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Abstract Stratification can cause turbulence spectra to deviate from Kolmogorov's isotropic −5∕3
power law scaling in the universal equilibrium range at high Reynolds numbers. However, a consensus has
not been reached with regard to the exact shape of the spectra. Here we propose a shape of the turbulent
kinetic energy and temperature spectra in horizontal wavenumber for the equilibrium range that consists
of three regimes at small Froude number: the buoyancy subrange, a transition region, and the isotropic
inertial subrange through dimensional analysis and substantial revision of previous theoretical
approximation. These spectral regimes are confirmed by various observations in the atmospheric boundary
layer. The representation of the transition region in direct numerical simulations will require large-scale
separation between the Dougherty-Ozmidov scale and the Kolmogorov scale for strongly stratified
turbulence at high Reynolds numbers, which is still challenging computationally. In addition, we suggest
that the failure of Monin-Obukhov similarity theory in the very stable atmospheric boundary layer is due
to the fact that it does not consider the buoyancy scale that characterizes the transition region.

1. Introduction
The velocity spectra of isotropic turbulence follow a −5∕3 power law scaling in the inertial subrange
(Kolmogorov, 1941). However, stratification (Lilly, 1983) is widely observed in geophysical turbulence, for
example, in the nocturnal atmospheric boundary layer (ABL) (Mahrt, 1998), in most part of the troposphere
(Fiedler & Panofsky, 1970), above the tropopause (Nastrom & Gage, 1985; Tulloch & Smith, 2006), and
below the ocean mixed layer (Baker & Gibson, 1987) and generates anisotropy. Because of this stratification
(Bolgiano, 1959; Dougherty, 1961; Lumley, 1964; Phillips, 1965; Weinstock, 1978), the spectra deviate from
the −5∕3 scaling of isotropic turbulence. It is worth noting that the Dougherty-Ozmidov scale (Dougherty,
1961; Ozmidov, 1965) has been suggested (Gargett et al., 1984; Grachev et al., 2015; Lang & Waite, 2019; Li
et al., 2016; Waite, 2011) to characterize the largest scale of isotropic turbulence under stratification, below
which the isotropic −5∕3 scaling is still expected.

In the mesoscale regime, a spectral scaling close to−5∕3 is also observed (Nastrom & Gage, 1985) in horizon-
tal wavenumber, which, however, should not be explained by Kolmogorov's isotropic turbulence hypothesis
(Riley & Lindborg, 2008). An inverse cascade of energy from small to large scales (Lilly, 1983; Gage &
Nastrom, 1986) was proposed to explain this −5∕3 scaling at lower wavenumbers but was not supported by
observations in the upper troposphere (Cho & Lindborg, 2001) or numerical simulations of forced stratified
turbulence (Herring & Métais, 1989). Recently, a hypothesis of direct energy cascade from large to small
scales (Lindborg, 2006) was supported by direct numerical simulation (DNS) studies (Brethouwer et al.,
2007; Kimura & Herring, 2012; Riley & DeBruynkops, 2003; Waite & Bartello, 2004) to explain the −5∕3
scaling of anisotropic turbulence under stratification. Lindborg (2006) suggested that the direct energy cas-
cade and the −5∕3 scaling of anisotropic turbulence could hold for the Dougherty-Ozmidov scale. However,
Waite (2011) showed using large-eddy simulations (LES) that the stratified turbulence cascade breaks down
at the buoyancy scale (Billant & Chomaz, 2001; Waite, 2011), which represents the thickness of the shear
layers (Waite & Bartello, 2004) in stratified turbulence and is larger than the Dougherty-Ozmidov scale. In
particular, Waite (2011) reported a spectral slope shallower than −5∕3 below the buoyancy scale, that is, a
spectral bump, which was also observed in other numerical studies (Augier et al., 2015; Brethouwer et al.,
2007; Maffioli & Davidson, 2016).
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In the atmospheric surface layer (i.e., roughly the lowest 10% of the ABL; Stull, 1988), and thus at high
Reynolds numbers, it is widely accepted that Monin-Obukhov similarity theory (MOST) (Monin & Obukhov,
1954) works well in neutral or weakly stable cases but does not apply in very stable cases (Mahrt, 1998,
2014). Several hypotheses have been proposed to account for the failure of MOST in the very stable ABL,
such as mesoscale motions (Mahrt, 1999; Smeets et al., 1998), surface heterogeneity (Derbyshire, 1995), and
Kelvin-Helmholtz instability with discontinuous and intermittent turbulence (Cheng et al., 2005). MOST
has been applied to calculate turbulent fluxes from the stability parameter defined by the measurement
height (distance to the wall) and the Obukhov length (Obukhov, 1946). It is possible that some other param-
eter (e.g., length scale) might be missing in MOST (Tong & Ding, 2019; Tong & Nguyen, 2015) as it cannot
entirely explain stably stratified turbulence in the ABL.

Below the energy-containing range, Kolmogorov (1941) suggested that the statistics of small-scale motions
have a universal form in the “universal equilibrium range” (Pope, 2000). However, under stratification,
turbulent motions with length scales below the energy-containing range will depend on the stratification
strength so that the statistics may not be “universal.” We thus denote scales below the energy-containing
range as being in the “equilibrium range” for stably stratified turbulence in this manuscript. Weinstock
(1978) derived the spectral scaling of turbulent kinetic energy (TKE) by assuming “approximately isotropic”
turbulence under stratification; that is, (1) vertical velocity w spectrum is proportional to horizontal veloc-
ity u spectrum across wavenumbers in the equilibrium range and (2) turbulence spectrum in vertical
wavenumber k3 is the same as that in horizontal wavenumber k1. Yet it is now well known that this isotropy
assumption has to be incorrect. For eddies below energy-containing scales in the ABL, we thus relax the
“approximately isotropic” assumption and conduct spectral analysis for both isotropic and anisotropic tur-
bulence in the equilibrium range. Dimensional analysis and theoretical models for TKE and temperature
spectra in horizontal wavenumber k1 are introduced in section 2. Besides, the differences in theoretical
approximation between Weinstock (1978) and this study are emphasized in the supporting information. Var-
ious field observations in the stably stratified ABL, DNS of stably stratified Ekman layer, and interpretations
of results are elaborated in section 3. This study then concludes in section 4.

2. Dimensional Analysis and Spectral Approximation
2.1. Length Scale Definition
The strength of the stratification is assessed using the horizontal Froude number Frh = U

NLH
, where U is

root mean square of the horizontal velocity (magnitude of the horizontal velocity), N is the Brunt-Väisälä
frequency, and LH is a horizontal length scale. In the limit of very strong stratification, Frh → 0. The hori-
zontal length scale LH = U3

𝜖
follows the definition in Brethouwer et al. (2007), where 𝜖 is the TKE dissipation

rate. Detailed support and analyses for the definition of LH can be found in Maffioli and Davidson (2016).
The Reynolds number is Re = ULH

𝜈
, where 𝜈 is the kinematic viscosity and the buoyancy Reynolds num-

ber is Reb = ReFr2
h, which characterizes the ratio of the vertical advection and diffusion terms (Brethouwer

et al., 2007).

The buoyancy scale (Billant & Chomaz, 2001) is related to the overturning of internal gravity waves
(Carnevale et al., 2001; Waite & Bartello, 2006) and represents the thickness of the shear layers (Waite &
Bartello, 2004) in stratified turbulence. In particular, previous studies (Augier et al., 2015; Brethouwer et al.,
2007; Maffioli & Davidson, 2016; Waite, 2011) reported a spectral bump around the buoyancy scale, which
seems to be connected to Kelvin-Helmholtz instabilities (Brethouwer et al., 2007; Laval et al., 2003; Waite,
2011). By definition, the buoyancy length scale is Lb = 2𝜋 U

N
(Billant & Chomaz, 2001; Waite, 2011), and the

corresponding wavenumber is

kb = 2𝜋
Lb

. (1)

The Dougherty-Ozmidov length scale is LO = 2𝜋
(

𝜖

N3

)1∕2
(Dougherty, 1961; Ozmidov, 1965) and can be

regarded as the outer scale for isotropic turbulence (Gargett et al., 1984; Grachev et al., 2015; Lang &
Waite, 2019; Li et al., 2016; Waite, 2011). The wavenumber corresponding to the Dougherty-Ozmidov length
scale is

kO = 2𝜋
LO

. (2)
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As Dougherty and Ozmidov independently defined this length scale, we call it Dougherty-Ozmidov scale
following Grachev et al. (2015). We thus assume that isotropic turbulence applies only for length scales
below LO when there is no wall. Strict “local isotropy” condition requires the −5∕3 scaling plus that the
ratio of cross-stream to streamwise spectra to be 4∕3 (Pope, 2000). Gargett et al. (1984) reported that the
ratio of cross-stream to streamwise spectra is close to 4∕3 below the Dougherty-Ozmidov scale in strati-
fied turbulence. Biltoft (2001) reported that the ratio of lateral to longitudinal velocity component spectra
approaches 1 in the stable ABL. Chamecki and Dias (2004) reported that the ratio of vertical to streamwise
spectra is smaller than 4∕3 but the deviation is not large at stable conditions. Here we assume that turbu-
lence is isotropic below the Dougherty-Ozmidov scale without referring to the strict 4∕3 ratio as it is not
always observed even though the deviation might not be too significant.

The ratio of the buoyancy scale to Dougherty-Ozmidov scale is related to the horizontal Froude number as
Lb
LO

= Fr−1∕2
h . Therefore, small Frh (Frh ≪ 1) is required for a scale separation between Lb and LO, which is

possible in the ABL since the strongly stratified conditions can be observed (Mahrt, 1998). The Kolmogorov
length scale (Kolmogorov, 1941) is 𝜂 =

(
𝜈3∕𝜖

)1∕4 and corresponds to the wavenumber k𝜂 = 2𝜋
𝜂

(as used in
Pope, 2000). The ratio of the Dougherty-Ozmidov scale to Kolmogorov scale is LO

𝜂
= 2𝜋Re3∕4

b . So large Reb
(Reb ≫ 1 Brethouwer et al., 2007) is required for the separation between LO and 𝜂. The Dougherty-Ozmidov
scale is of the order of meters (Jiménez & Cuxart, 2005; Li et al., 2016), while the Kolmogorov scale is of the
order of millimeters in the ABL (Bradley et al., 1981; Gulitski et al., 2007). In the rest of this manuscript we
thus assume that both conditions Frh ≪ 1 and Reb ≫ 1 are met.

2.2. Approximation of Stratification Effects
We start from the spectral TKE balance equation (Lumley & Panofsky, 1964) following Weinstock (1978),

𝜕E(k)
𝜕t

+ 𝜕Q(k)
𝜕z

= S(k)
𝜕U0

𝜕z
− 𝜕𝜖(k)

𝜕k
+ B(k) − 2𝜈k2E(k), (3)

where E(k) is spectral kinetic energy density, 𝜕Q(k)
𝜕z

is the vertical transfer of turbulent energy in physical
space, S(k) is the cospectrum of the Reynolds stress −u′w′, u′ and w′ are streamwise and vertical velocity
fluctuations, respectively, U0 is mean streamwise velocity, 𝜖(k) is net rate of spectral energy transfer, B(k) is
the cospectrum of buoyancy flux− g

𝜌0
w′𝜌′, g is the gravitational acceleration rate, 𝜌0 is the mean density of air

and 𝜌′ the fluctuation, and 2𝜈k2E(k) is rate of energy dissipation by molecular viscosity 𝜈. Assuming steady
state, neglecting 𝜕Q(k)

𝜕z
for eddies smaller than the energy-containing scales as in other literature (Dalaudier

& Sidi, 1990; Lumley, 1964; Monin & Yaglom, 1975; Phillips, 1965; Sidi & Dalaudier, 1989) and neglecting
molecular viscosity (i.e., for eddies much larger than the Kolmogorov scale), Weinstock (1978) obtained

𝜕𝜖(k)
𝜕k

= S(k)
𝜕U0

𝜕z
+ B(k), (4)

for the equilibrium range. The buoyancy flux cospectrum can also be written as B(k) = −R𝑓S(k) 𝜕U0
𝜕z

(Lumley,

1965), where R𝑓 = g
𝜃0

w′𝜃′

u′w′ 𝜕U0
𝜕z

is the flux Richardson number and 𝜃′ is fluctuation from the mean potential

temperature 𝜃0. Substituting B(k) into the spectral balance equation, Weinstock (1978) obtained

𝜕𝜖(k)
𝜕k

= B(k)
(

1 − 1
R𝑓

)
, (5)

where R𝑓 > 0 for stratified turbulence. Note that equation (5) applies to any scalar wavenumber for
steady-state turbulence in the equilibrium range. Weinstock did not realize that there is an upper bound
(Nieuwstadt, 1984; Schumann & Gerz, 1995; Townsend, 1958; Zilitinkevich et al., 2013) for R𝑓 under
steady-state assumption. Here we will take the upper bound of R𝑓 to be 0.25 (Katul et al., 2014; Nieuwstadt,
1984; Zilitinkevich et al., 2013) for the existence of continuous turbulence with Richardson-Kolmogorov cas-
cade, which is discussed in detail in Grachev et al. (2013). Further calculations of B(k) in Weinstock (1978)
(see details in the supporting information; Lumley, 1964; Weinstock, 1976) require a prior knowledge of
the vertical velocity spectrum < w∗(k, 0)w(k, 0) >. Weinstock (1978) assumed that stratified turbulence is
“approximately isotropic” and hypothesized the following vertical velocity spectrum:

< w∗(k, 0)w(k, 0) >= a

(
1 −

k2
3

k2

)
2𝜋2E(k)

k2 , (6)
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where “a” is the anisotropy factor given by

a =
{

1, k ≥ kBW ,

0.5, k < kBW .
(7)

E(k) is the energy spectrum for scalar wavenumber and kBW is a transition wavenumber defined later.
Equation (6) assumed that turbulence is “approximately isotropic”; that is, w spectrum is at least half of u
spectrum in isotropic turbulence. In the ABL, the existence of a wall and stratification can cause the w spec-
trum to deviate from the u spectrum at low horizontal wavenumbers (k1). Field observation (Grachev et al.,
2013) and models (Katul et al., 2014) suggest a shallower slope than −5∕3 at low horizontal wavenumbers
in w spectrum. To include the wall bounding effects, we follow Townsend (1976) and Katul et al. (2014) and
consider the wavenumber ka that satisfies

kaz = 1, (8)

where z is height above ground. We relax the “approximately isotropic” hypothesis and redefine the
anisotropy factor “a” as follows:

a =

{
1, k ≥ max(ka, kO),(

k
max(ka ,kO)

)2∕3
, k < max(ka, kO).

(9)

The anisotropy factor “a” is related to the ratio of w spectrum to u spectrum. When k < max(ka, kO), “a”
decreases as k decreases (a ∝ k2∕3). Under this assumption, the w spectrum will have a slope shallower than
−5∕3 (Grachev et al., 2013; Katul et al., 2014) at k < max(kO, ka), and the w variance will be smaller than the
u variance as k decreases. As we show later in this section, different forms of the anisotropic factor a would
not affect the spectral scaling in the buoyancy subrange and the isotropic inertial subrange if the changing
trend of equation (9) with wavenumber k is preserved.

The buoyancy flux in the horizontal wavenumber k1 then has the following form by approximation
(Weinstock, 1978):

B(k1) = −N2E(k1)
ak1vm

0.8N2 + k2
1v2

m
, (10)

where vm is the root-mean-square of fluctuating velocity for eddies smaller than energy-containing range
given as v2

m = 2
3
∫ ∞

km
E(k1)dk1 and km is the smallest wavenumber in the equilibrium range. Note that the

approximation in equation (10) implies a nonlinear relation between N2 and B(k1), which is different from
the linear relation in B(k1) ∝ −N2𝜖(k1)1∕3k−7∕3

1 proposed by Lumley (1964). When 0.8N2 = k2
1v2

m, a transition
wavenumber can be defined as (Weinstock, 1978)

kBW = 0.81∕2N
vm

, (11)

which corresponds to the length scale LBW = 2𝜋
kBW

. When 0.8N2 ≫ k2
1v2

m, the effect of buoyancy is large
and B(k1) is in the buoyancy subrange. Waite (2011) showed that the strongly stratified turbulence cascade
breaks down at Lb, thus Lb might delimit the boundaries of strong and weak stratification effects. Augier
et al. (2015) further suggested that scales between Lb and LO are not in the strongly stratified turbulent range.
If the wavenumber kb satisfies the condition 0.8N2 ≫ k2

1v2
m, or equivalently

Lb ≫ LBW , (12)

this would require 1.118 vm
U

≪ 1. The condition 1.118 vm
U

≪ 1 implies that the wind fluctuation is not too
strong compared to the mean wind (as the mean velocity is of the same order as root mean square velocity).
When 0.8N2 ≪ k2

1v2
m, the effect of buoyancy is small and B(k1) is in the inertial subrange. If the wavenumber

kO satisfies the condition 0.8N2 ≤ k2
1v2

m, or equivalently

LO ≤ LBW , (13)

this would require 1.118 vm
U

≥ Fr
1
2

h . When the definition of Frh is interpolated, the condition 1.118 vm
U

≥ Fr
1
2

h
is equivalent to 1.25N ≥ 𝜖

v2
m

, which actually constrains the lower limit of stratification and is not a condition
for weak stratification. We expect that at wavenumbers k1 ≫ kO (Dougherty, 1961; Gargett et al., 1984;
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Ozmidov, 1965), the effect of buoyancy can be neglected. In order to observe a transition region between the
Dougherty-Ozmidov scale LO and buoyancy scale Lb, we thus need to satisfy the condition:

Fr
1
2

h ≤ 1.118
vm

U
≪ 1. (14)

In horizontal wavenumber k1 of the equilibrium range in the stably stratified turbulence without wall effects,
scales above Lb will thus be in the buoyancy subrange, scales much smaller than LO will be in the isotropic
inertial subrange, and scales in between will be in a transition region.

2.3. E(k1) of Isotropic Turbulence
Now we need to determine E(k1) as a function of horizontal wavenumber k1 in equation (10). According to
previous studies (Gargett et al., 1984; Grachev et al., 2015; Katul et al., 2014; Lang & Waite, 2019; Li et al.,
2016; Townsend, 1976; Waite, 2011), we assume that E(k1) follows the −5∕3 scaling of isotropic turbulence
(Kolmogorov, 1941) at max(kO, ka) ≤ k1 ≪ k𝜂 :

E(k1) ∝ 𝜖
2∕3
0 k−5∕3

1 , (15)

where 𝜖0 is the TKE dissipation rate.

2.4. E(k1) of Anisotropic Turbulence
Here we focus on anisotropic turbulence at k1 < max(kO, ka). For strongly stratified turbulence, the hori-
zontal length scale Lh is much larger than the vertical length scale Lv (Billant & Chomaz, 2001). Due to this
anisotropy, we assume that E(k1) is mainly related to the horizontal scale Lh, which is also a key hypothesis
applied in Lindborg (2006). Dimensional analysis suggests that E(k1) ∼ u2

Lh
Lh, where uLh

is the fluctuating
velocity scale corresponding to Lh. We further assume that E(k1) is related to k1 and 𝜂. Therefore, we have
the following form of E(k1), written in a similar way to the spectrum given in page 232 of Pope (2000),

E(k1) = C1u2
Lh

Lh𝑓Lh
(k1Lh)𝑓𝜂(k1𝜂), (16)

where C1 is a proportionality constant and 𝑓Lh
and 𝑓𝜂 are specified independent nondimensional func-

tions. Following Taylor's estimate (Taylor, 1935) that has been discussed in literature (McComb et al., 2010;
Sreenivasan, 1984), we have

Lh =
u3

Lh

𝜖Lh

, (17)

where 𝜖Lh
is the energy transfer rate for eddies of length scale Lh. Combining the above equations, we have

E(k1) = C1𝜖
2∕3
Lh

L5∕3
h 𝑓Lh

(k1Lh)𝑓𝜂(k1𝜂). (18)

In the equilibrium range where 2𝜋
Lh

≪ k1 < max(kO, ka), we assume that E(k1) is independent of Lh and 𝜂,
thus leading to

E(k1) = C1𝜖(k1)2∕3L5∕3
h 𝑓Lh

(k1)𝑓𝜂(k1) = C1𝜖(k1)2∕3𝑓 (k1), (19)

where 𝜖(k1) is the spectral energy transfer rate dependent on wavenumber k1 and 𝑓 (k1) ≡ 𝑓Lh
(k1)𝑓𝜂(k1).

Dimensional analysis suggests that 𝑓 (k1) ∼ k−5∕3
1 , which then leads to

E(k1) = C1𝜖(k1)2∕3k−5∕3
1 . (20)

It is worth noting that the above dimensional analysis has also been applied in the spectral scaling of
anisotropic turbulence in Lindborg (2006), where a k−5∕3

h was obtained for anisotropic turbulence and kh
is the horizontal wavenumber. Therefore, equation (20) is essentially for anisotropic turbulence and differs
from the isotropic turbulence scaling of equation (15).

Considering the similar functional form of equations (20) and (15), for simplicity, we approximate both
isotropic and anisotropic turbulence in the equilibrium range with the following equation:

E(k1) =

{
C0𝜖(k1)2∕3k−5∕3

1 , max(ka, kO) ≤ k1 ≪ k𝜂,

C1𝜖(k1)2∕3k−5∕3
1 ,

2𝜋
Lh

≪ k1 < max(ka, kO),
(21)
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where C0 = 1.5 (Sreenivasan, 1995), C1 is a constant to be determined, and the condition 𝜖(k1) = 𝜖0 is
satisfied at k1 ≥ max(kO, ka). There might be discontinuities at k1 = max(ka, kO), but the above expression
could avoid further assumptions. Note that we here only consider spectra of horizontal wavenumber (k1) in
the ABL and that turbulence in the vertical direction (k3) is not homogeneous (Fiedler & Panofsky, 1970).
Substituting the above equation into equation (10), we have

B(k1) =
⎧⎪⎨⎪⎩
−C0N2𝜖(k1)

2
3

vmak−2∕3
1

0.8N2+k2
1v2

m
, k ≥ max(ka, kO),

−C1N2𝜖(k1)
2
3

vmak−2∕3
1

0.8N2+k2
1v2

m
, k < max(ka, kO).

(22)

As equation (5) holds for any scalar wavenumber for steady-state turbulence in the equilibrium range, we
apply it to the horizontal wavenumber k1, leading to

𝜕𝜖(k1)
𝜕k1

= B(k1)
(

1 − 1
R𝑓

)
. (23)

Combining the above two equations, we obtain

𝜕𝜖(k1)
𝜕k1

=
⎧⎪⎨⎪⎩
−C0N2 vm𝜖(k1)2∕3ak−2∕3

1
0.8N2+k2

1v2
m

(
1 − 1

R𝑓

)
, k1 ≥ max(ka, kO),

−C1N2 vm𝜖(k1)2∕3ak−2∕3
1

0.8N2+k2
1v2

m

(
1 − 1

R𝑓

)
, k1 < max(ka, kO).

(24)

Solving the above equation, we have a similar form as Weinstock (1978):

[𝜖(k1)]1∕3 =

⎧⎪⎪⎨⎪⎪⎩
𝜖

1∕3
0 −

(
C0N2vm

3

) ∫ k1
∞ dk ak−2∕3

0.8N2+k2v2
m

(
1 − 1

R𝑓

)
, k1 ≥ max(ka, kO),

𝜖
1∕3
0 −

(
C0N2vm

3

) ∫ max(ka ,kO)
∞ dk ak−2∕3

0.8N2+k2v2
m

(
1 − 1

R𝑓

)
−(

C1N2vm
3

) ∫ k1
max(ka ,kO)

dk ak−2∕3

0.8N2+k2v2
m

(
1 − 1

R𝑓

)
, k1 < max(ka, kO).

(25)

where 𝜖(k1) → 𝜖0 as k1 → ∞. The integral in the above equation can be written as

−∫
k1

∞
dk ak−2∕3

0.8N2 + k2v2
m

=
k−5∕3

BW

v2
m

C
(

k1

kBW

)
. (26)

Equation (25) then reduces to

[𝜖(k1)]1∕3 = 𝜖
1∕3
0

[
1 +

C0N2

3𝜖1∕3
0 k5∕3

BW vm

C
(

k1

kBW

)(
1 − 1

R𝑓

)]
. (27)

Substituting 0.8N2 = k2
BW v2

m into the above equation, we have

[𝜖(k1)]1∕3 = 𝜖
1∕3
0

[
1 +

5C3∕2
0

12
vm

v0
C
(

k1

kBW

)(
1 − 1

R𝑓

)]
, (28)

where v2
0 = 2

3
∫ ∞

kBW
E(k1)dk1 (Weinstock, 1978). Combining with equation (20), we have the following E(k1)

for the equilibrium range at 2𝜋
Lh

≪ k1 ≪ k𝜂 :

E(k1) = C0𝜖
2
3

0

⎡⎢⎢⎣1 −
5C

3
2
0

12
vm

v0

(1 − R𝑓

R𝑓

)
C
(

k1

kBW

)⎤⎥⎥⎦
2

k
− 5

3
1 . (29)

Note that the above equation will have to recover equation (15) for isotropic turbulence at k1 ≥ max(kO, ka).
As Frh ≪ 1 is assumed in this manuscript, the neutral limit R𝑓 → 0 is not expected and the above equation
does not blow up due to 1−R𝑓

R𝑓

. Details of the functional forms of C
(

k1
kBW

)
defined in equation (26) under

different cases in the ABL are discussed as follows.

CHENG ET AL. 6 of 20
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2.4.1. Case ka ≤ kO
If ka ≤ kO (i.e., LO ≤ 2𝜋z), similarly to Weinstock (1978), we obtain

C
(

k1

kBW

)
=

⎧⎪⎪⎨⎪⎪⎩

3
5

( kO
kBW

)− 5
3

1+ 1
5

( kO
kBW

)−2 + C1
C0

(
kBW
kO

) 2
3
[
arctan

(
kO

kBW

)
− arctan

(
k1

kBW

)]
, k1 < kO,

3
5

(
k1

kBW

)− 5
3

1+ 1
5

(
k1

kBW

)−2 , k1 ≥ kO.

(30)

In the limit of high wavenumbers, the above equation reduces to

lim
k1

kBW
→∞

C
(

k1

kBW

)
= lim

k1
kBW

→∞

3
5

(
k1

kBW

)− 5
3

1 + 1
5

(
k1

kBW

)−2 = 0. (31)

When k1 ≫ kO, the condition Fr
1
2

h ≤ 1.118 vm
U

ensures k1
kBW

≫ 1, so that E(k1) = C0𝜖
2
3

0 k
− 5

3
1 is a good approx-

imation, and thus, the spectrum follows the −5∕3 scaling of isotropic turbulence. When k1 < kO, letting

A = 5C
3
2

0
12

vm
v0

(
1−R𝑓

R𝑓

)
, we obtain

[
1 − AC

(
k1

kBW

)]2

= 𝜎0
2 − 2An𝜎0

k1

kBW
+ A2n2

(
k1

kBW

)2

+ 2
3

An𝜎0

(
k1

kBW

)3

+ O

((
k1

kBW

)4
)

> 0, (32)

where 𝜎0 = A
(

m + n arctan
(

kO
kBW

))
− 1, m =

3
5

( kO
kBW

)− 5
3

1+ 1
5

( kO
kBW

)−2 , and n = C1
C0

kBW
2
3 kO

− 2
3 . At kb < k1 < kO, the

spectral slope may vary at different stability conditions and we will refer to observations. For the largest
eddies, k1 < kb, the condition 1.118 vm

U
≪ 1 ensures that k1

kBW
≪ 1, so that E(k1) = C0𝜖

2∕3
0 𝜎0

2k
− 5

3
1 is a good

approximation, and thus, we would expect the spectrum to exhibit a shape similar to the isotropic one but for
different physical reasons. This also suggests that 𝜖(k1) is independent of k1 at k1 < kb. Thus, equation (22)
for B(k1) together with equation (9) for the anistropic factor “a” would lead to the result that B(k1) has
a 0 slope at lowest k1, which is consistent with approximations in literature (Horst, 1997; Kaimal, 1973;
Kaimal et al., 1972; Massman, 2000; Massman & Lee, 2002). Note that the anisotropy factor a influences
C
(

k1
kBW

)
in equation (26). However, the asymptotic value of equation (32) approaches a constant at k1 < kb

as long as the anisotropy factor a decreases as k decreases in low wavenumbers, so that the spectral scaling
at k1 < kb is not influenced. Besides, the spectral scaling at kb < k1 < kO relies on observation, and the −5∕3
scaling is expected at k1 ≫ kO due to isotropic turbulence. Then different forms of the anisotropic factor a
would not affect the spectral scaling in the equilibrium range if the decreasing trend of a is similar to that
of equation (9). Therefore, we expect E(k1) spectra to exhibit a −5∕3 power law scaling both below kb and
above kO and having a scaling that may be different from −5∕3 in the transition region between kb and kO.

2.4.2. Case ka > kO
If ka > kO (i.e., LO > 2𝜋z), similarly to Weinstock (1978), we have

C
(

k1

kBW

)
=

⎧⎪⎪⎨⎪⎪⎩

3
5

(
ka

kBW

)− 5
3

1+ 1
5

(
ka

kBW

)−2 + C1
C0

(
kBW
ka

) 2
3
[
arctan

(
ka

kBW

)
− arctan

(
k1

kBW

)]
, k1 < ka,

3
5

(
k1

kBW

)− 5
3

1+ 1
5

(
k1

kBW

)−2 , k1 ≥ ka.

(33)

Analogously to section 2.4.1 with kO replaced by ka, we obtain the following results: At k1 ≫ ka, the spectrum
follows the−5∕3 scaling of isotropic turbulence; at kb < k1 < ka, the spectral slope in this case is uncertain at
different stability conditions; and at k1 < kb, the spectrum follows a −5∕3 scaling that has different physical
reason compared to the isotropic turbulence.
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Figure 1. (a) Schematic of TKE (temperature) spectrum E(k1) in horizontal wavenumber k1 in the stable atmospheric
boundary layer. (b) The scatter plot between the ratio of the buoyancy scale Lb to the Dougherty-Ozmidov scale LO and
z∕L of the lake EC data. z is measurement height above the surface, and L is the Obukhov length.

To summarize, the major hypotheses in this study that are different from Weinstock (1978) are equations (9),
(10), and (21), where we do not assume that the k1 and k3 spectra are the same or that u and w spectra are
similar for small k1 in the equilibrium range. Unlike Weinstock (1978) that treats turbulence as “approxi-
mately isotropic,” we have included a separate discussion of isotropic and anisotropic turbulence in k1 for
the equilibrium range. Based on our findings, we expect the following three regions (schematic in Figure 1a)
of turbulence spectra in horizontal wavenumber k1 of the equilibrium range in the stable ABL: the isotropic
inertial subrange at k1 ≫ max(kO, ka); the transition region at kb < k1 < max(kO, ka); and the buoyancy
subrange with the −5∕3 power law scaling at k1 < kb. How E(k1) varies with the stratification factor Frh is
introduced below. As Frh increases from strong stratification (Frh → 0 and LO ≤ 2𝜋z) toward weaker strat-
ification (i.e., N decreases), LO and Lb increase, Lb

LO
= Fr−1∕2

h decreases, and the transition region between
LO and Lb shrinks. When LO > 2𝜋z, the transition region is denoted by Lb and z. A −5∕3 scaling is expected
at scales larger than Lb, a shallower slope between Lb and z, and a −5∕3 scaling at the length scales much
smaller than z. As Frh approaches or exceeds 1, LO or Lb could even exceed the largest scale of the equilib-
rium range. The spectrum in the equilibrium range will consist of two regions: a −5∕3 scaling at the length
scales much smaller than z and a shallower scaling at the length scales larger than z. Besides, we assume that
the potential temperature spectrum E𝜃(k1) has similar three regions as E(k1) in the stable ABL, since their
similar spectral slopes have been reported (Kaimal, 1973; Kaimal et al., 1972; Smedman, 1988). To confirm
our theoretical approximation, we now turn to results from field observations and DNS.

3. Field Observations and Numerical Results
3.1. Observations of the Stable ABL
High-frequency (20 Hz) velocity and temperature were recorded at four different heights (1.66, 2.31, 2.96,
and 3.61 m above the water surface) with eddy covariance (EC) systems in the stable ABL over Lake Geneva
during August–October 2006 (Bou-Zeid et al., 2008). Wind velocity measurements had errors (mean velocity
deviation from the truth) on the order of 0.021 m/s with a maximum of 0.054 m/s under zero wind conditions
(Vercauteren et al., 2008). Wind velocity had a standard derivation of 0.001 m/s from instruments. Mean
temperature measurements were corrected by the relative mean offsets of instruments. The instruments
had a standard deviation of 0.002◦ for temperature measurements. Eighteen periods of 15 min in the stable
ABL were selected (Table 1). The mean of 1.118 vm

U
∕Fr1∕2

h in the selected 18 periods was 1.22, and the mean
of 1.118 vm

U
was 0.087, thus satisfying equation (14). The Kolmogorov scales (𝜂) in these periods were of the

order of 0.001 m. Details of the experiment setup and data can be found in Bou-Zeid et al. (2008), Vercauteren
et al. (2008), Li and Bou-Zeid (2011), and Li et al. (2018).

High-frequency (10 Hz) velocity and temperature were recorded at 3.5 m above ground with EC in Dome
C, Antarctica (Vignon, Genthon, et al., 2017, Vignon, van de Wiel, et al., 2017). The temperature gradient
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Table 1
Details of Selected Stable Periods in Field Observations: Eddy Covariance (EC) Systems Over Lake Geneva, EC Systems at
Dome C in Antarctica, and Distributed Temperature Sensing (DTS) Systems in Oklahoma

Data source # of periods u∗ (m/s) T∗ (K) z∕L R𝑓 Frh

Lake Geneva 18 0.07–0.17 0.02–0.10 0.037–0.145 0.03–0.09 0.003–0.011
Dome C 60 0.03–0.13 0.02–0.15 0.409–5.891 0.14–0.21 —
DTS 2 0.02–0.04 0.02–0.09 1.236–2.398 0.18–0.20 —

Note. u∗ is the friction velocity, T∗ is the scaling temperature, z is measurement height above the surface, L is the
Obukhov length, R𝑓 is the flux Richardson number, and Frh is the horizontal Froude number.

in the stable ABL was obtained from balloon sounding measurements (Petenko et al., 2019). Sixty periods
of 30-min observation in the stable ABL from 9 to 12 January 2015 were selected (Table 1). The mean of
1.118 vm

U
in the selected 60 periods was 0.057, thus satisfying equation (14). Wind speed measurements had

an accuracy of 0.05 m/s, and temperature had an accuracy of 0.01◦ (Vignon, Genthon, et al., 2017). Details
of the EC setup and the site can be found in Vignon et al. (2017).

Fiber optics were set up at four heights (1.00, 1.25, 1.50, and 1.75 m above ground) along a 233-m-long
transect at Oklahoma State University Range Research Station from 20 May to 15 July 2016. Details of the
distributed temperature sensing (DTS) (Selker et al., 2006; Tyler et al., 2009) experiment can be found in
Cheng et al. (2017). Temperature data were collected every 0.127 m along the fiber and every 1.5 s. Mean
wind velocity U and scaling temperature T∗ = −wT′

u∗
(u∗ is the friction velocity) were obtained from a nearby

EC tower. Two representative 30-min periods in the stable nocturnal boundary layer were analyzed (Table 1).
Temperature resolution were 0.16◦ and 0.22◦ before and after the fiber optics transect, respectively. The
effective spatial resolution was 0.56 m, and temporal resolution was 3 s.

White Gaussian noise in instruments will typically cause a flat spectrum, so high-wavenumber spectrum
will be influenced more by instrumental noise. In one subplot of the TKE spectra (Figure 2) and one sub-
plot of temperature spectra (Figure 4) in the Lake EC data, a shallower slope than −5∕3 can be seen at the
highest wavenumbers, which indicates the influence of instrumental white Gaussian noise. In the spec-
tra plots of the Dome C data, though the influence of white noise is not obvious. In temporal spectra of
DTS data, the measured temperature variation inside the cooler box with constant temperature is regarded
as white Gaussian noise, which is then removed from the raw temperature spectra (Schilperoort, personal
communication, December 15, 2017).

3.2. DNS of Stably Stratified Ekman Layer
DNS has recently been applied to study atmospheric turbulence under both unstable and stable conditions
despite the known caveat of being at a much lower Reynolds number than the real atmosphere (Ansorge &
Mellado, 2014; Chung & Matheou, 2012; Gohari & Sarkar, 2017; Li et al., 2018; Mellado et al., 2016; Shah
& Bou-Zeid, 2014). It has also been shown by previous studies that LES may have difficulties predicting
strongly stable flows (He & Basu, 2015; Jiménez & Cuxart, 2005). Therefore, to closely examine the spectral
scaling proposed in the previous section, we simulated a stable Ekman layer flow.

The incompressible Navier-Stokes equations with Boussinesq approximation and the temperature equation
are numerically integrated in time. The flow is driven by a steady pressure gradient, assuming a geostrophic
balance in regions far above the surface, where the Coriolis force balances the large-scale pressure gradient.
Numerical details of the code can be found in Shah and Bou-Zeid (2014) and Li et al. (2018). A neutrally
stratified turbulent Ekman layer flow (Coleman et al., 1992) over a smooth surface is first simulated for
𝑓 t = 3 with ReD = UgD∕𝜈, where 𝑓 is the Coriolis parameter, t is time, Ug is the geostrophic wind speed,
D =

√
2𝜈∕𝑓 is the laminar Ekman layer depth, and 𝜈 is the viscosity of air. The mean velocity in wall units

fits the expected log-law for the first 𝑓 t = 3 neutrally stratified flow, which has also been obtained in the
neutral Ekman layer simulations in Shah and Bou-Zeid (2014) and Gohari and Sarkar (2017). A cooling
surface buoyancy flux B0, constant in time (i.e., a Neumann boundary condition), is then applied, similarly
to Gohari and Sarkar (2017). In the DNS simulation, Frh = 0.0011 and Reb = 7.1; thus, the assumption of
small Frh is satisfied and the assumption for Reb maginally applies in the analyses of section 2. We impose
a zero heat flux condition as the top boundary and apply damping in a sponge layer at the top 25% of the
computation domain to prevent reflection of gravity waves.
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Figure 2. Normalized temporal wavelet spectra of TKE in four representative 15-min periods of the EC data over Lake
Geneva. E𝜔𝜔 is wavelet spectrum in frequency, U0 is mean streamwise wind velocity, z is measurement height above
lake, u∗ is the friction velocity, 𝜔 = 2𝜋𝑓 is angular frequency, and L is the Obukhov length. “H1,” “H2,” “H3,” and
“H4” denote observation heights 1.66, 2.31, 2.96, and 3.61 m above the lake, respectively. “kO,” “kb,” “kBW ,” and “ka”
are the wavenumber corresponding to the Dougherty-Ozmidov scale, the buoyancy scale, LBW , and the distance to the
wall, respectively.

A stably stratified Ekman flow is often used to represent an idealized stable planetary boundary layer
(Ansorge & Mellado, 2014). The bulk Richardson number RiB = g𝛿∗

U2
g

𝜃re𝑓−𝜃0

𝜃re𝑓
evolves with time, where 𝛿∗ is the

turbulent Ekman layer length scale given by 𝛿∗ = u∗∕𝑓 , 𝜃re𝑓 is the reference potential temperature at far dis-
tance and 𝜃0 is the surface temperature, which changes with time as a result of the imposed cooling buoyancy
flux. We can use the Obukhov length scale L (Obukhov, 1946) to measure the near-surface stability, which is
then scaled with the inner variables to obtain L+ = − u3

∗
𝜅g
𝜃0

w′𝜃′
u∗
𝜈

, where 𝜅 is the von Kármán constant, g is the

gravitational constant 9.81 m/s2, g
𝜃0

w′𝜃′ is the surface buoyancy flux B0, and u∗ =
[(

𝜈
𝜕u
𝜕z
|||0)2

+
(
𝜈

𝜕v
𝜕z
|||0)2

] 1
4
.

Using u∗ computed from the neutrally stratified case before B0 is applied, we define the initial L+(t = 0) as a
measure of the strength of stratification. At t = 0 (i.e., after the neutral Ekman layer is simulated for 𝑓 t = 3,
which is sufficient to obtain a distinct region that follows the logarithmic law similar to Shah & Bou-Zeid,
2014; Gohari & Sarkar, 2017), the surface buoyancy flux B0 is imposed. u∗∕Ug for the neutrally stratified
Ekman flow is 0.05370, which compares favorably with studies in the literature (e.g., u∗∕Ug = 0.05350 for
Re = 1000 in Spalart et al., 2008; see their Table 2). B0 is defined as u3

∗
𝜅L(t=0)

, where L(t = 0) = 𝜈

u∗
L+(t = 0).

L+(t = 0) = 1, 600 determines the magnitude of the buoyancy flux applied and stability strength measured
by L+ changes with time. The stability strength can also be understood from the ratio of turbulent Ekman
layer depth 𝛿∗ to L(t). For example, L(t=0.2∕𝑓 )

𝛿∗
≈ 0.6 is considered stably stratified (Gohari & Sarkar, 2017).

Table 2 shows more details of the setup. Note that dimensionless numbers ReD and L+ are sufficient to com-
pletely specify the dynamics of Ekman layer flows considered in this study. The buoyancy scale is computed
from DNS as Lb = 2𝜋U∕N, where U is root-mean-square of the horizontal velocity, N is computed from the
local vertical temperature gradient, and g is the acceleration of gravity.

3.3. Turbulence Spectra in Horizontal Wavenumber
The stability of the atmosphere can also be characterized by z∕L, where z is the measurement height above
the surface, L = − u3

∗
𝜅g
𝜃0

w′𝜃′
is the Obukhov length (Monin & Obukhov, 1954; Obukhov, 1946), u∗ is the fric-

tion velocity, and 𝜃′ the fluctuation from mean potential temperature 𝜃0. Note that we use air temperature
to approximate the potential temperature as our field observations were very close to the surface. Frequency
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Table 2
Details of DNS Setup

ReD L+(t = 0) Lx ,L𝑦,Lz Δx(𝑦)+,Δz+ Nx × N𝑦 × Nz

1,000 1,600 90D, 90D, 30D 3.90, 0.353 1,024 × 1,024 × 3,840

Note. Lx , L𝑦, and Lz are the dimensions of computational domain in x (streamwise), 𝑦 (span-
wise), and z (vertical) directions, respectively; Δx(𝑦)+,Δz+are the resolutions in x(𝑦) and
z directions; N(x, 𝑦, z) denotes the number of points for computation; D =

√
2𝜈∕𝑓 is the

laminar Ekman layer depth; L+ is the normalized Obukhov length. Note that we have used
uniform grid spacing and Lx , L𝑦, and Lz in wall units (i.e., Lx,(𝑦,z)u∗∕𝜈) are 3,994, 3,994, and
1,355, respectively.

spectra were transformed into k1 spectra invoking Taylor's frozen turbulence hypothesis (Taylor, 1938).
Wavelet spectra (Torrence & Compo, 1998) of temporal series (the wavelet software was provided by C.
Torrence and G. Compo and is available at http://paos.colorado.edu/research/wavelets/) were calculated.

Similarly to Kaimal et al. (1972), both energy spectra (wavelet) in horizontal wavenumber k1 and frequency
are normalized in log-log plots. In TKE spectra of Lake EC (Figure 2) and Dome C data (Figure 5a), there
are three regions corresponding to the buoyancy subrange, a transition region and the isotropic inertial
subrange. At k1 > max(kO, ka), the spectra match the −5∕3 power law scaling of isotropic turbulence. The
observation also shows that the Dougherty-Ozmidov scale LO is a better demarcation of the isotropic inertial
subrange compared to LBW defined in Weinstock (1978) (as we suggested in equation (13)). In the transition
region at kb < k1 < max(kO, ka), the slope of spectra is not universal but less steep than −5∕3. Katul et al.
(2012) has reported a −1 slope at low wavenumbers in the TKE spectra of the stable ABL. It appears to be a
specific case of the transition region described here, with a slope not as steep as −5∕3. Above the buoyancy
scale, observations seem to show another −5∕3 slope, which agrees with the spectra shown in Figure 7 of
Muschinski et al. (2004) and is consistent with the theoretical approximation presented in section 2.

To better identify the spectral slope of TKE, we used the compensated wavelet spectrum that multiplies the
spectrum by 𝑓 5∕3 (𝑓 is sampling frequency in hertz). We selected the median spectrum of 18 different peri-
ods at each frequency in Lake EC data (Figure 3a) and the median spectrum of 60 periods at each frequency
in Dome C data (Figure 6a). At high frequencies over 1 Hz, the premultiplied TKE spectrum approaches
a flat slope in both the Lake and Dome C data, consistent with the −5∕3 scaling in isotropic inertial sub-
range. At frequencies between approximately 0.01 and 1 Hz, there is mainly a positive and varying slope
(Figures 3a and 6a); that is, the slope is shallower than −5∕3 scaling in the transition region. At low frequen-
cies below 0.01 Hz in the Lake data (Figure 3a), the compensated spectrum oscillates a lot but the overall

Figure 3. Median of compensated temporal wavelet spectra of (a) TKE and (b) temperature for each frequency in 18
representative 15-min periods of the Lake EC data. E𝜔𝜔 is wavelet spectrum in frequency, u∗ is the friction velocity, T∗
is the scaling temperature, and 𝑓 is the sampling frequency.
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Figure 4. Temporal wavelet spectra of temperature in four representative 15-min periods of the Lake EC data. T∗ is the scaling temperature, and other variables
have the same meaning as those in Figure 2.

slope is shallower than the transition region. However, the Dome C data show a clear flat region between
0.004 and 0.01 Hz (Figure 6a), although the slope still varies across the wavenumber domain. The Dome
C data (0.409 ≤ z∕L ≤ 5.891) are more stable than the Lake data (0.037 ≤ z∕L ≤ 0.145), thus having
smaller buoyancy scales and larger buoyancy subrange. Also, the Dome C data have longer sampling peri-
ods (30 min) compared to the Lake data (15 min), leading to fewer oscillations at lowest frequencies in the
former. Therefore, the compensated TKE spectrum of Dome C data (Figure 6a) better supports a −5∕3 slope
in the buoyancy subrange and a shallower slope in the transition region.

In the temperature spectrum of the Lake (Figure 4) and Dome C data (Figure 5b) as well as compensated
temperature spectrum (Figures 3b and 6b), three regimes similar to the TKE spectrum can be observed. We
conjecture that the observed −1 slope (Katul et al., 2016; Li et al., 2015) at low wavenumbers in the tempera-
ture spectra of the stable ABL might be a specific scaling in the transition region. In the temperature spectra
of the DTS data (Figures 5c and 5d), only the buoyancy subrange and transition region are observed due
to limited temporal and spatial resolution and temporal averaging (Cheng et al., 2017). The spatial spectra
were used to check if the temporal spectra that invoke Taylor's frozen turbulence hypothesis (Taylor, 1938)
are a good approximation, but those spatial spectra are more limited in terms of the number of decades
they cover (∼ 3). More detailed discussion on Taylor's hypothesis can be found in Cheng et al. (2017). Both
temporal spectra and spatial spectra seem to exhibit an approximately −5∕3 slope at low wavenumbers and
a shallower slope at high wavenumbers. The minimum length resolved in the temporal and spatial spec-
tra were 4.00 and 1.52 m, respectively, which are close to the Dougherty-Ozmidov scale typically observed
in the ABL (Jiménez & Cuxart, 2005; Li et al., 2016), so that we cannot observe the smaller-scale isotropic
behavior. About one decade to the left of the Dougherty-Ozmidov scale, a −5∕3 scaling can be observed,
corresponding to the buoyancy subrange previously defined. The transition region in the spatial spectra of
DTS data has almost a 0 slope compared to the temporal spectra, which might be due to the influence of
instrumental noise.

As the Reynolds number of the observed ABL is much higher than that of the DNS, some differences in
turbulence spectra can be expected; for example, the inertial subrange is much narrower in the latter (Chung
& Matheou, 2012; Shah & Bou-Zeid, 2014). The Kolmogorov scale 𝜂 (see introduction in section 3.1) in the
Lake EC data is about four decades away from the Dougherty-Ozmidov scale; that is, we observe a large
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Figure 5. (a) Normalized temporal wavelet spectra of TKE in Dome C data. (b) Normalized temporal spectra of temperature in the Dome C data. T∗ is scaling
temperature, and other variables have the same meaning as those in Figure 1. “E(t1),” “E(t2),” “E(t3),” and “E(t4)” denote the spectrum of four different 30-min
stable periods on 9 January 2015 respectively. kO, kb, kBW , and ka denote wavenumbers in the time period of “E(t1).” (c and d) Spatial spectra and spatial mean
of temporal spectra of temperature along fiber optics in two representative 30-min periods of DTS data. Only the buoyancy subrange and transition region are
resolved due to limited temporal and spatial resolution and temporal averaging. Variables have the same meaning as those in Figure 2. “spatial” denotes the
spatial spectra of temperature at height 1.75 m.“H1 mean,” “H2 mean,” “H3 mean,” and “H4 mean” denote the spatial mean of temporal spectra at four fiber
optics measurement heights, respectively.

region of the isotropic inertial subrange, suggesting that turbulence is still well defined rather than being
intermittent as shown in DNS results (Ansorge & Mellado, 2016; Flores & Riley, 2011).

In the DNS of stably stratified Ekman layer, the spectral bump (Figure 7) as RiB changes from 0.21, 0.65 to
0.98 in the DNS is not as clear as those shown in the atmospheric data. In the DNS, LO

𝜂
= 4.3 at z+ = 65;

that is, the Dougherty-Ozmidov scale is very close to Kolmogorov scale (Waite, 2014). It may be argued that
around the kxz indicated by the scale of 1∕Lb, the spectral bump appears consistent with the scaling analy-
sis above. However, because of computational limitations, current DNS can only achieve a narrow range of
inertial subrange compared to the observational data in the stable ABL, which is at a much higher Reynolds
number, and thus, current DNS does not appear to have sufficient scale separation (Kunkel & Marusic, 2006)
to correctly represent the three regimes highlighted above due to the limitation of current computational
capacity (Smyth & Moum, 2000). As stratification increases, the Dougherty-Ozmidov scale further decreases
(and the wavenumber kO increases), the spectra at highest wavenumbers become closer to the −5∕3 scaling
and are less impacted by dissipative effects. However, a larger separation of scales between the inertial sub-
range and the dissipation range is required and not met with currently achievable DNS Reynolds numbers.
In LES, the subgrid-scale filter size has to be smaller than the Dougherty-Ozmidov scale. The spectra below
the Dougherty-Ozmidov scale are typically not resolved in LES (Beare et al., 2006; Khani & Waite, 2014;
Waite, 2011) except possibly in a few studies (Sullivan et al., 2016).

A schematic of the TKE and temperature spectra in horizontal wavenumber k1 in the stable ABL is shown
(Figure 1a). In the equilibrium range, the −5∕3 power law scaling at k1 < kb is due to stratification effects,
while the −5∕3 scaling at k1 ≫ max(kO, ka) is due to isotropic turbulence. In the intermediate transition
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Figure 6. Median of compensated temporal wavelet spectra of (a) TKE and (b) temperature for each frequency in 60
representative 30-min periods of Dome C data. E𝜔𝜔 is wavelet spectrum in frequency, u∗ is the friction velocity, T∗ is
the scaling temperature, and 𝑓 is the sampling frequency.

region, there is not a universal power law scaling for spectra although the slope is less steep than −5∕3. Our
focus is the equilibrium range in the ABL so that the spectral slope at the energy-containing range is not
shown.

When kO > ka, the width of the transition region denoted by the ratio of the buoyancy scale Lb to
Dougherty-Ozmidov scale LO increases with z∕L (Figure 1b). Therefore, the transition region will play a
more important role in more stable conditions, which then requires the consideration of Lb and LO in
turbulence parameterization. MOST (Monin & Obukhov, 1954) only applies two length scales to calcu-
late turbulent fluxes, that is, the measurement height z (distance to the wall) and the Obukhov length L
(Obukhov, 1946). In the case of kO > ka, the effects of measurement height z on stratified turbulence will be
replaced by the Dougherty-Ozmidov scale LO, thus leaving only the Obukhov length L effective in MOST.
Grachev et al. (2015) showed that the ratio of LO to L can be defined by the Prandtl number and flux Richard-
son number, so that the effects of LO are inherently represented by MOST. However, the other characterizing

Figure 7. One-dimensional streamwise spectra scaled similarly to the observational data: (a) One-dimensional
spectrum of streamwise velocity u in the streamwise direction. (b) One-dimensional spectrum of potential temperature
𝜃 in the streamwise direction. Blue, red, and green lines indicate the spectra at 𝑓 t = 0.02, 0.14, and 0.20 with respective
increasing bulk RiB from 0.21, 0.65 to 0.98 taking at approximately z+ = 65 to fall in the inertial layer. The black dashed
lines indicate the classic −5∕3 slope; the vertical green (black) dashed lines denote the scaled wavenumber
corresponding to the decreasing buoyancy scale Lb (Dougherty-Ozmidov scale LO). kx is the streamwise wavenumber,
𝜃∗ is the scaling potential temperature, and other variables have the same meaning as those in Figure 2.
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length scale Lb of the transition region is not considered in MOST and cannot be defined as a function of
other MOST scales (Figure 1b), thus leading to the failure of MOST in calculating turbulent fluxes in very
stable ABL (kO > ka). And physically Lb denoting the thickness of the shear layers (Waite & Bartello, 2004)
is another important length scale. Therefore, the buoyancy scale Lb has to be explicitly added to dimensional
analysis of MOST in very stable conditions (kO > ka). Besides, due to the increased impact of the transition
region, the typically assumed −5∕3 spectral scaling (Kaimal et al., 1972) has to be revised to better repre-
sent TKE and temperature variance. In the limit of an extremely stable boundary layer, the transition region
would occupy a very large fraction of the inertial subrange as LO approaches the Kolmogorov scale 𝜂, which
may be interpreted as a collapse of turbulence. However, such collapse of turbulence was not seen in our
observations of the ABL even at Dome C.

3.4. Discussion
In Kaimal (1973), a −5∕3 power law scaling was shown in the spectra of u, v, and w at high wavenumbers in
the atmospheric observations and was approximated by an empirical formula. The shallower slope of spectra
in the “transition region” between Lb and LO was not reported. However, Figure 1 in Caughey (1977) showed
a shallower slope in u and T spectra at lower frequency compared to the isotropic −5∕3 scaling frequency
range at the height of 8 m. Such a shallower slope of spectra was not as obvious at heights of 46 and 91 m
above the surface, at which the atmosphere was not as stable as at 8 m. So Figure 1 in Caughey (1977) actually
showed the existence of a transition region to the left hand side of the isotropic −5∕3 scaling in log-log plots.
The Dougherty-Ozmidov scale LO and buoyancy scale Lb were not shown in the figures of Caughey (1977)
so the importance of the two scales under stratification might have been overlooked at that time. Recently,
Riley and Lindborg (2008) showed that some geophysical turbulence spectra under stratification at scales
larger than LO should not be explained by Kolmogorov's isotropic turbulence hypothesis. We further show
that stratification influences the turbulence spectra at scales larger than LO by observation and derivation.
The “transition region” that is highlighted in our work was not emphasized in previous research such as in
Riley and Lindborg (2008) or Lindborg (2006).

One may still argue that the −5∕3 scaling around Lb in our observation should be explained by Lindborg's
anisotropic k−5∕3

h cascade (Lindborg, 2006). However, Waite (2011) pointed out that the k−5∕3
h cascade is

driven by anisotropic eddies with horizontal scales much larger than Lb; that is, Lindborg's stratified tur-
bulence cascade is unlikely to hold for Lb. Besides, compared to free atmosphere motion, ABL turbulence
is microscale motion with a length scale smaller than 20 km and a temporal scale less than 1 hr (Fiedler
& Panofsky, 1970; Monin & Yaglom, 1975). In addition, Waite (2011) suggested that both Lb and LO are
much smaller than the energy-containing horizontal scale in stratified turbulence. That is, to say, scales
around Lb or LO are in the equilibrium range in the stable ABL, which supports our analysis for k1 spec-
tra. Moreover, several numerical studies (Augier et al., 2015; Brethouwer et al., 2007; Maffioli & Davidson,
2016; Waite, 2011) reported a “spectral bump” around Lb, which is neither predicted nor explained by
Lindborg's k−5∕3

h spectra of anisotropic turbulence hypothesis. These results also suggest that Lb is not in the
energy-containing range in the horizontal direction and support our equilibrium range analysis.

Some hypotheses on the mechanisms causing the spectral shape are discussed below. Earlier studies
(Lumley, 1964; Townsend, 1958) assumed that gravity waves might occur in turbulent flows under stratifi-
cation. The existence of gravity waves has been confirmed by laboratory measurements of stably stratified
open-channel flow (Komori et al., 1983) and homogeneous stratified shear turbulence in a wind tunnel
(Keller & Van Atta, 2000), Lagrangian measurements below the ocean mixed layer in northeast Pacific
(D'Asaro & Lien, 2000), and DNS of homogeneous stably stratified turbulence (Holt et al., 1992; Jacobitz
et al., 2005; Métais & Herring, 1989), stably stratified turbulent channel flow (Garcia-Villalba & Del Alamo,
2011; Iida et al., 2002; Yeo et al., 2009; Zonta et al., 2012), and turbulent flow between two infinite hori-
zontal plates (Moestam & Davidson, 2005), in particular at large scales (Garcia-Villalba & Del Alamo, 2011;
Holt et al., 1992; Yeo et al., 2009; Zonta et al., 2012). The −5∕3 spectral slope at scales larger than Lb is
related to a constant spectral energy transfer rate (see section 2.4.1), which is smaller than 𝜖0 in isotropic
turbulence below LO. However, the variation of spectral energy transfer rate in wavenumber leads to dif-
ferent spectral slopes in the transition region. Therefore, the different spectral characteristics between the
buoyancy subrange and the transition region correspond to different interaction strengths between grav-
ity waves and turbulence. The spectra shallower than −5∕3 in the transition region indicate extra energy
between Lb and LO. The extra energy might possibly come from potential energy that is converted to kinetic
energy through countergradient heat flux (Holt et al., 1992; Jacobitz et al., 2005; Iida & Nagano, 2007;
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Keller & Van Atta, 2000; Komori & Nagata, 1996; Komori et al., 1983; Schumann, 1987; Venayagamoorthy
& Koseff, 2016; Zilitinkevich et al., 2007) in stratified turbulence. Another possible explanation of the shal-
lower spectra might be Kelvin-Helmholtz instabilities (Brethouwer et al., 2007; Laval et al., 2003; Waite,
2011). In fact, Brethouwer et al. (2007) found countergradient fluxes appearing nearly simultaneously with
Kelvin-Helmholtz-type instabilities. Therefore, further research are needed to explain the relation between
the shallower spectra, countergradient fluxes, and Kelvin-Helmholtz instabilities.

A point worthy of discussion is the required resolution of LES in the stable ABL. Scale-invariant Smagorinsky
subgrid-scale models already assume that the cutoff scale should be within the isotropic inertial sub-
range (Canuto & Cheng, 1997; Lilly, 1967). Other subgrid-scale models, for example, the scale-dependent
Lagrangian dynamic model (Bou-Zeid et al., 2005), do not require that the cutoff size should fall in the
isotropic inertial subrange. However, the resolved scale still needs to be below the Dougherty-Ozmidov scale
in order to reproduce the proposed TKE spectrum in the equilibrium range. To strike a balance between
the computational efficiency and accuracy, development of subgrid-scale stress models accounting for the
spectral transition region and anisotropic turbulence could be a viable approach in the future.

4. Conclusion
In the stable ABL, we showed for the first time that the TKE and temperature spectra in horizontal
wavenumber consist of the buoyancy subrange, a transition region, and the isotropic inertial subrange in the
equilibrium range. Those three regions are separated by kb and max(kO, ka). The transition region between
the buoyancy scale Lb and Dougherty-Ozmidov scale LO can be observed when the conditions Fr1∕2

h ≤
1.118 vm

U
≪ 1 and R𝑓 < 0.25 (for the existence of continuous turbulence with Richardson-Kolmogorov cas-

cade) are satisfied. To represent the full spectra in horiozntal wavenumber in the stably stratified ABL, LES
would need to resolve scales as small as the LO and use suitable subgrid-scale models. To correctly represent
those regimes, DNS would have to be run at much higher Reynolds number to obtain larger-scale separa-
tion between LO and the Kolmogorov scale 𝜂, as well as in the energy-containing range. The effects of the
transition region on turbulent flux modeling have to be addressed; that is, the buoyancy scale Lb needs to be
explicitly represented in MOST in very stable conditions at kO > ka.
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