the
self-correlations (i = j) in the presence of thermal biases and
they are proportional to the heat conductances LHH

ik .
To better appreciate the physical meaning of this result

one needs first to address why the third term of Eq. (14) is
relevant only for the self-correlators. This can be justified in
this way: in every lead i, the current flowing in it will fluctuate
by δJC

i . The fluctuation in the ith terminal can be thought of
as being composed of different independent contributions δJα

ik ,
each coming from contact k and from different quasiparticles’
channels α = e, h, i.e., δJC

i = ∑
k,α δJα

ik . Using this picture, in
cross-correlations’ background noise S̄i j (that is when i 	= j)
only the correlator

∑
α〈δJα

i jδJα
ji〉 remains and all other terms

cancel out since all other fluctuation components coming from
different channels are independent of each other [82]. On
the contrary, in self-correlation background noises S̄ii there
remains the sum over all the channels k and α,

∑
k,α〈δJα

ikδJα
ik〉.

Moreover, such terms must be all positive for all contacts k
and particle types α, since they are quadratic. Indeed, we can
rewrite Eq. (14) as

S̄ii

2kBG0
= 2Ti�

+
ii +

∑
k

(Tk − Ti )
(
Tr

[
see†

ik see
ik

] + Tr
[
she†

ik she
ik

])
,

(15)

where we used the unitarity property in Eq. (7) and the
definition of �±

ik from Eq. (5). Written in this form, the phys-
ical meaning of every term in the expression is clear: the
first is just the intrinsic Johnson-Nyquist noise, while the
summation is the thermal noise transferred from all other
contacts towards the considered terminal. Note that, in both
cases, whether the particles are transmitted or they undergo
an Andreev reflection, their contributions are always positive
irrespective of the charge sign since the term considered is,
in the end, a self-correlators’ contribution [83]. This gener-
alizes the case of normal systems since, in such cases, it is
only the electrical conductance, via �+, that determines all
the Johnson-Nyquist noise-like contributions. However, in the
presence of grounded superconductors and thermal biases, the
first correction to self-correlations’ Johnson-Nyquist noise is
proportional to the heat conductance instead of the electrical
one. Indeed, the noise contribution to self-correlators from the
other terminals is mediated by the excitation transport (heat
transport) properties, irrespective of the quasiparticle nature.

2. Excess noise

As stated before, the excess noise defined in Eq. (13) is the
sum of all contributions to noise due to the partitioning pro-
cesses associated to the scattering of quasiparticles, whatever
their type. More specifically, each contribution in Eq. (13) is
associated to the partitioning of the currents flowing from con-
tacts k and l , made up of particles of type γ and δ, respectively,
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into the two currents going into contacts i and j as particles of
type e and α.

To show the general properties of excess noise, we resort
to the same simplifying energy-independent scattering matrix
assumption. In such a case, we can write Eq. (13) as

S̃i j = G0

∑
kl

αγ δ

sgn(α)Tr
[
seγ †

ik seδ
il sαδ†

jl sαγ

jk

] ∫
dE Dkγ lδ (E ),

(16)

where all contacts’ voltage and temperature dependences are
contained in the integrals

∫
dE Dkγ lδ (E ), weighted by the

partition factor {sgn(α)Tr[seγ †
ik seδ

il sαδ†
jl sαγ

jk ]}. It can be verified
that the integral in Eq. (16) is symmetrical with respect to the
contact’s label exchange between k and l or to the particle
label exchange between γ and δ. In fact, what matters are
the relative voltages and relative temperatures between dif-
ferent combinations of quasiparticle channels [84]. We also
recall the fact that the excess noise is negligible in the linear
regime: the first nonvanishing terms are of second order in the
electrical and thermal biases and indeed the integral could be
approximated at the lowest order as∫

dE Dkγ lδ (E ) ≈ (e�Vkγ lδ )2

6kBT
+ (π2 − 6)(kB�Tkl )2

18kBT
, (17)

where we denoted the generalized differences between the
electrochemical potentials of the two Fermi functions as
e�Vkγ lδ ≡ [sgn(γ )eVk − sgn(δ)eVl ] and the temperature dif-
ference as �Tkl = Tk − Tl . We stress the fact that no mixed
term proportional to �Vkγ lδ�Tkl can be present, since the
integrand associated to such a term would be proportional
to E × ∂ f (E )/∂ (E ), which is odd in energy and integrates
to zero. The other two terms, on the other hand, correspond
to integrands that are proportional to Eα∂ f (E )/∂ (E ), with
α = 0, 2, which leads to the result in Eq. (17). It is also
important to note that when superconductors are present one
needs to include also mixed terms where γ 	= δ; this implies
that e�Vkγ lδ can be sums of biases other than differences. In
other words, we see that this compact formalism using these
generalized voltage differences can easily account for the case
where the partition noise is generated by Andreev reflection
processes and, in those cases, the simple voltage differences
are substituted by the sum of the voltages with respect to the
reference superconducting terminal.

Given these observations, it is useful to discuss the be-
havior, under generic biases, of the squared Fermi function
difference’s integral

∫
dE Dkγ lδ (E ) in the excess noise’s sum

of Eq. (16), which weighs each partition factor. We could go
well beyond the small perturbation expansion just discussed
before for the excess noise as a function of the biases e�Vkγ lδ

and/or temperatures �Tkl . However, since we wish mainly to
discuss the expected effects induced by the finite temperature
differences it is convenient to measure the temperatures and
the energies with respect to the temperature of a reference
terminal kept at fixed temperature Tl . This latter choice is a
sensible one since it allows us to make naturally high and low
temperature (ratio) limits. At the same time, it can fit well the
typical experimental situation, e.g., where the temperature in
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FIG. 1. Plots of the integrals
∫

dE Dkγ lδ (E ) entering the excess
noise sum in Eq. (16). Choosing kBTl as the reference energy scale for
all quantities, panel (a) shows the integral’s behavior as a function of
e�Vkγ lδ (as defined in the text) for different fixed values of Tk ; panel
(b) shows the integral’s behavior as a function of Tk for different
fixed values of e�Vkγ lδ . The dashed line represents the asymptotic
behavior of the curves, with slope η = 2 ln 2 − 1. The open circles
identify the position of the minima of each curve.

one of the two relevant contacts is kept fixed so that it can be
used as a reference for other quantities.

Integration can be performed to evaluate the integral
weighting factor in Eq. (16), whose results are shown in Fig. 1.
Essentially, in these plots, we represent the typical behavior
of the weighting factor in terms of the biases and temperature
differences measured in units of the thermal energy kBTl . In
Fig. 1(a) the typical behavior of the excess noise is shown,
as a function of the generalized voltage differences �Vkγ lδ
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keeping fixed the temperature ratio Tk/Tl . The behavior is
nonlinear when such voltage is too low, but it reduces to the
usual linear dependence as soon as e�Vkγ lδ � kBTk, kBTl , i.e.,
when the shot-noise limit is reached. Furthermore, we see how
linearity kicks in sooner in voltage when the temperature is
lowest, while the curves get smeared, and the explored noise
range reduces when the overall temperature in the contacts
increases. However, excess noise could be zero only at equal
voltages and identical temperatures, i.e., in the middle of the
thicker blue line; otherwise, the minimum of the noise curves
is always greater than zero by an amount that is also named
noise thermal floor.

Indeed, by showing the numerical integration results as a
function of Tk while keeping e�Vkγ lδ fixed, we obtain instead
the curves of Fig. 1(b). The first thing one can notice is the fact
that the excess noise increases when temperature differences
are present, even in the case of electrical equilibrium (corre-
sponding to the thick blue line, i.e., to the �T -noise curve
[36]). In fact, in the latter case, for the energy-independent
scattering matrix limit that we are showing right now, the
average charge currents are zero even in the presence of
temperature differences (since we do not have any thermo-
electrical effects). Nonetheless, currents become more noisy
as temperatures increase, showing an effect not only in the
background noise contribution [see Eq. (14)], but also in the
excess one, as shown in this section. However this latter term,
unlike the former, is not due to the transmission of the charge
current thermal fluctuations, but to their partitioning across
the device.

Having chosen kBTl to be the energy reference scale of
the system, the plots are not symmetrical around Tk/Tl = 1.
Moreover, as we said before, going towards both small and
large values of Tk/Tl , the excess noise increases and its be-
havior becomes more linear. In such limits, the integral’s
expression can be simplified into

lim
Tk/Tl →0+

∫
dE Dkγ lδ (E )

kBTl
= −Tk

Tl
+ ln

[
4

e
cosh2

(
e�Vkγ lδ

2kBTl

)]
,

(18)

lim
Tk/Tl →+∞

∫
dE Dkγ lδ (E )

kBTl
= η

Tk

Tl
, (19)

where e is Euler’s number and η ≡ 2 ln 2 − 1 is a prefactor
in the asymptotic behavior that has also been previously dis-
cussed in the literature [38] and is potentially connected to the
Landauer limit 2 ln(2)kBTl for the minimum heat generated
by the erasure of one bit of information [85]. The prefactor
η here differs by 1 from the result of Ref. [38] because here
we are considering the temperature dependence of the excess
noise only. If we added to the picture also the temperature
dependence of the background noise (and considering the
same physical setup as in the aforementioned reference), this
would give a proportionality to temperature of the whole noise
with the expected prefactor 2 ln 2. When noise approaches
the regimes in Eqs. (18) and (19), we say we have reached
a thermal shot-noise regime, in contrast with the shot noise
behavior that we get in the presence of strong voltage biases.
In the following, we will name the latter as electrical shot-
noise regime for the sake of clarity.

μ1, T1 μ2, T2

μs

SN N

FIG. 2. Scheme of the NSN device described in the text, with
arbitrary potentials and temperatures at the normal contacts.

Another thing to notice is the fact that when the voltage
bias between the contacts is increased, the curves get en-
hanced and their minima sit at a higher noise value (marked
with open dots, which in this case can be called noise voltage
floor, analogous to before): more quasiparticle excitations are
flowing into the system, hence more partitioning processes
must occur in the system, and more noise is produced as-
sociated to it. We see that such minima shift as the voltage
increases, in an approximately linear fashion. A linear fit on
the position of the minima with respect to the applied voltage
gives a numerical result compatible with a slope value of
approximately 1/2 ln 2.

III. APPLICATIONS

In this section we will conduct a thorough review of the
properties of the previous formulas across various setups and
physical regimes. In addition to examining the results related
to noise and correlations under different electrical biases, we
will also discuss the impact of temperature differences. We
will consider the low energy limit, well within the subgap
regime E � � [86]. This is equivalent to considering temper-
atures much lower than the superconducting gap (kBTi � �),
implying that the superconductors are effectively at zero tem-
perature.

A. NSN device

We now apply the previous results to a very simple exam-
ple of an NSN system. The two normal terminals are kept
at fixed electrochemical potentials μ1 = eV1, μ2 = eV2 and
temperatures T1, T2, and transport is mediated by a grounded
superconductor (μs = 0) in the middle. The study of the
behavior of noise under both electrical and thermal biases
has already been done before in this kind of system [57],
but here we will analyze the temperature-bias dependence of
noise in full detail. We will also make a comparison with the
dependence of noise on electrical biases, especially in the
shot regimes. We wish indeed to discuss the general form
of the current correlations without including strong energy-
dependent effects.

In this case, the scattering matrix is energy independent.
Furthermore, we will assume for simplicity that the system is
spatially symmetric (i.e., it is symmetric under the exchange
of labels 1 and 2; see also Fig. 2) and spin degenerate, with
only one open (doubly degenerate) transport channel per lead.
Nonetheless, in such a case, without loss of completeness, we
could consider the scattering problem only for, e.g., spin-up
electrons and spin-down holes. This way, we can obtain the
correct results for all physical observables, just without a
prefactor of 2. Under this assumption, we can parametrize the

023321-6



�T -NOISE IN MULTITERMINAL HYBRID … PHYSICAL REVIEW RESEARCH 7, 023321 (2025)

ee and he scattering matrix blocks as follows:

see = eiφ

(√
R i

√
T

i
√
T

√
R

)
,

she = eiψ

(√
RA i

√
T A

i
√
T A

√
RA

)
,

R, T ,RA, T A ∈ [0, 1],

R + T + RA + T A = 1, φ, ψ ∈ R. (20)

The R, T (RA, T A) parameters are the probabilities of nor-
mal (Andreev) reflection and transmission across the device,
respectively, while the relative phase between the normal and
Andreev processes’ types is φ − ψ . In our spin degenerate
and energy-independent case we have the other two blocks eh
and hh simply related to the other two by PHS [63]. In this
case the matrix of transmission functions (�±)i j ≡ �±

i j reads

�± =
(

1 − R ± RA −T ± T A

−T ± T A 1 − R ± RA

)
. (21)

From these quantities, we can easily compute the local and
nonlocal dc transport coefficients, such as the charge and
heat conductances, according to the expressions given in
Eq. (10) [75].

1. Background noise

In this simplified regime, the background noise, Eq. (14),
is given by

1

2kBG0

(
S̄11 S̄12

S̄21 S̄22

)

=
(

2T1�
+
11+(T1−T2)�−

12 T2�
+
12+T1�

+
21

T1�
+
21+T2�

+
12 2T2�

+
22+(T2−T1)�−

21

)
. (22)

As we have noticed before, for cross-correlators (off-diagonal
terms) the background noise can be thought of as being made
up only of a Johnson-Nyquist-like component (which depends
only on �+

i j functions). However, in self-correlations, another
term, proportional to the temperature differences, appears,
which is equivalent in form to a transmitted thermal noise
contribution induced by thermal biases, mediated by �−

ik trans-
mission functions, which indeed enter in the definition of the
heat conductance.

2. Electrical shot noise

Now, we investigate the excess noise’s formulas, both in
the electrical shot-noise limit at thermal equilibrium and, in
the next subsection, the thermal shot-noise regime at electrical
equilibrium.

To investigate the electrical shot-noise limit, we assume
we must keep the drain contact (eV2 = 0) grounded with the
superconductor while keeping eV1 ≡ e�V � kBTi in order
for the shot regime to emerge. Under these conditions, we
get

∫
dE D1e1h(E )/2 = ∫

dE D1e2e(E ) ≈ |e�V | and similar
for the other generalized voltage differences in the other

combinations of k, l, γ , δ from Eq. (16). Thus we obtain the
self-correlators’ excess noise expressions:

S̃11

2G0|e�V | ≈ [(1 − �−
11) − (1 − �+

11)2]

= [(R + RA) − (R − RA)2], (23)

S̃22

2G0|e�V | ≈ [−�−
21 − �+2

21 ]

= [(T + T A) − (T − T A)2], (24)

where the second equalities are obtained by directly using
the definitions �± in Eq. (21). As for the background noise,
self-correlators show a mixed dependence on both �+ and
�−, quadratic and linear respectively, as reported elsewhere
[65,67,68]. Clearly, from these formulas, it is easy to verify
that all the self-correlators are positive, as expected, since 0 �
T , T A,R,RA � 1. Remarkably, both self-correlators are, in
general, nonzero even in the absence of a net charge current.
In fact, e.g., in Eq. (24), if T = T A there is a net zero charge
current [see Eq. (21)], but still a nonzero electrical shot noise,
actually proportional to (T + T A) = −�−

21 [66–68]. This rep-
resents the specific case where the current of electrons is
exactly compensated by the Andreev reflected holes, although
the two fluxes contribute independently to the partition noise.
This fact shows the self-correlators’ ability to probe the quasi-
particles’ transport properties irrespective of their charge.

On the other hand, the cross-correlators’ excess noise is
given by

S̃12

2G0|e�V | ≈ [(1 − �+
11)�+

21] = [(R − RA)(T A − T )] (25)

and depends only on the electrical properties of the device,
i.e., on the �+ functions (note that, by symmetry, S̃12 = S̃21).

3. Thermal shot noise

Let us now consider the case where T1 � T2 and in the
absence of voltage biases (Vk = Vs,∀k). By using Eqs. (16)
and (19), for the self-correlators we obtain

S̃11

2G0ηkBT1
≈ [(1 − �−

11) − (1 − �−
11)2]

= [(R + RA)(1 − R − RA)], (26)

S̃22

2G0ηkBT1
≈ [−�−

21 − �−2
21 ]

= [(T + T A)(1 − T − T A)], (27)

which, unlike Eqs. (23) and (24), only depend on the func-
tions �−. Notice that, when written in terms of R,RA, T , T A,
the self-correlators are expressed in the peculiar typical form
x(1 − x), i.e., as a partition factor with x being the total trans-
mission (T + T A) and total reflection (R + RA) probability.
Interestingly, scattering probabilities enter with a plus sign,
irrespective of the sign of the charge carriers. This is consis-
tent with the fact that we are at electrical equilibrium and only
thermal fluctuations are present in the device [87]. Albeit the
superconductor could absorb and emit charges via Andreev
processes, it is not able to exchange energy with the rest of
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μs μ3, T3

ν = 2

μ4, T4μ1, T1μ2, T2 Vg Vg

ν = 1ν = 1

FIG. 3. Scheme of the hybrid superconducting-quantum Hall de-
vice described in Sec. III B. For simplicity we suppose the quantizing
magnetic field is directed towards the reader, inducing Zeeman split-
ting between spin up and down quasiparticle bands. Therefore, the
red (blue) lines represent the spin up (down) electron- and hole-like
edge states.

the system, and this is shown in the partitioning properties
of the charge current’s thermal fluctuations. We stress once
more that this property can be clearly observed only in the
self-correlators in the thermal shot noise.

Cross-correlators’ excess noise instead has an even more
complex structure in the presence of thermal biases with re-
spect to the electrical shot-noise case. Indeed, S̃12 becomes

S̃12

2G0ηkBT1
≈ (R − RA)(T A − T ) + 4

√
RRAT T A, (28)

where we have an additional interference term: a product
of all the transmission and reflection scattering probabilities
(normal and Andreev), which can be nonzero only when su-
perconductivity is present. This is also a term that, in more
general cases, could account for the relative phases induced by
all different processes that could occur to scattering particles
incoming at a system’s contact. Furthermore, it is easy to
conclude that without superconductors (RA = T A = 0) the
ratio between electrical and thermal shot noise would satisfy

S̃12(�V � T1, T2)

S̃12(T1 � �V, T2)
≈ e�V

ηkBT1
. (29)

Therefore, in the presence of superconductors, for particle
energies much smaller than the gap, this universal ratio can
generally be different, showing that a comparison between
electrical and thermal shot noise could be helpful to pro-
vide indirect evidence of the presence of superconducting
proximity.

B. Chiral device

As a second example, we study the noise properties of
another realistic physical system [88–94], consisting of an
integer quantum Hall bar at filling factor ν = 2 with a super-
conducting scatterer along the edge states’ path; see Fig. 3.
We assume that the two edge states are spin-resolved as a
consequence of the Zeeman splitting caused by the quantiz-
ing magnetic field (applied perpendicular to the bar’s plane).
Spin-up electrons are represented as red lines and spin-down
electrons as blue lines. Source (drain) contacts are represented
as dark yellow regions on the left (right), characterized by

chemical potentials μ1 and μ2 (μ3 and μ4) and temperatures
T1 and T2 (T3 and T4) [95]. Light yellow rectangles represent
gates which control the filling factor in the regions beneath
them, used to locally deplete one spin band and thus create
ν = 1 regions.

The two edge states are contacted separately, both to the
source and drain contacts, using a four-terminal setup. For
simplicity, we assume that no mixing occurs between coprop-
agating edge states in the normal regions. We also neglect
any possible effect of the electron-electron interaction be-
tween the two channels [49]. All relevant scattering processes
between the copropagating modes happen at the scattering
region between the gates (green finger in Fig. 3), which can
be superconducting or a simple spin-mixing insertion. In other
words, the spin-up (spin-down) quasiparticles coming from
contact 1 (2) running along the outer (internal) edge are
coupled by the finger and are collected at contacts 3 (spin
up) and 4 (spin down). If the finger is a conventional BCS
singlet superconductor, electrons propagating on one edge
state are converted into holes on the other edge via an Andreev
transmission process [24,26,93]. If instead the finger is a spin-
mixer, it converts electrons in one edge state into electrons in
the other edge changing the electron spin.

The scattering matrix of the device has dimension 16 × 16,
accounting for four contacts and the spin degree of freedom,
which is considered as the quantum number of the two possi-
ble transport channels in each lead. Many elements of such
a matrix are, however, either 0 or 1 because of the chiral
nature of transport in the device. For example, the reflection of
spin-down electrons in lead 1 occurs with probability 1, while
the reflection of spin-up occurs with probability 0. Therefore,
for simplicity, we organize the nontrivial scattering elements
into the following matrix:

t(E ) =

⎛
⎜⎜⎝
see31(E ) see32(E ) seh31(E ) seh31(E )
see41(E ) see42(E) seh41(E ) seh41(E )
she31(E ) she32(E ) shh31 (E ) shh31 (E )
she41(E ) she42(E ) shh41 (E ) shh41 (E )

⎞
⎟⎟⎠, (30)

where, again, the various blocks are related by PHS, although
now the system is not spin degenerate as in the previous NSN
case [71]. The matrix �±(E ) can be written accordingly (using
the full definition of the scattering matrix) as

�±(E ) =

⎛
⎜⎜⎝

1 −1 0 0
0 2 0 −2

�±
31(E ) �±

32(E ) 1 0

�±
41(E ) �±

42(E ) −1 2

⎞
⎟⎟⎠. (31)

We emphasize the fact that the matrix is not symmetric as
a result of the chiral nature of transport in the system and
its structure shows again that the only nontrivial transmission
processes are the ones describing the scattering from contacts
1 and 2 to contacts 3 and 4.

Once the transmission functions are known, the back-
ground noises can be easily calculated using the formalism
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developed above, obtaining

S̄

2kBG0
=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

T1+T2 −T2
∫

dE
2kB

F1e(E )�+
31(E )

∫
dE
2kB

F1e(E )�+
41(E )

−T2 2T2+2T4
∫

dE
2kB

F2e(E )�+
32(E )

∫
dE
2kB

F2e(E )�+
42(E )∫

dE
2kB

F1e(E )�+
31(E )

∫
dE
2kB

F2e(E )�+
32(E ) T3−

2∑
k=1

∫
dE
2kB

Fke(E )�−
3k (E ) −T3

∫
dE
2kB

F1e(E )�+
41(E )

∫
dE
2kB

F2e(E )�+
42(E ) −T3 2T4+T3−

2∑
k=1

∫
dE
2kB

Fke(E )�−
4k (E )

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (32)

We notice the usual structure of Johnson-Nyquist noises
mediated by �+

i j (E ) and �−
i j (E ) functions in cross- and self-

correlators, respectively. However, for this chiral case, we
manage to isolate the dependence on �−(E ) thanks to the
peculiar geometry of the device.

In this system, the excess noises have a nontrivial form

S̃ =

⎛
⎜⎜⎝

0 0 0 0
0 0 0 0
0 0 S̃33 S̃34

0 0 S̃43 S̃44

⎞
⎟⎟⎠, (33)

that is, we have excess noise contributions only at or between
contacts 3 and 4. This happens because the partition noise
is determined by the scattering processes occurring at the
superconducting finger on the edge states that come from
contacts 1 and 2. Therefore, only noise downstream to the
scatterer (in the sense of the edge states’ propagation direc-
tion) can contain contributions due to current partitioning. In
addition, these contributions’ magnitude can depend only on
the squared population differences between quasiparticles that
come from contacts upstream to the scatterer. At the same
time, they cannot be affected at all neither by the voltages nor
by the temperatures of the downstream terminals (3 and 4),
i.e., they can depend only on D1γ 2δ (E ) (with γ , δ ∈ {e, h}).

1. Thermal shot regime

The excess noise at contacts 3 and 4 in the thermal shot
regime (T1 � T2) at μ1 = μ2 = μs = 0, in general, can be
written only in terms of D1e2e(E ) as [96]

S̃i j

2G0
=

∫
dE D1e2e(E )

�
δi j

(
Niδi1 − �−

i1(E )
)

− Tr
[(

see†
i1 (E )see

i1 (E ) − she†
i1 (E )she

i1 (E )
)

× (
see†

j1 (E )see
j1(E ) − she†

j1 (E )she
j1(E )

)]
− 2 Re

{
Tr

[
see†

i1 (E )seh
i1 (E )

× (
seh†

j1 (E )see
j1(E ) − shh†

j1 (E )she
j1(E )

)]}�
. (34)

By substituting the actual expression of the scattering matrix
for our chiral system, assuming again energy independence
for simplicity, we get the following results for self-correlators

S̃ii

2G0ηkBT1
= �−�−

i1[1 + �−
i1]� (35)

and for cross-correlators

S̃34

2G0ηkBT1
= �−�+

31�
+
41�. (36)

The self-correlations show, as expected, a marked dependence
on the matrix �−, but we notice a difference in the cross-
correlations’ result with respect to the NSN case: here there
is no additional interference term ∝

√
RRAT T A anymore. In-

deed, such a term would be present only if contact 3 (4) could
collect also spin down (up) particles coming from the scatter-
ing finger. In this setup, though, this is not possible since each
contact collects only two possible spin-polarized channels
coming from the scattering region and thus cross-correlations’
excess noise S̃34 cannot be sensitive to the interference be-
tween the partitioning processes involving the same spin.

2. General excess noise behavior

In the general case (where the values of V1, V2, T1, and
T2 are arbitrary) all terms of the excess noises appearing in
Eq. (13) should be considered. It is useful to parametrize
the matrix (30) [97,98], which describes the superconducting
finger, in such a way to account for various effects, such
as the presence of magnetic impurities. This can be done
by using a matrix which results from the composition of
two sequential processes describing two different phenomena:
Andreev reflection (AR) and spin mixing (SM). For sim-
plicity, we will also assume that the scattering amplitudes
are energy-independent. AR processes are described by the
matrix

tAR =

⎛
⎜⎜⎝

eiψ
√
aeiα 0 0 −eiψ√be−iβ
0 e−iψ

√
aeiα e−iψ

√
be−iβ 0

0 −e−iψ√beiβ e−iψ√ae−iα 0

eiψ
√
beiβ 0 0 eiψ

√
ae−iα

⎞
⎟⎟⎠,

a, b ∈ [0, 1]; a + b= 1; ψ, α, β ∈ R, (37)

where a and b are the probabilities of normal and An-
dreev processes, respectively. SM processes, instead, are
described by

tSM =

⎛
⎜⎜⎝

eiφ
√
reiρ eiφ

√
te−iθ 0 0

eiφ
√
te iθ −eiφ√re−iρ 0 0

0 0 e−iφ
√
re−iρ e−iφ

√
te iθ

0 0 e−iφ
√
te−iθ −e−iφ√reiρ

⎞
⎟⎟⎠,

r, t ∈ [0, 1]; r + t = 1; φ, ρ, θ ∈ R, (38)

with t and r being the probabilities of transmission with and
without mixing, respectively. The matrix describing the com-
position of the two processes is then given by the product of
the two, namely t = tSM · tAR.
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By using Eq. (13) we obtain the excess noise for the self-
correlators

S̃33

2G0
= S̃44

2G0
= +rt (1 − 4ab)

∫
dE D1e2e(E )

+ ab
∫

dE D1e2h(E ) + 2rtab

[
− 2kBT1 − 2kBT2

+e(�V1e2h + �V1e2e) coth

(
e(�V1e2h + �V1e2e)

2kBT1

)

+e(�V1e2h − �V1e2e) coth

(
e(�V1e2h − �V1e2e)

2kBT2

)]
,

(39)

and for the cross-correlators

S̃34

2G0
= S̃43

2G0
= −rt (1 − 4ab)

∫
dE D1e2e(E )

+ ab
∫

dE D1e2h(E ) − 2rtab

[
− 2kBT1 − 2kBT2

+e(�V1e2h + �V1e2e) coth

(
e(�V1e2h + �V1e2e)

2kBT1

)

+e(�V1e2h − �V1e2e) coth

(
e(�V1e2h − �V1e2e)

2kBT2

)]
.

(40)

Here we have used the two voltage variables �V1e2e = V1 −
V2 and �V1e2h = V1 + V2. We have made this choice since the
first terms in both equations depend only on �V1e2e, while
the second terms depend only on �V1e2h, even if the two
temperatures T1 and T2 are different. Notice that the second
terms are the leading ones when Andreev processes dom-
inate over spin-mixing processes (ab � rt), while the first
terms are leading when spin-mixing processes dominate over
Andreev ones (rt � ab). Indeed, the partition factor ab (rt)
determines the excess noise contributions due to AR (SM).
Interestingly, these two contributions enter the excess noise of
the cross-correlators with a different sign: the sign in front of
the rt-dependent contribution is negative, while ab-dependent
contribution is positive. This is a result of the fact that,
when undergoing an SM (AR) process, an excitation keeps
(changes) its charge.

Together with the relative magnitude of the two partition
factors ab and rt , also the absolute values of the voltage
variables (�V1e2e and �V1e2h) determine the behavior of the
excess noise when the temperature’s ratio T1/T2 is varied. In
Fig. 4, for example, we plot the cross-correlator’s excess noise
as a function of the temperatures’ ratio and for different values
of rt and ab. The curves with colors going from black to red
correspond to increasing values of ab and decreasing values
of rt . Both panels show that the thermal shot noise is positive
when ab is greater than rt . However, when the two values
are close or equal, the sign of the thermal shot noise actually
depends on the specific case we are analyzing [99]. The sign
change is due to the fact that the two processes have opposite
effects on the charge currents’ correlations since the SM (AR)
anticorrelates (correlates) them.

In Fig. 4(a) we fix �V1e2e = �V1e2h = 0: in the absence
of voltage biases, all the curves touch zero at T1 = T2. How-
ever, for finite voltage biases such as in Fig. 4(b), where we
fix �V1e2e = �V1e2h = 10kBT2, the excess noise acquires a
voltage floor: since �V1e2h 	= 0, when ab > rt the minimum
of the noise is positive, but near ab = rt it gets to zero (the
exact condition is, again, system specific) and it changes sign
when ab < rt , provided that also �V1e2e 	= 0. In conclusion,
we see that the sign of the voltage floor as a function of the
generalized voltage difference of the terminals will indicate
which process contributes the most to noise, between SM and
AR. Thus we find again that the analysis of the behavior of the
excess noise while varying the temperature could potentially
return intriguing information about the intrinsic properties of
hybrid systems.

IV. CONCLUSIONS

We detailed and analyzed the properties of the charge cur-
rent noise in hybrid normal-superconducting devices, where
the superconductors are grounded and kept under fully out-
of-equilibrium conditions. Indeed, we considered not only the
voltage biases but, more intriguingly, also the temperature
differences. We found that thermally out-of-equilibrium noise
strongly differs from the one without superconducting corre-
lations, both in the background and in the excess (partition)
noise contributions. In particular, we found that the self-
correlations’ background noise, in the presence of temperature
differences, is not only dictated by the charge transmission
functions �+, a quantity related to the charge transport (elec-
trical conductance), but also by �−, which is instead related
to the heat transport (thermal conductance). As a conse-
quence, this effect could be exploited to gain information
about heat transport via charge current noise measurements
only instead of measuring charge and heat transport sepa-
rately. This may be quite advantageous since it is not usually
so simple to directly measure heat currents. Furthermore, we
explored the generic behavior of the excess noise when both
voltage and thermal biases are present. When superconductors
are grounded, the partition noise depends not only on the
bias differences but also on their sum, as a direct result of
Andreev’s processes. We then analyzed the behavior of the
excess noise in the presence of thermal biases and identified
the thermal shot-noise regime, both in the low- and high-
temperature limits. This result generalizes to hybrid systems
the results obtained for purely normal systems [37,38].

Finally, we have considered two experimentally relevant
examples: a normal-superconductor-normal (NSN) system
and the proximitized edge states of a quantum Hall bar. In
addition to the background noise behavior, we focused on
the electrical and thermal shot-noise regimes, highlighting
their differences. What we noticed is the fact that, as we also
remarked for the background noise, highly nontrivial depen-
dencies on the �− functions appear in the excess noises of
self-correlators and these are even stronger for the thermally
biased case with respect to the voltage bias case. The excess
noise in the electrical shot limit for the cross-correlators,
instead, shows simply a dependence on �+ functions both
in the normal and in the hybrid case, while in the thermal
shot-noise regime the two cases differ by an interference term
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FIG. 4. Excess noise for the cross-correlator S̃34 of the system in Sec. III B 2, for various values of the partition factors ab and rt plotted
against the temperature ratio T1/T2. The upper panel corresponds to the noise curves obtained when no voltage biases are imposed between
contacts 1 and 2, while the lower panel is obtained when �V1e2e = �V1e2h = 10kBT2. The various curves in each panel correspond to different
combinations of values of the partition factors, shown in the legend in the upper panel. Since these are the plots of the excess noises, we recall
that they cannot depend on the specific voltages and temperatures of contacts 3 and 4, as we noticed in the text after Eq. (33). In addition, like
in Fig. 1(b), the behavior of the noise becomes linear in the presence of strong temperature biases. This occurs after a threshold that is here
both voltage- and transmission coefficient-dependent.

that strictly depends uniquely on the presence of Andreev
processes. Moreover, in the quantum Hall bar example, we
inspected the behavior outside the thermal shot regime in a
simplified energy-independent case, assuming the scattering
region to act as a sequence of two processes—Andreev con-
version and spin-mixing. In such a case, the noise depends
on four quantities: the difference and the sum of the applied
input voltages, as well as the two partition factors of the
two scatterers. The relative magnitude of the two governs
the overall behavior of the noise, including the thermal shot
limit.

We expect our analysis to prove useful in further investi-
gations of hybrid systems for future quantum technological
applications, which rely on the unique and remarkable prop-
erties of superconductors under thermal out-of-equilibrium
conditions.
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