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Abstract
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In this paper, we investigate the XY model in the presence of an additional potential term that
independently tunes the vortex fugacity favouring their nucleation. By increasing the strength of
this term and thereby the vortex chemical potential i, we observe significant changes in the
phase diagram with the emergence of a normal vortex-antivortex lattice as well as a
superconducting vortex-antivortex crystal (lattice supersolid) phase. We examine the transition
lines between these two phases and the conventional non-crystalline one as a function of both
the temperature and the chemical potential. Our findings suggest the possibility of a peculiar
tricritical point where second-order, first-order, and infinite-order transition lines meet. We
discuss the differences between the present phase diagram and previous results for
two-dimensional Coulomb gas models. Our study provides important insights into the behaviour
of the modified XY model and opens up new possibilities for investigating the underlying

physics of unconventional phase transitions.

Supplementary material for this article is available online
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(Some figures may appear in colour only in the online journal)

1. Introduction

Systems displaying multiple forms of long-range order in their
ground state have always fascinated physicists for their poten-
tial to exhibit a complex phase diagram. Different from sim-
pler systems, they can host multiple phase transitions and
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reveal new intermediate phases between the ground state and
the high-temperature phase. Apart from multi-component sys-
tems, such as multiband superconductors or bosonic mixtures,
also single-component systems can present a similar scen-
ario. The two-dimensional (2D) Coulomb gas (CG) model is
a paradigmatic example.

The 2D CG is an effective model for superconducting (SC)
and superfluid vortices which, in two dimensions, are equi-
valent to logarithmically interacting charges. In the limit of
small vortex fugacity, the model undergoes a Berezinskii-
Kosterlitz-Thouless (BKT) [1-3] transition separating a low-
temperature phase, where vortices and antivortices are tightly
bound in pairs, from a high-temperature phase where free

© 2023 The Author(s). Published by IOP Publishing Ltd
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vortices proliferate and lead to a discontinuous vanishing of
the condensate phase rigidity.

As the vortex fugacity g increases above a critical value
g, however, the low-temperature phase of the system under-
goes a first-order phase transition from a vortex-vacuum super-
fluid to a vortex-antivortex superfluid crystal, which addition-
ally breaks the discrete Z, symmetry associated with the two
energetically equivalent checkerboard configurations of the
lattice. As a result, in this regime the ground state exhibits
two coexisting orders: a quasi-long-range order of the super-
fluid phase, characterized by a finite superfluid stiffness J;, and
a long-range positional order, characterized by a finite Ising
order parameter for the staggered vorticity M. Establishing
how such a vortex supersolid melts into the disordered high-
temperature phase has been a topic of great interest. The phase
diagram of the 2D CG at large vortex fugacity has been extens-
ively investigated both for discrete lattice models [4-6] and in
the continuum limit [7]. In the presence of a discrete underly-
ing grid, it was shown [4-6] that at large vortex fugacity, the
system undergoes two distinct phase transitions with an inter-
mediate non-superfluid phase where the discrete Z, symmetry
is spontaneously broken.

Addressing this problem within a 2D XY model has proven
to be much more challenging. A ground state formed by a Z,
vortex supersolid can be realized, in this model, by apply-
ing a uniform transverse magnetic field to the system with
half a magnetic flux quantum crossing each plaquette of the
spin lattice. The resulting model is the well-known fully frus-
trated XY (FFXY) model. Over the years this has been the
subject of extended theoretical discussions, with a series of
conflicting analytical and numerical results about the number
of phase transitions and their nature [8]. Finally, in 1996 Ols-
son [9] numerically demonstrated the presence of two phase
transitions that are very close together, with the BKT crit-
ical temperature, Tpggr, slightly smaller than the Ising crit-
ical temperature, T, associated with the vanishing of M.
The theoretical argument for the observed splitting was after-
wards provided by Korshunov [10]. The continuous nature of
the Ising transition ensures that, when approaching 7; from
below, the proliferation of Ising domain walls with a net polar-
ization continuously decreases both M, and J,. Hence, there
are in general two possible scenarios that describe the melting
of a ground state with coexisting superfluidity and staggered
vortex structures: (1) the system exhibits a preemptive first-
order phase transition with J; and M, vanishing discontinu-
ously at the same critical temperature; (2) the system under-
goes two phase transitions with Tggr < T;. Indeed, as soon
as domain-wall excitations reduce J; below the BKT critical
value J(Tgkr) = 2Tpkr/ T, vortex-antivortex pairs unbind and
Js drops discontinuously to zero. The FFXY model exhibits
the second scenario, as confirmed also by more recent numer-
ical studies [11, 12]. Yet, although the ground state of the
FFXY model shares the same orders and symmetries as that of
the 2D CG model at large vortex fugacity g, neither the FFXY
nor the classical XY model allows for a systematic study of the
phase diagram as a function of g. The XY model is, indeed, a

single-coupling model where the value of the vortex fugacity
cannot be tuned independently but is rather fixed by the value
of the spin-exchange coupling J.

In the present work, we face this challenge by studying
the phase diagram of the modified XY model that we intro-
duced in a previous work [13], where the vortex fugacity can
be tuned independently and in a direct way without changing
the relevant interactions at play [14]. By employing large-
scale Monte Carlo (MC) simulations we assess the phase dia-
gram of the model and show that the system undergoes a
single first-order phase transition with Tgxr = T; for a finite
range of values of the vortex fugacity g. < g < g*, while for
g > g* the two phase transitions split apart with Tpxr < Tj.
The quantitative numerical characterisation of a BKT trans-
ition at large but finite vortex fugacity, which goes beyond
the traditional BKT picture with a line of fixed points at zero
fugacity, is relevant in numerous physical systems, including
2D Kondo lattices [15, 16], and recently in the description of
the metal—-insulator transition in disordered 2D materials [17].
In thin SC films, a finite density of vortex-antivortex pairs
can be induced at low temperatures by spatially correlated-
disorder [18, 19], while stable configurations of vortex super-
solids can be realized via magnetic pinning arrays [20, 21] or
superconductor/ferromagnet hybrid structures [22]. The form-
ation and melting of a vortex-antivortex lattice in superfluid
“He films can be observed by the presence of a transverse
mode that can exist only in the crystalline phase, and the
vortex fugacity can be tuned by additional *He atoms [23].
More recent realisations include ultracold fermionic gases
[24] and polariton fluids [25]. High vortex fugacities may
also emerge in long-range interacting systems. Indeed, gen-
eric power-law couplings 1/r* may disrupt the BKT in d =2
by increasing the vortex fugacity [26, 27]. It is worth noting
that 1 /72 interactions induce BKT scaling also in several d = 1
models [28, 29].

2. The model

The model studied in this work is a modified version of the ori-
ginal XY model with an extra potential term added to tune the
vortex fugacity independently from the ferromagnetic coup-
ling J. The Hamiltonian of the modified XY model, introduced
in our previous work [13], reads:

Hyy=—J Z cos(0; — Oiyy) — MZ (IPi)27 1)

with Ip, the spin current circulating around a unit plaquette P;
ofareaa? =1,

Ip, = sin(G,- — 9,‘_;,_3) + sin(9i+;c — 9,’4_5(4_)3)
+ 8in(0is5+5 — Oigs) +sin(is — 0;). @)
For ;1 =0, equation (1) is the classical XY model, where the

value of the vortex fugacity is fixed by the bare spin stiffness J.
On the other hand, by considering nonzero values of x one can
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independently tune g to either favour for ;2 > 0, or disfavour for
1 < 0, the vortex nucleation in the system. Thus, by increasing
> 0, the value of the vortex-core energy i, < —u decreases
and, in turn, the value of the vortex fugacity g = 2me Pt
increases.

The energy-entropy balance for the proliferation of free
vortices suggests that the BKT critical temperature decreases
as the value of i increases. At the same time, it is also appar-
ent that there exists a critical value p = p, at which the ground
state of the system undergoes a first-order phase transition
from a superfluid with vanishing vortex density p,(T — 0) —
0 (‘vortex vacuum’) to a vortex-antivortex superfluid crystal
with p, (T — 0) — 1 [5].

While in our previous work [13] we focused on the regime
u < e here we will investigate the phase diagram of the
model (1) for u > p.. In this regime, the ground state is a
checkerboard configuration of vortices and antivortices, form-
ing a squared lattice. Being it superfluid, the ground state
is a ‘supersolid’, or more precisely a ‘lattice supersolid’, as
the presence of an underlying square grid reduces the trans-
lational symmetry broken by the crystal from a continuous
to a discrete Z, symmetry [30, 31]. As a function of u, we
will determine the value of the two critical temperatures:
Tkr, at which a superfluid quasi-condensate forms, and 77,
at which a charge-ordered state forms, that is described by
a real Z, order parameter associated with the two possible
staggered magnetizations of the vortex-antivortex lattice. This
systematic investigation will enable us to assess the phase
diagram of the system and to establish, for each value of p,
whether the system displays two separate phase transitions, or
a single preemptive first-order phase transition where both the
superfluid stiffness J; and the staggered magnetization M,
jump discontinuously to zero at the same critical temperature
Tpxr =1T;.

3. MC simulations

We assess the phase diagram of the model (1) in the regime
1> p vialarge-scale MC simulations. This allows us to prop-
erly account for the non-trivial interactions between the dif-
ferent topological phase excitations at play, which include
vortices, Ising-like domain walls between the two possible val-
ues of My,,, and kink-antikink excitations along the domain
walls [32].

We studied the model (1) on a discrete square grid of spa-
cing a=1and size N = L X L, for different values of the linear
size L. Details of our MC simulations can be found in the sup-
plementary materials.

To assess the values of the BKT critical temperature, we
computed the superfluid stiffness J%, which measures the
response of the system to a phase twist A, along a given dir-
ection v. This can be thought of in terms of twisted bound-
ary conditions, 0; y 1, = 0; + A, reabsorbed via a gauge trans-
formation in a new set of variables 8/ = 60; —r; , A, /L, with
periodic boundary conditions. For a SC film, it corresponds to
the response to a transverse gauge field A and it signals the
onset of perfect diamagnetism, i.e. the well-known Meissner
effect. J, is defined as:

| Maccari et al
1 0*F (A)
S = 3
s L? 0A%2 la,=o0 ©)
and has two contributions
Jy=Jy—J,, (€]

the diamagnetic (J;) and the paramagnetic (J;)) response func-

tions
=35l ®)

., B OH | \?2 OH | \?
n=alGal) ) -Gal ]l ©

where (...) stands for the thermal average over the MC steps.
The explicit expressions of J; and J; are reported in the
appendix of [13]. In this work, we have computed the super-
fluid response along v = X and in what follows we will simply
refer to J;, = Jf

When increasing the temperature below Tk, the super-
fluid stiffness continuously decreases mainly due to the pres-
ence of non-topological phase excitations, such as spin waves
and domain walls with a net polarization [10]. As soon as
Tgr is reached, the proliferation of free vortices becomes
entropically favoured and J; discontinuously jumps to zero.
According to the Nelson-Kosterlitz criterion [33], at the crit-
ical point J; and Tgr are linked via the universal relation:
Js(Tkr) = 2Tpkr/ 7, which ultimately allows for the determ-
ination of the critical temperature.

In this work, we assess the value of Tzgr by the BKT finite-
size scaling of the superfluid stiffness [34]:

Jy(L, Tpkr)
1+ (2log(L/Lo))~ "

where L is chosen to give the best crossing point at finite
temperature (see also supplementary materials S2). The BKT
finite-size scaling of J; for p=0.3 > pu,. is reported in
figure 1(a), where we found Ly = 10.5.

On the other hand, in order to assess the Z, Ising crit-
ical temperature 7' associated with the melting of the vortex-
antivortex crystal, we define a vortex ordering parameter as the
staggered magnetization:

Mg =Y (—1)" g, ®)

i

Jy(00, Tpkr) =

(N

where i labels the unitary plaquette of the spin lattice located
at (x;,y;). The vortex charge g; is obtained by computing the
phase circulation around each unitary plaquette, being:

2mqi = [0 — 0;]" . + [Oigers — Oins]™
+ 045 — Oirzs) .+ [0 —0i5)" ., (9

where the phase difference along each bond is defined so as to
lie between the interval (—m,7]. The vortex charge takes the
values ¢; = 0,41, —1, respectively, if a vortex, an antivortex,
or zero vortices are located at the centre of the ith plaquette.
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Figure 1. MC results for the case ;= 0.3. (a) Determination of Tgxr
according to the BKT scaling equation (7) for L = 64,96, 128,192,25

from finite-size scaling of the superfluid stiffness J; renormalized
6 (from top to bottom). The best crossing point is obtained with

Lo = 10.5. As expected, it lies on the 27/ critical line (continuous black line). The dotted line indicates the extracted BKT critical
temperature. (b) Determination of the Ising critical temperature 7, from finite-size scaling of the Binder cumulant Uy, defined in
equation (10). The crossing point locates 77, indicated here with a dashed-dotted line. (c) Olsson’s plot [9] for different values of the system

size L. At the BKT critical point, while the superfluid stiffness jumps

from Jy(Tgr) = 2Tgier/ 10 Jo(Thpr) = O, the staggered

magnetization is observed to increase with L and reaches a finite value in the thermodynamic limit. This is an additional confirmation that
Trxr < Ty in this case. The error bars are computed via a standard bootstrapping resampling method. Where not visible, the error bars are

smaller than the point symbols.

A vortex-antivortex crystal is characterised by (M) = £1,
according to the two possible equivalent configurations of the
vortex-antivortex checkerboard. To determine the value of T/,
we analyse the finite-size scaling of the Binder cumulant U,
associated with the staggered magnetization:

(M)
3(Miag)*

In the high-temperature limit the Binder cumulant approaches
Ustag(T > T;) — 1 and in the low-temperature limit Uy, (T <
T;) — 0.3, while at the critical point it is expected to assume a
universal value independent on the system size [35]. The finite-
size scaling of the Binder cumulant is reported in figure 1(b)
for 1 =0.3.

At this value of the vortex chemical potential p = 0.3, we
found two distinct and yet very close critical temperatures with
Tpxr = 2.0040 £ 0.0003 slightly smaller than 7y = 2.01595 £
0.00004.

As a further numerical confirmation of the splitting between
the two phase transitions, we follow the scheme proposed by
Olsson [9]. Olsson’s scheme consists in extracting a set of tem-
peratures 7, for different system sizes L, which are defined
as the temperatures where the superfluid stiffness crosses the
2T/ BKT critical line, i.e. J;(Ty,L) = 2T /7. By increasing
the size L, T, decreases and approaches the thermodynamic
limit 77, o, — Tpxr from above. If the two phase transitions
are separated with Tgxr < T, the value of the staggered mag-
netization (M, (Tr,L)) at Ty should increase with increas-
ing system size L and eventually reach a nonzero value in the
thermodynamic limit. This is precisely what we observe in
this case, as reported in figure 1(c). At the temperatures T,
indicated by a dashed vertical line, the value of (M, (T1,L))

4
M stag

M2

stag

Ustag = (1 O)

increases, confirming that Tpgr < T;. To establish the phase
diagram of the model (1), we repeated the same analysis for
different values of p.

When approaching the critical value p. below which the
ground state is a vortex-vacuum superfluid, we find that the
separation between the two phase transitions reduces until
they eventually merge into a single first-order phase trans-
ition at g = pu* > .. In particular, while down to p=0.2
(see figures S2-S5 of the supplementary materials) we still
find evidence of a splitting between the two transitions, at
1 =0.175 our numerical simulations suggest that the system
undergoes a single first-order phase transition.

The numerical evidence for a single first-order transition is
threefold. The first indications in this sense are the failure of
the BKT scaling equation (7) for the superfluid stiffness (see
figure S6(a)) and the pronounced peaks in the Binder cumulant
in the proximity of the critical point (see figure S6(b)) [36].

Second, an unambiguous demonstration of first-order phase
transition at p=0.175 is provided by the presence of two
peaks in the energy-density distribution P(E/N) at the critical
point. As reported in figure 2, at ;2 = 0.175 the minimum value
P(E,;in/N) of the distribution between the two peaks vanishes
by increasing the system size L (see figure 2(a)), very differ-
ently from the case = 0.2 where P(E,;,/N) increases with L
(see figure 2(b)).

Third, for a more quantitative analysis of the order of the
transition, we looked at the finite-size scaling of the maximum
value C'* of the specific heat at the critical temperature. The
specific heat C, being defined as:

Cr = 53 ((B?) = (E)?), (11)
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Figure 2. Evidence for a first-order transition: the energy-density distribution P(E/N) is shown for different system sizes L (N = L?) at the
temperature corresponding to the specific-heat peak. While for (a) ;= 0.175 there are two peaks indicating a first-order transition, for
(b) £ =0.2 in the thermodynamic limit a single peak emerges consistent with a continuous second-order transition.
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Figure 3. Finite-size scaling analysis of the specific-heat peak C;"* at (a) u=0.3; (b) £ =0.2; (¢) x=0.175. The points in the three panels

correspond to the linear sizes L = 96,128, 192,256.

where E is the total energy of the system. For a second-order
phase transition, C"** scales as C"* o L*/~4, where d =2
is the spatial dimension of the system and v =1 is the crit-
ical exponent. Conversely, when the transition is of first order,
for the Ising model in two dimensions the specific-heat peak
scales as the volume of the system [36], i.e. C)'** < L?. For
1 =0.175,0.2,0.3, we have extracted the value of C;/** at dif-
ferent system sizes L and derived the exponent C)'* o< LY viaa
linear fit of the data in a log-log plot (see figure 3). For ;1 = 0.3,
this analysis yields y = 0.2+ 0.01 (see figure 3(a)), in good
agreement with the value y = 0 expected in two spatial dimen-
sions for a Ising-like second-order phase transition. For smal-
ler u, instead, we observe a more divergent behaviour with
y=1.2140.02 at p=0.2 (see figure 3(b)) and, ultimately,
y=1.93+0.02 for = 0.175, which is consistent with a first-
order phase transition (see figure 3(c)).

Taken together, these findings consistently indicate the
presence of a critical value 0.175 < p* < 0.2 at which the two
phase transitions merge into a single first-order transition. At
the same time, they also suggest the presence of a tricritical
point 0.175 < pyic < 0.2 at which the Z, second-order Ising
transition becomes first order. Our data seem to indicate that
for the modified XY model pyic = p*. At present, however,
we cannot rule out the possibility that, although they are very
close, piyic > p*.

The complete phase diagram of the model (1) is shown
in figure 4(a). For © < p. the BKT critical temperatures are
those derived in our previous work [13]. In the regime p, <
1 < 0.175, the critical temperatures of the first-order phase
transition have been computed by a finite-size scaling analysis
of the temperatures corresponding to the specific-heat peak
C(T,,L) (see figure S7).
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Figure 4. (a) u — T phase diagram of the model (1). The light-blue and green areas indicate the two possible low-temperature states of the
system. For 1 < 0.14 this is a vortex-vacuum SC state (green area), while for ¢ > 0.145 it turns into a vortex-antivortex SC crystal
(light-blue area). The BKT critical points (green triangles) in the region p < p. of the phase diagram are those derived in our previous
work [13] and separate the vortex-vacuum SC state from the disordered high-temperature state. In the region u < p < p* the system
undergoes a single first-order transition (red dots) from a vortex-antivortex SC crystal to a disordered non-SC state. Finally, for p > u* the
two phase transitions separate and an intermediate non-SC state with a finite Z; crystalline order appears. To highlight the splitting of the
two critical temperatures in this region of the phase diagram, in panel (b) we report the value of 7; — Txr as a function of the chemical
potential . A linear fit of the data (dashed grey line) gives an estimate p* = 0.192 of the value at which the two phase transitions merge.
The error bars are computed via a standard bootstrapping resampling method. Where not visible, the error bars are smaller than the point

symbols.

According to figure 4(a), for i < . the system exhibits a
single BKT phase transition from a quasi-long-range ordered
SC state to a disordered one. By increasing the value of
at low temperatures, the vortex fugacity increases until, at
0.14 < pe < 0.145, the system undergoes a first-order phase
transition [5] from a vortex-vacuum superconductor to a vor-
tex supersolid which additionally breaks the Z, discrete sym-
metry associated with the two possible vortex-antivortex crys-
tal configurations.

By increasing the chemical potential above the critical
value p., we find that up to a value of p* > u. there
exists a single first-order transition line separating the vortex-
antivortex SC crystal from the high-temperature disordered
state. For > p*, instead, the two phase transitions split apart
with Tgxr < T;. In this regime, a new intermediate phase
appears where the system is a non-SC vortex-antivortex crys-
tal spontaneously breaking the Z, symmetry associated with
the charge ordering.

Differently from the 2D CG counterpart [4], however, the
region of the phase diagram hosting this new phase is quite
small and the two transitions remain close for all values of
w studied. Nonetheless, the splitting between the two trans-
itions AT, = Ty — Tpkr increases almost linearly with 1 (see
figure 4(b)). Via a linear fit of AT, vs u, we also extracted
an estimate of p* at which the two transitions merge. The
obtained value p* =0.192 is consistent with the analysis
reported above.

4. Conclusions

In this study, we conducted a comprehensive numerical invest-
igation of the modified XY model by introducing a plaquette
term to control the fugacity of vortices. Our findings reveal that
as the vortex fugacity increases, the low-temperature super-
fluid BKT state turns into a vortex supersolid with finite SC
density and charge ordering. At low temperatures, this state
emerges from the SC vacuum via a first-order phase trans-
ition. However, as the temperature increases, a complex phase
diagram emerges. At temperatures 7 < 1 and chemical poten-
tial p < 0.14, a BKT transition line branches out of the first-
order line, and vortex unbinding destroys the SC order. The
transition line separating this new disordered state from the
SC crystal remains first order up to p* = pyic, while for lar-
ger ;4 an increasing temperature leads to the vanishing of
superfluid order via the BKT mechanism, followed by the
melting of the normal vortex-antivortex crystal into the dis-
ordered state via an Ising-like second-order line, as shown in
figure 4.

Our results are consistent with the analysis conducted in [5]
for the 2D CG, but two important differences stand out:

(i) First, the area between the two transition lines separat-
ing the SC crystal from the normal crystal and the dis-
ordered state is extremely small and only grows linearly
by increasing the chemical potential.
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(i) Second, the branching point of the second BKT line coin-
cides within our numerical precision with the tricritical
point piic, Where the first-order line meets the second-
order Ising transition.

These differences may be attributed to the intrinsic differ-
ences between the two Hamiltonians, particularly to the fact
that the topological excitations, i.e. the vortices, are coupled to
the low-energy spin waves in the XY model, while this inter-
action is neglected in the CG representation of the problem.
Additionally, while our study focuses primarily on the super-
fluid stiffness J;, [5] characterizes the superconductor by the
inverse dielectric constant. These two quantities are closely
related in the traditional XY model with p =0, but the same
relation does not hold in this study, where the plaquette term in
the Hamiltonian (1) gives an explicit contribution to the super-
fluid stiffness.

In conclusion, resolving the nature of the unconventional
tricritical point, where the first- and second-order lines meet
with the infinite-order BKT line, requires the derivation of an
improved BKT flow equation that can capture the mechan-
ism of defect unbinding at finite fugacity. Such a theoretical
framework should be able to capture both BKT scaling and the
second-order transition line within the same formalism, and its
development represents the most significant future direction of
this work. At the same time, research on chiral magnets with
strong Dzyaloshinskii-Moriya interactions (see [14] and ref-
erences therein), as well as experimental realizations of cold-
atom systems with related phase diagrams [37] or spin-torque
interactions [38], can provide a complementary experimental
route to investigate the nature of such unconventional tricrit-
ical point.
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