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Motility-induced phase separation (MIPS) is a central collective phenomenon in active matter,
theoretically established in the overdamped regime. We discover that the dynamical origin of MIPS is
fundamentally altered by inertia, which induces a cooling mechanism absent in overdamped active matter.

This conclusion is supported by an active variant of the direct simulation Monte Carlo method and by a
kinetic theory for inertial self-propelled hard spheres derived from the microscopic dynamics. In contrast to
the overdamped case, both analyses demonstrate that inertial MIPS can occur even without impenetrability,

as it originates from a density-dependent cooling mechanism due to the coupling of density, orientation,
and temperature. This mechanism emerges from the competition between activity and a density-dependent
collision rate arising from spatial correlations between colliding particles. These findings open a pathway to
fundamentally connect inertial active matter with granular physics.

DOI: 10.1103/mbrl-v75b

Introduction—Active matter [1-3] encompasses a broad
class of systems. At submicron scales, it includes intra-
cellular proteins, filaments, and organelles [4]. On the
micron scale, active systems range from sperm cells [5] and
bacteria [6,7] to synthetic active colloids [8,9]. Active
matter is also ubiquitous at macroscopic scales and can be
encountered in everyday life, from animal groups [10] and
pedestrian crowds [11] to granular robots [12,13] and drone
swarms [14]. The defining feature of these systems is an
internal mechanism of energy injection that drives them far
from thermodynamic equilibrium [15], for example, by
sustaining self-propelled motion.

Active materials can self-organize even under conditions
where passive matter remains disordered. A striking exam-
ple is motility-induced phase separation (MIPS) [16-18], a
nonequilibrium coexistence between dense and dilute
phases [19-23]. This phase separation can arise either
from quorum sensing [16] or from the interplay between
persistent self-propulsion and volume exclusion, specifi-
cally, particle impenetrability. In the latter case, active
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particles in the overdamped regime move at constant
velocity and block each other upon collisions, generating
a density-dependent active speed [24]. This slowdown
promotes cluster nucleation even in the absence of attrac-
tive interactions [25-28]. MIPS has been extensively
analyzed using nonequilibrium statistical mechanics, par-
ticularly in the overdamped regime, where kinetic energy
rapidly relaxes to the bath temperature [24,29]. In this limit,
MIPS can be described through an effective free-energy
approach with a modified Maxwell construction [30] or via
mechanical [31] and Kkinetic theories [32].

Understanding the role of inertia has become increas-
ingly important, given the large variety of active systems
observed at macroscopic scales [33], including polar
granular particles powered by internal motors [34-37],
grains driven by vibrating plates [38—43], granular spinners
[44-47], whirling fruits [48], and flying beetles [49],
typically operating in air where the Stokes time is on
the order of seconds. In these systems, inertia cannot be
neglected and influences both single-particle dynamics
[50-54] and collective behavior [55-58]. In particular,
inertia suppresses MIPS [59-61] and, through a bounce-
back mechanism [62,63], generates a temperature differ-
ence between the dense cluster and the dilute phase [60]—a
feature recently exploited to propose a nonequilibrium
refrigerator [64]. Numerical studies also reveal oscillatory
behaviors [65] and a nucleationlike MIPS [66] in contrast
to the spinodal decomposition typical of overdamped active
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FIG. 1. Inertia-induced cooling in active systems. (a) Particles
are endowed with both a velocity v (black arrow) and an active
force yvye directed along the direction normal to the hemisphere,
going from gray to color. (b) After a collision, velocities are
instantaneously changed, while active forces remain unchanged.
(c) In ADSMC, time and space are discretized. At each time step,
the first phase is free motion (red arrow), and the second phase is
interaction: pair collisions in the same cell (orange star) and
(when implemented) “backscattering events” of single particles
with overcrowded cells (purple star). (d) Collisional cooling
effect. Cap colors identify the same particles before and after the
collision. The modulus of the colored arrows represents the
“active power” yvg(v-e) (in d =2), which decreases after
impact (from red to blue). Since yvy(v - €) determines the value
of the local temperature field, see Eq. (3), inertial active particles
undergo an effective cooling mechanism during collisions.
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systems [16]. These findings indicate that the mechanism
underlying MIPS may differ fundamentally when inertia
dominates as an effect of the temperature field. However,
beyond a mechanical theory predicting the coexistence line
[67], a comprehensive kinetic theory is still lacking, leaving
open questions about the role of the temperature.

Here, we demonstrate that MIPS in inertial active
systems originates from a cooling mechanism absent in
the overdamped regime. The mechanism can be understood
by considering a binary collision between two particles
[Fig. 1(d)]. After the impact, the particle velocity is
reflected, while the self-propulsion remains unchanged.
The velocity then relaxes toward the self-propulsion over a
finite inertial time, during which the particle speed is
smaller than the free speed v,. This reduces the kinetic
energy [see Eq. (3)] and leads to a pressure inversion
reminiscent of clustering in granular materials [68,69]. The
cooling origin of inertial MIPS is confirmed by simulations
performed with an active version of the direct Monte Carlo
scheme (Bird algorithm) where impenetrability can be
switched off. These findings are supported by a kinetic
theory derived from the Boltzmann-Fokker-Planck equa-
tion for the microscopic dynamics, which predicts the onset
of a linear instability driven by activity, inertia, and the
Enskog correction to molecular chaos.

Model—We consider N active spheres of mass m and
diameter o, with positions r; and velocities r; =v;,
evolving as

mv; = f" + yvge; — yv; + /2y Ton;(1), (1)

where yvge; is the self-propulsion force and fi™ represents
elastic hard-core interparticle collisions [Fig. 1(a)]; details
of the implementation are given in the description of the
numerical algorithm. The parameters y and T, represent the
drag coefficient and bath temperature, respectively, with
Boltzmann’s constant set to kg = 1. Here, #,(¢) is a white
noise vector with zero mean and unit variance. The self-
propulsion vector e; follows an active Ornstein-Uhlenbeck
particle dynamics with autocorrelation time ,

Téi = _ei + \/Zgi, (2)

where €; is a white noise vector with zero mean and unit
variance, implying (e?) = d, where d is the space dimen-
sionality. Two relevant dimensionless parameters are the
Péclet number ¢ = rvy/o and the Stokes number St =
m/(yt) quantifying, respectively, the activity and the inertia
of the system.

Particles move in a box of size L with periodic boundary
conditions and interact through instantaneous collisions
that change the velocities of particles i and j from v;, v; to
Vi, V}, conserving kinetic energy and total momentum but
leaving unchanged e; and e; [see Fig. 1(b) and End Matter
(EM) for the exact collision rules]. Since collisions con-
serve kinetic energy, the evolution of T = m(v?)/d in the
homogeneous state (no macroscopic drifts and no spatial
gradients) is dictated by the following equation obtained by
averaging the Ito-transformation of Eq. (1):

T = —(2y/m)(T —To) + (2y/d)vo(v - €). (3)

The last term is the so-called active power, which quantifies
the heating efficiency of self-propulsion: the randomizing
effect of collisions reduces this term and produces an
indirect local cooling of the system; see Fig. 1(d).

Active direct simulation Monte Carlo (ADSMC)—To
explore the effects of the aforementioned cooling mecha-
nism, the model is simulated through the ADSMC, i.e., a
particle-based Monte Carlo method that accounts for self-
propulsion [Fig. 1(c)]. Both time and space are discretized
by choosing a time step dt and a cell size A smaller than the
minimal time and length scales involved, yet large enough
to allow statistical averaging; results are independent of dr
and A within a reasonable range. At each time step, we
evolve the free-streaming active trajectory [Egs. (1) and (2)
for d = 2] and compute interactions by performing elastic
collisions at random positions within each cell. The local
collision frequency is estimated as proportional to
1(¢)opv, where ¢p = nzo?/4 is the local packing fraction
(with n the local density) and ¥ the typical velocity
fluctuation inside the cell. The term y(¢) represents a
correction accounting for positional correlations in non-
dilute conditions. We consider two choices: (i) y(¢) = 1,
corresponding to pure molecular chaos, and (ii) y(¢)
given by the Carnahan-Starling formula for the density
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FIG. 2. Numerical results obtained using ADSMC with the
Enskog collision rate. (a),(c) Snapshot phase diagrams in the plane
of Péclet number ¢ and packing fraction ¢ at Stokes number
St = 1. (b),(d) Snapshot phase diagrams in the (¢, St) plane for
¢ = 20. Panels (a) and (b) correspond to simulations without the
backscattering effect (no impenetrability), while (c) and (d) include
the backscattering effect (impenetrability). Red lines serve as
guides to the eye. The remaining simulation parameter is 7y = 1.

correlation at contact [70]. The latter choice is equivalent to
an Enskog correction in kinetic theory, which does not
explicitly account for impenetrability, as collisions occur at
random positions within the cell. Additional simulations
are performed using a backscattering mechanism [termed
“BS,” see Fig. 1(c)] to mimic impenetrability. (See the EM
for details of the numerics).

Inertial MIPS—Simulations start with homogeneously
distributed particle positions and Gaussian-distributed
velocities. In some cases, the homogeneous distribution
becomes unstable and develops spatial inhomogeneities
with clusters, reminiscent of MIPS. This instability is never
observed under pure molecular chaos [y(¢) = 1] and
occurs only when the Enskog correction is included. In
this case, MIPS emerges either upon increasing the Péclet
number 7 at fixed density or upon increasing the density at
large ¢ (for fixed Stokes number St), reproducing the
density-activity phase diagram reported in previous studies
[see Figs. 2(a) and 2(b)]. No reentrance is observed when #
is further increased beyond the instability threshold, coher-
ently with recent studies that attribute it to interaction
softness [60,67].

The phase diagram in the plane of inertia and density (at
fixed Péclet) shows the suppression of MIPS at large inertia
[Fig. 2(b)], as previously seen in molecular dynamics [60]
and experiments [59]. Interestingly, MIPS disappears in the
overdamped limit, independently of the Enskog correction
and choice of y(¢). This suppression originates from the
lack of impenetrability: indeed, when impenetrability is
enforced in the algorithm via backscattering (see EM),
MIPS at small inertia is recovered [Figs. 2(c) and 2(d)].
Moreover, simulations with impenetrability display multi-
ple clusters of finite size coherently with the binodal
decomposition scenario [66].

Our comparative numerical analysis shows that impen-
etrability is essential in the overdamped regime to recover
MIPS, in agreement with previous studies. By contrast, at
large inertia, MIPS is observed even in the absence of
impenetrability, indicating that the instability may originate
from a different dynamical mechanism.

Kinetic theory—To investigate the dynamical origin of
inertial MIPS, we develop a kinetic theory [71,72]. By
coarse-graining the equations of motion, Egs. (1) and (2),
we obtain a kinetic equation for the evolution of the single-
particle probability density f = f(r,v, e, 1),

(0 + V-0 + (y/m)voe - 0y)f = (Lp + Lo)f + Z[f2],
(4)

where the operators £, and £, represent the interaction
with the bath and the active force dynamics, and Z|[f,]
describes the interparticle interactions. The latter term
depends on the two-particle probability density f, =
fa(ry, vy, eq,15,V,, €5, 1) (see EM). The crucial assumption
in kinetic theories is to close Eq. (4) by expressing f, in
terms of f. Here, consistently with the ADSMC algorithm,
we adopt an Enskog-Boltzmann-like ansatz that incorpo-
rates density correlations at contact while replacing the
hard-sphere collision frequency proportional to the relative
velocity by a mean collision frequency proportional to the
thermal velocity, as in the case of Maxwell molecules.
Then, the collision operator takes the nonlinear form
Z[f>] = Zg[f] with (see EM)

TIslf] = u/deldvld&(é,,— Df(r,v,e.0)f(r, vy, e, 1),

where v = uv(r,t) = (6/2)+/[T(r,t)/m]y[p(r,1)] and the
operator b, transforms the velocities into the postcollisional
velocities (see EM) when acting on functions of (v, v;) [73].

Spatially homogeneous stationary state—In the station-
ary and spatially homogeneous regime, the kinetic equation
for the system admits a solution f(v,e) whose relevant
moments can be theoretically evaluated (see EM). Thus, in
what follows, averages refer to this particular state. From
here, we can predict the correlation between velocity and
orientation, (e - v) (proportional to the active power), which
is 0 in equilibrium when vy, = 0. Out of equilibrium, when
vy > 0 and 7 > 0 [74], we get (see EM) a closed equation
for z(n, Ty, vg,y,7,m) = (e - V)/vy:

[1HSC V) (T +2)' Pz =286 (5)

where we introduce T, = mv}/2 and the rescaled thermal
temperature 7y = T,,/T, [75]. In the low density limit, one
has z — [2/(1 4 St)]. Note that the knowledge of z gives
also the knowledge of the stationary homogeneous temper-
ature T(qb, T, £,St)=T/T,= T, +2z(¢, To,f,St). Crucially,
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FIG. 3. Steady-state temperature 7, normalized by its dilute-
limit value T{/)_,O, as a function of the packing fraction ¢ for
homogeneous configurations, demonstrating the cooling mecha-
nism. Simulations are performed using both the molecular chaos
(red) and Enskog (green) collision rates. Colored dashed lines
indicate the corresponding theoretical predictions, while the
light-blue dashed line serves as a guide to the eye for the scaling
Tr~z~¢?3. Inset: theoretical prediction for the k> order
contribution to the density eigenvalue /1(()2) as a function of ¢
for Enskog (solid lines) and molecular chaos (dashed lines)
collision rates. The colored numbers in the plot denote the Stokes
number values. In all data, £ = 100 and TO =2 x 107*. Note that
St is varied by keeping m = 1 and = = 1 fixed while changing y.

when T, < 1 (e.g., for large v), one has T = z, and Eq. (5)
depends upon y, m, 7, and v, only through St, #: then, in
the high density limit, 7 — [v/2/(Ste?)*/][¢y ()] 7*/>.
However, in general, the equation depends also on T,
and therefore, scalings also should take this parameter
into account. We are now in the position of quantifying
how the temperature cools down with increasing density,
even if the collisions are elastic. Notwithstanding this,
when molecular chaos is strictly enforced, no phase
separation can be observed, at odds with the phenom-
enology of cooling granular gases, where a spatially
homogeneous state can be unstable even in the low
density limit [68]. The crucial point is how fast 7 decays
with ¢. With cooling granular gases, one may have a
(rescaled) decay faster than ¢p~!, while here, with molecu-
lar chaos y = 1, the decay of the temperature is not faster
than ¢p=%/3. As known since the general analysis by Cates
and Tailleur [16], and confirmed below by our theory, this
is not sufficient to observe MIPS. In Fig. 3, we show the
decay of T ~ z with molecular chaos and with the Enskog
correction, comparing it with single-cell (homogeneous)
ADSMC simulations, observing an excellent agreement
without any adjustable parameter.

Density linear stability from the kinetic equation—
Deviations of the probability density from the stationary
spatially homogeneous solutions are indicated by
Sf(r,v,e, 1) = f(r,v,e, 1) — f,(v,e). In the Supplemental
Material (SM [76]), we show that §f obeys

0,6f(r,v,e,t) = [A(v,e) —v-0.]6f(r,v,e 1), (6)

where A(v,e) is the homogeneous linearized Boltzmann
operator (see SM for its definition [77]). While an eigenvalue
problem is defined for each Fourier mode of; =
[ dre=™®T§f, remarkably, we can identify the exact eigen-
function of A associated with the null eigenvalue. By
assuming that the eigenvalues and eigenfunctions are ana-
Iytic in k, and focusing on the one that vanishes for k — 0

(that governs the dynamics in the long-time limit), we expand

as Aoy = ik + k228 + O(k?), where we have setk = k&

by isotropy. As the problem is nondegenerate, perturbation

theory allows us to find /1(()1) =0 and

’152>— 1 4 St! d T(p, Ty, 2, SO+ St T, (7
D—O——< + )@[45 (¢, Ty, ¢, St)] + o (7)

with Dy = T, /y (see SM [76]). The eigenvalue /1(()2) needs to
be negative to guarantee the linear stability of the homo-
geneous state. In the hydrodynamic limit k — 0, t — oo with
k?t finite, the above result implies that the density modes
ni(t) (Fourier modes of the density field) evolve according to
the diffusion equation

0y (t) = —Deek®ny (1) (8)

with effective diffusion coefficient D g = —/1(()2). Note that
the same result for the stability of the density field (and its
ultimate diffusion evolution) can be obtained by expanding
the kinetic equations for the hydrodynamic fields through the
Chapman-Enskog method. The expressions in Egs. (7) and
(8) are valid also for hard sphere or disk collisional kernel, but
explicit expressions for 7" and z are not analytically available
without some kind of approximation of the kinetic equation.
As mentioned before, when molecular chaos is enforced
(y = 1), the decay of T with n is not fast enough to guarantee
that D¢ becomes negative, i.e., instability is never observed.
On the contrary, when Enskog correction is introduced
(r > 1), MIPS appears for the parameter region such that
D¢ < 0 (inset of Fig. 3). While the route to phase separation
mirrors that observed in cooling granular gases—namely, a
coupling between temperature, pressure, and density—the
underlying mechanism responsible for this coupling is
different. In the present case, it is self-propulsion that is
progressively weakened by the randomizing effect of colli-
sions, giving rise to an effective, density-dependent cooling.
This cooling mechanism is inherently less efficient than in
granular gases, and therefore, requires enhancement, which
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FIG. 4. Theoretical phase diagrams from Eq. (7). (a) Phase
diagram in the plane of Péclet number ¢ and packing fraction ¢ at
Stokes number St = 1. (b) Phase diagram in the plane of ¢ and St
at £ = 20. The violet region (MIPS) highlights the region where

the homogeneous density is unstable [ﬂ(()z) > 0].

can be accounted for through an Enskog-type correction. The
theory predicts phase diagrams in the plane of Péclet number
and packing fraction ¢ [Fig. 4(a)] and in the plane of ¢ and
Stokes number St [Fig. 4(b)] in fair agreement with those
observed in ADSMC simulations [Figs. 2(a) and 2(b)]. In the
high inertia limit St — oo, MIPS disappears, since z — 0 and
/182) — —D,T,, in agreement with previous numerical and
experimental results [59-61]. As in ADSMC simulations,
MIPS is suppressed in the overdamped limit St — O,
because the homogeneous density is stable, z — 2, and

A% - —2St-!. This artifact is due to the lack of impen-
etrability in the theory. In fact, when ADSMC is performed
with backscattering (impenetrability), MIPS reappears for
St — 0, as expected for overdamped active systems.

Conclusions—We have shown that inertial MIPS arises
from a kinetic temperature decrease with density (cooling),
which differs from the density-dependent speed reduction
typical of overdamped active matter. In our case, temper-
ature and macroscopic velocity are independent fields.
However, alternative definitions of temperature [78]—such
as effective temperatures based on fluctuation-dissipation
relation violations [79] or extensions to two dimensions of
the analytical approach developed by Akintunde et al. [80]
—may provide a promising route to complement our
theoretical framework.

The observed cooling mechanism is reminiscent of the
clustering in granular materials governed by dissipative
interactions [68]. However, unlike in that case, the present
instability requires an Enskog-like correction to the colli-
sion rate, going beyond the molecular chaos hypothesis.
This correlation-induced enhancement of collisions couples
density, orientation, and temperature, giving rise to the
cooling mechanism responsible for phase separation.
Inferring such a correction directly from simulations could
provide a first step toward extending the present theory
from hard spheres to systems with soft interactions.

Our findings are supported by simulations performed
through an active direct Monte Carlo method inspired by

the Bird algorithm for molecular and granular gases. This
numerical technique could be generalized to the over-
damped limit by starting from the Boltzmann-like equation
proposed in Ref. [32] for overdamped active particles.
Importantly, our algorithm is faster than molecular dynam-
ics simulations (see EM for details) and avoids the critical
time-step limitations of previous Monte Carlo approaches
[81,82]. As such, it may represent a new paradigm for
large-scale active matter simulations, capable of incorpo-
rating off-centered collisions that produce torques in chiral
active matter [83] and tangential forces responsible for self-
alignment [84].
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End Matter

Active direct simulation Monte Carlo—In the free
streaming step, the equations of motion are integrated
from ¢, =idt to ¢t =t;+dt ignoring possible
interactions, i.e., setting f;“t = 0. For the system under
consideration, the free streaming step consists in
evolving the three vectors for each particle, {r,v,e}. In
the following, we show results obtained by employing
the Euler-Maruyama integration method, including the
stochastic terms at order +/dr. During the interaction
phase, in each cell, a “particle-particle” collision step is
operated. When impenetrability (BS) is implemented, a
second ‘“‘backscattering collision” step is also applied.

The particle-particle collisions are treated by first com-
puting the number of expected colliding pairs according to
the following formula [77]:

dt} -
—|N s
Leol

where N is the number of particles in the cell. The term 7,
is the estimated mean free time determined according to the
Enskog-Maxwell-Boltzmann formula t.,; = [y(¢)ond]|™!,
where ¢ denotes the particle diameter, n = N/A? repre-
sents the local density of particles, ¢ = nzo>/4 is the local
packing fraction, and # corresponds to the typical particle
speed in the cell, defined as o = /(v — (v)|?). Here,
averages are restricted to the cell (and if N <1, no
collisions are computed). Once the expected number of
collisions, n.y;, has been determined, a cycle is performed
for n.y steps: in each step, two particles i, j are randomly
chosen in the cell, and their velocities are updated accord-
ing to the following elastic collision rule that conserves
momentum and kinetic energy:

(A1)

Neon =

V. =v;,— (Av- n)n, (A2)

vi=v;+ (Av-a)n, (A3)

where Av=v,—v; and 7 = [cos(f),sin(f)], with S
extracted from a uniform probability distribution between
0 and 2z, and prime indicates postcollisional velocities.
The crucial assumption of this integration scheme is that
particle positions within a cell are ignored when evaluating
interactions. This is equivalent to performing a
Monte Carlo approximation of the collisional integral
I[f|f]. By setting y = 1, one recovers the ADSMC scheme
under molecular chaos, which, for passive particles, is

known to converge to the solution of the Boltzmann equation.
In our implementation, we employ the Carnahan-Starling
approximation, y = (1 —7¢/16)/(1 — ¢)?.

The backscattering effect affects every particle of the cell
that, during its previous movement, has moved to a different
cell where there is already a number of particles, N,y (e.g.,
in two dimensions, we use N, = [A%/(z6?/4)]): in that
case, the particle is “bounced back™ to a uniformly random
position of the cell of origin with a uniformly random rotation
of the velocity vector.

Virtual number of particles—The choice of small A
(usually of the order of a few diameters) leads to
important finite size effects in the interaction step, in
particular, too frequent repeated collisions, leading to
discrepancies with the kinetic theory. Another finite size
effect is the possibility of unrealistic local fluctuations of
the packing fraction with ¢ > 1: even if this happens
rarely, it affects drastically the implementation of the
Carnahan-Starling y(¢) recipe, which diverges at ¢ = 1.

In the usual application of the DSMC [86,87], the
number of simulated particles does not correspond to the
real physical number. For molecular systems, this “virtual
number” is much smaller than the (typically huge) physical
number. In granular gas applications, on the contrary, finite
size effects are usually dealt with by considering a larger
number of virtual particles, N, = N particles, with § > 1.
This is our choice for ADSMC. The interaction step is then
performed by considering the physical (not virtual) local
packing fraction, ¢/f, for the purpose of computing the
local collision time, f.,: this means that each particle
collides a number of times according to the physical and
not the virtual local density. The large number of virtual
particles, however, reduces spurious repeated collisions and
nonphysical density fluctuations.

In the results of Fig. 2, we have used f = 5. When f = 1
is used, the ADSMC cannot be implemented without BS
because of the aforementioned problem of packing fraction
fluctuations. Even when § > 1, the simulations without BS
can present (very rare) fluctuations with local ¢ > 1; we
have coped with this problem by regularizing y(¢), i.e., by
using the Carnahan-Starling formula for ¢ < ¢* and

x(@) = x(¢*) with ¢* = 0.95.

Physical units—There are six parameters: m,z,y, T,
vy, 0. We have defined three adimensional parameters:
Ty =To/(mv3/2), St=m/(ry), and £ = tvy/c. If the
three fundamental units for time, length, and energy are
taken to be 7=1, =1, and Ty =1, then the
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knowledge of the three adimensional parameters gives
immediate knowledge of the three dimensional nonunitary
parameters: vy = £, m = 2/(Ty¢?), and y = 2/(T£>St).
With this way of defining units, changes in St are
equivalent to changes in y. Note that £ = tv,/c can be
considered a Péclet number: it is in fact (apart from a
factor of 2) equivalent to the ratio between the rescaled
ballistic time (6/vg)/7 and the rescaled diffusion time
(6*/D,)/t with D, = T .

Computational advantage of ADSMC—For the same
physical parameters, the time step required in molecular
dynamics (MD) simulations is typically 10°~10° times
smaller than in ADSMC, resulting in a comparable
computational speedup. This difference arises from the
distinct stability constraints: in MD, the time step must
resolve the phase-space dynamics and is limited by
min(Ax/v, Av/a), where Ax and Av are the required
spatial and velocity resolutions, and v and a are typical
velocities and accelerations. In contrast, ADSMC does
not require the temporal resolution needed to compute
forces and instantaneous velocities and is limited only
by the smallest physical timescale, i.e., the mean free
time 7 or the inertial time m/y.

Expressions for the kinetic operators and equations—
The explicit expressions for the kinetic operators of
Eq. (4) in the main text are

Lyf(r,v,e 1) = %0‘,- <%dv+ v)f(r,v,e,t), (E1)

L.f(r,v,e 1) = 10 (e 4 0e)f(r,v,e,t),

f2 O'/del/dvl/d6|g 0'|

O(g-6)b,—O(—g-8)|f>(r.v.e.r+06.v,.e,.1),
(E3)

(E2)

where g =v; — v is the relative velocity, ¢ is a vector
joining the two particles at contact (pointing away from
the particle with velocity v), and é = ¢/0. The operator
lA7,, transforms precollisional velocities (v,v;) into their
postcollisional values, i.e., byg(v,v;)=g(byv,b,v,), with
bov=v+(g-6)6, byv, =v, - (g-6)6.

Assuming molecular chaos for precollisional velocities
while retaining positional correlations, the two-particle
distribution function can be approximated as

fa(r,v,e.r+o,vy.e..t) = y[p|f(r,v,e 1)
x f(r+o,v,e,t), (E4)

where y[¢] = y[¢(r, 1)] is the density-dependent pair cor-
relation function at contact. If Eq. (E4) is substituted in
Eq. (E3), we obtain the Enskog collision operator,

1.l = [ de [ v, [ déle-siio)

x [O(g-6)b, — O(-g - 6)|f(r.v.e.1)

X f(r+o6,v,e,1). (ES)
Finally, if the single-particle distribution varies weakly over
distances of order o, and assuming a velocity-independent
collision frequency proportional to the local thermal

speed—as in the simulations—one may replace |g - 6| —

(1/2)+/[T(r,t)/m] in Eq. (E5). Under this approximation,

the form Zp[f] in the main text is recovered.

Homogeneous  stationary state—To analyze the
stationary state, we define the global moments in this
state. For a microscopic function y/(v,e), its average is
defined as

w(v.e)) =1 / de / dvy(v.e)f,(v.e).  (F1)

where f(v,e) is the homogeneous stationary distribution
function of the Boltzmann-Fokker-Planck equation.

To characterize the stationary state, we derive equations
for the mixed and orientational correlators, (e;v;), (e;e;),
and stationary temperature 7 = (m/2)(v?). This is done by
multiplying Eq. (4), evaluated at the stationary distribution f
(sothatd,f; = d.f; = 0),by e;v;, e;e;, and v?, respectively,
and integrating over e and v. In this procedure, the collision
integral is treated under the Enskog-Boltzmann molecular
chaos assumption. Together with the stationary temperature
condition, this procedure yields

(eje;y =0

i€ (F2a)

ijs

T = T0+%vo<e-v>, (F2b)

(e;jv}) {}/ + 7! +2na)(( )\/T/m] :%”051'/'- (F2c)

Using the relation between packing fraction and density,
Eq. (F2c) simplifies to (e;v;) = 0 for i # j and

{%ﬂ“ +A <%+ vo<e-V>) 1/2] (e-v) Z%UO’ (F3)

with A =
follows.

[V2¢y(¢)/o]. From here, Eq. (5) directly
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By direct derivation of Eq. (5) in the homogeneous state, we get an equation for y = (d/d¢)(¢T), which is central for the

knowledge of the density eigenvalue /1(()2) ; see Eq. (7). This equation is linear in y, leading immediately to

LW V2¢Stzlgy' () + x(¢)](z + To) . (F4)
dg (V2/2)¢¢Sty(p)(3z + 2To) + (St + 1)\/z + T
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