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deformation is achieved through an iterative procedure 
inspired by the work of Córdoba and Martínez-Zoroa (2022) 
[7]. However, several differences - beyond purely technical 
aspects - arise due to the anisotropic and, more importantly, 
to the partially dissipative nature of the equation, adding 
further challenges to the analysis.
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1. Introduction

The Incompressible Porous Media (IPM) system in two space dimensions is an active 
scalar equation given by:

⎧⎪⎪⎨
⎪⎪⎩
∂tρ + u · ∇ρ = 0,
u = −κ∇P + gρ, g = (0,−g)⊤, (Darcy’s law)
∇ · u = 0,

(1.1)

modeling the dynamics of a fluid of density ρ = ρ(x1, x2, t) : R2 × R+ → R through a 
porous medium according to Darcy’s law. Here, κ > 0 and g > 0 denote the permeability 
coefficient and the gravitational acceleration, respectively. For simplicity, we assume 
κ = g = 1 in the subsequent analysis. We refer to [4] and references therein for further 
explanations on the physical background and applications of this model. The active 
velocity u = (u1, u2) of system (1.1) can be reformulated in terms of a singular integral 
operator of degree 0 as follows

∂tρ + u · ∇ρ = 0, (IPM)

u = (u1, u2) = −(ℛ2,−ℛ1)ℛ1ρ,

where ℛ1,ℛ2 denote the first and the second component of the Riesz transform in two 
space dimensions

ℛ1 = (−Δ)−1/2∂x1 , ℛ2 = (−Δ)−1/2∂x2 , (1.2)

and can be written in terms of convolutions kernels in the two following equivalent ways 
- up to an integration by parts, see for instance [6] -

u(x, ·) =PV(H ⋆ ρ)(x, ·) = PV((H1 ⋆ ρ)(x, ·), (H2 ⋆ ρ)(x, ·)) − 1
2(0, ρ(x, ·)), (1.3)

where

(H1(x), H2(x)) = 1 
2π

(︃
−2x1x2

|x|4 ,
x2

1 − x2
2

|x|4
)︃
, (1.4)

and

u(x, ·) = (K ⋆∇⊥ρ)(x, ·) = (−(K ⋆ ∂x2ρ)(x, ·), (K ⋆ ∂x1ρ)(x, ·)), (1.5)

with

K(x) = − 1 
2π

x1

|x|2 . (1.6)
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In this work, we study the IPM equation in the stable regime, specifically the system 
(1.1) near the spectrally stable steady state profile

ρ̄stable(x) = −x2. (1.7)

We will say that ρstable(x, t) is a solution to the stable IPM equation if it fulfills

∂tρstable + u[ρstable] · ∇ρstable − u2[ρstable] = 0. (1.8)

Note that this is equivalent to study the solution to (IPM) with (stable) initial conditions

ρ(x, 0) = −x2 + ρstable(x, 0). (1.9)

Furthermore, we will only consider classical solutions to the stable IPM equation belong
ing to C1.

Remark 1.1. It can be observed from the proof that any sufficiently regular profile g(x2)
with g′(x2) < 0 could also be considered. The non-trivial challenge in extending the 
results to this more general case lies in adapting the construction of the initial data, as 
discussed below in Lemma 2.1.

1.1. Motivations and existing literature

A fundamental challenge in mathematical physics is to understand the behavior of 
active scalar equations. This is particularly true when it comes to the study of equations 
where the operator relating the velocity and the active scalar is a singular integral oper
ator of zero order, as in the Constantin-Lax-Majda equation [5], the De Gregorio model 
[8], the SQG equation [7] and, for systems, the Boussinesq equations [2].

Ill-posedness at critical regularity. While there have been several results of ill-posedness 
of fluid-dynamics equations at super-critical regularity, here we are rather interested in 
ill-posedness at critical regularity. In critical L∞-based spaces, equations whose trans
port velocity is represented by singular integral operators of zero order are very likely 
to be strongly ill-posed, due to the unboudedness of such singular integral operators in 
L∞. In the case of the critical space W 1,∞ for equations posed in R2, this was showed 
in [11] for the SQG equation, in [10] for the Riesz Transform Problem and in [2] for the 
Boussinesq equations. In critical L2-based spaces like H2(R2), the mechanism leading 
to ill-posedness can be more subtle as singular integral operators of zero order behave 
well in such ambient, see [7,11] for the ill-posedness of the SQG equation. Since there 
are great similarities between the inviscid versions of the SQG and IPM equations, it 
is very reasonable to expect that the same results regarding non-existence and strong 
ill-posedness in H2(R2) for SQG would also hold for the IPM equation. This expectation 
holds and, in particular, solutions with a strong deformation at the origin leading to our 
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result of ill-posedness are constructed via an iteration method that is inspired by the 
recent work [7] on the SQG equation, by the second and third author. However, de
spite these similarities, important differences between the SQG and the IPM equations, 
such as symmetries and (an-)isotropy, exist. A key distinguishing feature of the stable 
IPM equation treated in this work, which necessitates, among the other things, a funda
mentally different initialization of the iteration procedure employed here, is highlighted 
below.

Ill-posedness in L2-based critical space despite the presence of dissipation. An important 
point to stress is that the result of ill-posedness in H2(R2) presented in this paper holds 
for the stable (IPM) equation, specifically for perturbations of the spectrally stable steady 
state (1.7). This is a crucial novelty of this work, where ill-posedness is demonstrated in 
an L2-based critical space, namely H2(R2), despite the presence of a linear dissipative 
operator in the equations.

In fact, in the vicinity of a spectrally stable steady state (under the assumption 
∂x2 ρ̄stable(x) < 0), one might expect solutions to (IPM) to exhibit better behavior than 
in the general case. This expectation is motivated by the partial dissipation induced by 
the stable steady state.

Setting ρpert(x, t) = ρ(x, t) + x2, where ρ(x, t) solves the IPM equation with initial 
data (1.9), ρpert(x, t) satisfies

∂tρpert + u[ρpert] · ∇ρpert = u2[ρpert],

where u2[ρpert] = ℛ2
1ρpert = (−Δ)−1∂2

x1
ρpert encodes (partial, anisotropic) dissipation 

(in the horizontal direction of the Fourier space) as

(u2[ρpert], ρpert)L2 = ((−Δ)−1∂2
x1
ρpert, ρpert)L2 = −∥(−Δ)− 1

2 ∂x1ρpert∥2
L2 .

In the critical space W 1,∞, the effect of this partial dissipation is not able to prevent 
strong ill-posedness, as proved in [2] for the Boussinesq equations (and the very same 
argument can be applied to the stable IPM equation). However, in energy-based space 
as H2, the stabilizing effect of the stable profile could potentially have an impact on 
solutions’ behavior. In this work, we disprove this intuition for the IPM equation, showing 
that it is strongly ill-posed even for small H2 perturbation of a spectrally stable profile.

Small-scale formation. Recently, solutions to the IPM equation exhibiting infinite-in
time growth of derivatives were constructed in [14]. In light of the results of the present 
work, we can complement some of the findings reported in [14]. Specifically, in Theorem 
1.1 in [14] we can deduce that the regularity parameter s must be strictly greater than 
2; otherwise, a solution may not exist.

Well-posedness and stability results. We conclude this brief outline by quoting, on the 
positive side, well-posedness results for the IPM equation in sub-critical regularity. The 
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local existence and uniqueness for initial data ρ(x, 0) = ρin(x) ∈ C1,α(R2) with 0 < α < 1
was shown in [6] and the analogous result can be shown to be hold in sub-critical Sobolev 
spaces H2+ϵ(R2), for any ϵ > 0. Due to aforementioned partially dissipative nature of 
stable IPM, the long-time behavior of such equation is particularly interesting. Until 
now, the best available result proves the global-in-time existence of small perturbations 
of the stable profile for the IPM equation in H3+ϵ(R2) (ϵ > 0), as shown in the work 
of the first author with Crin-Barat and Paicu [1]; see also [12] and the first result in 
this direction by Elgindi in [9] and [4] for the strip (see also [15]). It is very likely that 
the asymptotic stability holds in H2+ϵ(R2), for any ϵ > 0, [3]. In particular, this last 
observation motivates the relevance of the work of the present paper, which proves that 
lowering the regularity assumption to H2(R2), the stability of the equations near the 
stable profile fails in the worst possible way, as solutions blow up at any instant of time.

Future directions. It was recently discovered in [1] that the stable IPM equation can 
be recovered as a relaxation limit of the two-dimensional Boussinesq equations with 
damped velocity, near the stable profile (1.7). For the damped Boussinesq equations, the 
asymptotic stability of the steady state (1.7) is known to hold in H3+, [1], and, as with 
the IPM equation, at least some quantitative long-time stability is expected to hold in 
H2+.

We believe that an extension of our proof from the scalar equation to the case of 
systems can be applied to demonstrate non-existence and strong ill-posedness in H2(R2)
for the damped two-dimensional Boussinesq equations near a stable profile in [1]. As 
a byproduct, we expect to recover the same result for the two-dimensional Boussinesq 
equations near a stable profile (without damping in the velocity equation). This re
sult would be very interesting per se, as the understanding of stable dynamics for the 
two-dimensional Boussinesq equations remains a widely open problem, with recent ad
vancements in [13].

1.2. Main result

Our main result reads as follows.

Theorem 1.2 (Non existence and strong ill-posedness in H2 for (IPM) near stable pro
file). Given ϵ > 0, we can find Tϵ > 0 and a function ρin(x) with ∥ρin∥H2(R2) ≤ ϵ such 
that, for t ∈ [0, Tϵ], there exists a classical solution ρ(x, t) to the (IPM) equation with 
“stable'' initial data

ρ(x, 0) = −x2 + ρin(x)

satisfying

∥ρ(t) + x2∥H2(R2)(t) = ∞, for any t ∈ (0, Tϵ],
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while

∥ρ(t) + x2∥H2−ϵ(R2)(t) < C, for some C > 0, for any ϵ > 0, for any t ∈ (0, Tϵ].

Furthermore, ρ(x, t) is the only solution with initial conditions ρ(x, 0) such that 
ρ(x, t) + x2 ∈ H1(R2) for t ∈ [0, a] and for any 0 < a ≤ Tϵ.

Remark 1.3. In the above statement, Tϵ comes from the time T obtained in Lemma 2.2, 
so in particular we cannot ensure that it remains uniformly away from zero as ϵ becomes 
small.

Remark 1.4. Notice that the initial data ρ(x, 0) = −x2 + ρin(x) in Theorem 1.2 has 
infinite energy, whereas the initial perturbation satisfies ∥ρin∥H2 = ∥ρ(x, 0)+x2∥H2 ≤ ϵ. 
Therefore, we study the evolution of the perturbation ρ(t) + x2 and prove that its H2

norm blows up at any instant of time, i.e., ∥ρ(t) + x2∥H2 = ∞.

Remark 1.5. Even though the solutions constructed ρ(x, t) + x2 do not stay bounded in 
H2, they do stay in C1 for the whole time interval considered.

Remark 1.6 (Non existence and strong ill-posedness in H2 for IPM near equilibrium). 
Our result also applies to the (IPM) equation near the equilibrium ρ̄eq = 0. This can be 
easily verified by revisiting the proof and simplifying or omitting certain steps. However, 
we choose to state the main result for the stable IPM equation (1.8), as this setting 
presents the most significant challenges.

1.3. Ideas of the proof

In order to construct our rapidly growing solutions, we would like to first find solutions 
ρ(x, t) to the stable IPM equation (1.8) that generate a strong hyperbolic flow around 
the origin, say

⃓⃓⃓
⃓⃓⃓ 1 ∫︂
0 

∂x1u1[ρ](x = 0, s) ds

⃓⃓⃓
⃓⃓⃓ ≥ M

for arbitrarily big M .
If we then add a perturbation ρpert(x, 0) around the origin, we could expect the 

perturbation to fulfill approximately the evolution equation

∂tρpert + (∂x1u1[ρ])(x = 0, t)(x1,−x2) · ∇ρpert = 0

which can be solved explicitly by

ρpert(x, t) = ρpert(e
∫︁ t
0 −∂x1u1[ρ](x=0,s)dsx1, e

∫︁ t
0 ∂x1u1[ρ](x=0,s)dsx2).
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We could then choose ρpert(x, 0) appropriately to obtain the fast growth in H2. Fur
thermore, if we can construct

⃓⃓⃓
⃓⃓⃓ 1 ∫︂
0 

∂x1u1[ρ](x = 0, s) ds

⃓⃓⃓
⃓⃓⃓ = ∞,

we could hope to use this infinitely strong deformation to obtain loss of regularity.
If we plan to use this strategy, there are two main difficulties that we need to overcome. 

First, we would need to be able to construct an infinitely strong hyperbolic velocity. Note 
that it is not enough to fix initial conditions such that

∂x1u1[ρin](x = 0) = ∞,

as these initial conditions are too irregular to ensure that a solution exists, and even if 
it does, the behavior of the solution could be wild enough that1

1 ∫︂
0 

∂x1u1[ρin](x = 0, s)ds = M < ∞.

We need to consider a scenario where we can effectively study the behavior and 
gain meaningful control over the solution. If we were not focusing on the stable case, a 
reasonable starting point would be to consider

ρin(x) =
∞ ∑︂
i=0 

f(λix)
iλi

where λi+1 ≫ λi, with f(x) supported in the ring 2 ≥ |x| ≥ 1 and

∂x1u1[f(·)](x = 0) ̸= 0.

These initial conditions have finite H2 norm and generate an infinite hyperbolic defor
mation in the origin at t = 0. Furthermore, formally taking the limit λi+1 ≫ λi gives us 
a limit system that one can hope to study.

Moreover, by choosing f(x) with the right properties, one can show that, if we study 
this formal limit system when λi+1 ≫ λi and assume that it actually approximates the 
real solution, we have

t ∫︂
0 

∂x1u1[ρ](x = 0, s)ds = ∞

1 This is not only a theoretical possibility, one can, in fact, construct solutions where this kind of behavior 
occurs.
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for any t > 0. This still leaves several issues:

• We need to show that this formal approximation actually approximates the equation 
in a meaningful way. A big part of the technical difficulties comes from this point.

• We are interested in studying the stable IPM equation (1.8), so we would need to 
consider the initial condition

ρin(x) =
∞ ∑︂
i=0 

f(λix)
iλi

− x2,

which is problematic for two reasons. First, this background −x2 has a regularizing 
effect in the solutions, which is why small perturbations of −x2 in H3+ϵ are actually 
global in time, so this effect could oppose our infinite norm growth. Furthermore, 
for the approximation we intend to apply when λi+1 > λi to actually approximate 
the true evolution of the equation, it is necessary to decompose the solution into 
an infinite number of components with supports that are sufficiently ``far'' apart. 
However, due to dissipative effects caused by the background, this separation of 
supports does not hold for t > 0.

• Finally, the hyperbolic deformation we construct this way is only infinite at x = 0, 
so any perturbation would need to be infinitely concentrated around the origin to 
feel its full effects. Furthermore, this background is extremely unstable, so most 
perturbations of the solution would completely change the behavior.

To solve all these issues, we start by constructing a ``hole'' in our initial conditions, i.e., 
we find a compactly supported function g(x) such that

g(x) − x2 = 0

for some small ball around the origin. Since we want our initial conditions to be small 
in H2, we choose ∥g∥H2 ≤ ϵ. This allows us to cancel the stabilizing effects of the 
background as much as needed: it does not neutralize its full impact, but it does get rid 
of the most inconvenient terms for our construction.

Next, to actually construct the solution with a strong hyperbolic velocity, we use an 
iterative argument. Given ρi(x, t) a solution to the IPM equation supported away from 
the origin, we can then add a new ``layer'', by studying the solution with initial conditions

ρi(x, 0) + f(λi+1x)

and for very big λi+1 (depending on ρi(x, t)), we can obtain explicit bounds for the 
behavior of the new solution. Using these bounds and making the right choice of f(x), 
we can produce a velocity with the desired properties around the origin.
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Similarly, we can also obtain the rapid norm growth by adding layers that grow rapidly 
in H2 when under the influence of the very strong hyperbolic deformation generated by 
the previous layer.

Taking the limit when there is an infinite number of layers and denoting it by ρ∞, we 
can then show that this limit is a solution to the stable IPM equation with the desired 
properties.

1.4. Conventions and notation

As usual, we will exploit the symmetries of the equation.

Definition 1.7. A function f(x, t) is called symmetric for t ∈ [0, T ] if f(x1, x2, t) =
f(−x1, x2, t), f(x1, x2, t) = −f(x1,−x2, t), namely f(x1, x2, t) is even in x1 and odd 
in x2.

Remark 1.8. If the initial data ρ(x, 0) is symmetric and ρ(x, t) is the regular solution to 
(IPM) with such initial data, then ρ(x, t) is symmetric. Furthermore, u[ρ](x = 0, t) = 0.

• We use the symbol ≲ (resp. ≳) to denote ≤ C (resp. ≥ C), where the constant C > 0
is independent of the relevant parameters.

• The constant C ∈ R+ is generic and may change from line to line.
• The symbol Br(x0) denotes a disk of radius r > 0, centered in x0 ∈ R2.

2. Construction of initial data with deformation at the origin and persistence of the 
deformation

In order to construct a strong deformation at the origin, which will lead to strong 
ill-posedness and non existence in H2(R2), we need to design an initial perturbation 
that neutralizes the stabilizing effect of the (stable) background stratification (1.7), at 
least near the origin. This is the content of the next result.

2.1. Initial data and approximate solution in the stable setting

Lemma 2.1. For any 0 < ϵ0 < 1, we can construct a symmetric function ρin(x) satisfying 
the following:

1. ρin(x) ∈ C∞(R2) and supp(ρin) ⊂ B1(0);
2. there exists 0 < δ0 < 1 such that ρin(x) = x2 for x ∈ Bδ0(0);
3. the H2 norm is arbitrarily small: ∥ρin∥H2 ≤ ϵ0.

Proof. For some big K > 0 (which will depend on ϵ0) and some small a > 0 (which will 
depend on K), the ansatz for the function ρin(x) reads
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ρin(x) = a

K∑︂
i=1 

f(λix)
iλi

= a

K∑︂
i=1 

f(μi)
iλi

= a

K∑︂
i=1 

ϕi(x)
iλi

, μi := λix, ϕi(x) := f(λix),

(2.1)

where f(x) ∈ C∞(R2) is a compactly supported function with supp f ∈ B1(0). Clearly, 
in order to satisfy the above properties, we need to characterize the function f and the 
(finite) sequence {λi}. In particular, we take

∂μi
2
f(μi) = 1 for μi ∈ B 1

2
(0),

namely

f(μi) = μi
2 = λix2, μi ∈ B 1

2
(0) for x ∈ B 1 

2λi

(0).

About the finite sequence {λi}, let λ1 > 1 and λi+1 > 2λi. We have that, for x ∈ B 1 
2λK

, 
for i ∈ {1, · · · ,K}

f(μi) = λix2.

Then we see that, for x ∈ B 1 
2λK

,

ρin(x) = a

K∑︂
i=1 

λix2

iλi
= a

K∑︂
i=1 

x2

i 
= ax2ℌK ,

where ℌK is the K-th harmonic number, behaving like log(K). Choosing

a = 1 
ℌK

, δ0 = 1 
2λK

,

we have that properties 1. and 2. are satisfied. Notice also that this choice implies

∥ρin∥C1 ≤ a∥f∥C1

K∑︂
i=1 

1
i 
≤ ∥f∥C1 .

Let us prove property 3. We first compute the L2 and Ḣ1 norm. Using the Minkowski 
inequality,

∥ρin∥L2 = a

⎛
⎝∫︂ (︄

K∑︂
i=1 

f(λix)
iλi

)︄2

dx1 dx2

⎞
⎠

1
2

≤ a

K∑︂
i=1 

∥f(λix)∥L2

iλi
≤ a∥f∥L2

K∑︂
i=1 

1 
iλ2

i

.

Notice that λ1 > 1 and λi+1 > 2λi implies, in particular, that λ2 > 2 and, more generally, 
λi > i. Therefore, the sum 

∑︁∞
i=1

1 
iλ2

i
= M0 for some M0 > 0 and 

∑︁K
i=1

1 
iλ2

i
< M0

independent of K. We have that
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∥ρin∥L2 ≤ aM0 = M0

ℌK
.

Similarly, we have that

∥ρin∥Ḣ1 ≤ a
K∑︂
i=1 

∥f(λix)∥Ḣ1

i 
≤ a∥f∥Ḣ1

K∑︂
i=1 

1 
iλi

≤ M1

ℌK
∥f∥Ḣ1 ,

where, as before, since λi > i, the sum 
∑︁K

i=1
1 
iλi

≤ M1 for some ∞ > M1 > 0. Let 
us consider the second derivative. Denoting by D2 = ∂2

xjk
, j, k ∈ {1, 2} any second 

derivative, noticing that

D2ϕi(x) = 0 for |x| ≤ 1 
2λi

and |x| > 1 
λi

,

namely

suppD2(ϕi) ⊂ 𝒞λi
:= B 1 

λi

\B 1 
2λi

,

and that λi+1 > 2λi implies that all the supports of D2ϕi(x) are disjoint as we have that

∥D2ρin∥L2 = a

⎛
⎝∫︂ (︄

K∑︂
i=1 

D2ϕi(x)
iλi

)︄2

dx1 dx2

⎞
⎠

1
2

= a

⎛
⎝∫︂ (︄

K∑︂
i=1 

λiD
2f(μi)
i 

)︄2

dx1 dx2

⎞
⎠

1
2

= a

⎛
⎜⎝K∑︂

i=1 

∫︂
𝒞λi

(︃
λiD

2f(μi)
i 

)︃2

dx1 dx2

⎞
⎟⎠

1
2

= a

⎛
⎜⎝K∑︂

i=1 

1 
i2

∫︂
𝒞λi

|D2f(μi)|2 dμi
1 dμ

i
2

⎞
⎟⎠

1
2

≤ a∥f∥H2

(︄
K∑︂
i=1 

1 
i2

)︄ 1
2

≤ a∥f∥H2

(︄ ∞ ∑︂
i=1 

1 
i2

)︄ 1
2

= a∥f∥H2
π√
6
.

Altogether, since we want ∥ρin∥H2 ≤ ϵ0, we require

∥ρin∥H2 ≤
(︃
M0

ℌK
+ M1

ℌK
+ π√

6

)︃
∥f∥H2 ≤ ϵ0,

which is satisfied by choosing K big enough. This proves property 3 and ends the 
proof. □

Building on the above result, we can prove the next lemma, which specifically demon
strates the persistence of the sign of ∂x1u1 < 0 over time.

Lemma 2.2. For any 0 < ϵ0 < 1, there exists a solution ρ(x, t) to (IPM) and T, δ > 0
fulfilling, for t ∈ [0, T ]
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1. ρpert(x, t) = ρ(x, t) + x2, with ∥ρpert(x, 0)∥H2 ≤ ϵ0,
2. ρpert(x, t) = ρ(x, t) + x2 ∈ C∞(R2) and supp(ρ(x, t)) ∩Bδ(0) = ∅,
3. ∂x1u1[ρ](x, t) = ∂x1u1[ρpert](x, t) < 0.

Proof. We will first use Lemma 2.1 to find ρin(x) such that ∥ρin(x)∥H2 ≤ ϵ0
2 with ρin(x) =

x2 for x in some small ball Bδ0(0). Note that, in particular, −x2 + ρin(x) = 0 for 
x ∈ Bδ0(0), and also that |∂x1u1[ρin](x = 0)| < ∞. Furthermore, we consider

ρK,δ0(x) = δ0

K∑︂
i=1 

f(2ix)
i2i

where f(x) ∈ C∞ is a symmetric function such that x2f(x) < 0, with

supp f(x) ⊂ (B2(0) \B1(0)) ∩ {(x1, x2) : |x2| ≥
√

3|x1|}.

Using the fact that f(2i1x) and f(2i2x) have disjoint support if i1 ̸= i2, we have that

∥ρK,δ0∥2
H2 = δ2

0

K∑︂
i=1 

⃦⃦⃦
⃦f(2ix)

i2i

⃦⃦⃦
⃦

2

H2
≤ δ2

0∥f(x)∥2
H2

K∑︂
i=1 

1 
i2

≤ Cδ2
0

and therefore, by taking δ0 small we obtain

∥ρK,δ0∥H2 ≤ ϵ0
2 
.

Note that, relying on the explicit formula

∂x1u1[ρ](x = 0, t) = 1 
π

∫︂
R2

y2(y2
2 − 3y2

1)
|y|6 ρ(t, y1, y2) dy1 dy2, (2.2)

and using that supp f(x) ⊂ {(x1, x2) : |x2| ≥
√

3|x1|} and x2f(x) < 0, we deduce

∂x1u1

[︃
f(2ix)

2i

]︃
(x = 0) = ∂x1u1[f(x)](x = 0) = 1 

π

∫︂
R2

y2(y2
2 − 3y2

1)
|y|6 f(y1, y2) dy1 dy2 < 0,

which means that, for any positive number N > 0, for K big enough, we have

∂x1u1[ρK,δ0 ](x = 0) = δ0∂x1u1[f(x)](x = 0)
K∑︂
i=1 

1
i 
≤ −N.

In particular, by taking K big we achieve

∂x1u1[ρin + ρK,δ0 ](x = 0) < 0.
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We will then consider ρ(x, t) the solution to (IPM) with initial conditions −x2 + ρin +
ρK,δ0 . Note that, by the local well-posedness of the (IPM) equation around the stable 
profile −x2, we know that ρ(x, t) ∈ C∞ exists for some short period of time [0, T1]. 
Furthermore, by the choice of the initial condition, our lemma is already fulfilled at the 
initial time.

To prove that there exists δ > 0 such that supp(ρ(x, t)) ∩ Bδ = ∅, we use that, for 
t = 0, both −x2 + ρin(x) and ρK,δ0(x) have support away from the origin. Furthermore, 
the symmetry of ρ(x, t) means that u[ρ](0, t) = 0, and u[ρ](x, t) ∈ C1. This implies that 
the support of ρ(x, t) can only approach the origin exponentially fast (since the support 
moves with the velocity u[ρ](x, t) and |u(x, t)| ≤ C|x|), and thus ρ(x, t) is also supported 
away from the origin for t ∈ [0, T1].

Finally, to show that ∂x1u1[ρ](x = 0, t) < 0, we note that ∂x1u1[ρ](x = 0, 0) < 0, and 
using the well-posedness of the solution in C∞, which in particular gives us continuity 
of the solution, provides ∂x1u1[ρ](x = 0, t) < 0 for t ∈ [0, T2]. Taking T = min(T1, T2)
concludes the proof. □

To achieve a solution inducing a pronounced deformation around the origin, we employ 
an iterative process. Assuming we have a solution ρj(x, t) such that

T∫︂
0 

∂x1u1[ρj ](x = 0, t) dt = −M,

with M > 0, we would like to modify this solution by adding a perturbation ρpert(x, 0). 
Considering the solution to (IPM) as ρj+1(x, t) with initial condition ρj(x, 0)+ρpert(x, 0), 
we aim for ρj+1(x, t) to satisfy

T∫︂
0 

∂x1u1[ρj+1](x = 0, t) dt ≤ −(M + cM ),

where cM > 0. Before doing that, we need to prove the stability of the deformation at 
the origin over time, in the intermediate result below.

2.2. Persistence of the deformation at the origin

Lemma 2.3. For any M,T > 0, suppose that k(t) satisfies

k(t) < 0, 0 < −
T∫︂

0 

k(t) dt ≤ M,

for all t ∈ [0, T ]. There exists a universal constant ℭ > 0, such that the following holds. 
Given a symmetric function ρ̃in(x) with x2ρ̃in(x) ≤ 0, and



14 R. Bianchini et al. / Journal of Functional Analysis 289 (2025) 111097 

supp(ρ̃in(x)) ⊂ 𝒟 := {(x1, x2) | |x2| > ℭ|x1|}, (2.3)

suppose that ρ̃(x, t) solves

{︄
∂tρ̃ + (k(t)(x1,−x2)) · ∇ρ̃ = 0, t ∈ [0, T ]
ρ̃(x, 0) = ρ̃in(x).

(2.4)

Then ρ̃(x, t) is symmetric and, for t ∈ [0, T ], it satisfies:

∂t∂x1u1[ρ̃](x = 0, t) ≥ 0; (and ∂x1u1[ρ̃](x = 0, t) ≥ ∂x1u1[ρ̃](x = 0, t = 0)); (2.5)

∂x1u1[ρ̃](x = 0, t) ≤ e−7M∂x1u1[ρ̃](x = 0, t = 0). (2.6)

Proof. First, recall the explicit formula in (2.2):

∂x1u1[ρ̃](x = 0, t) = 1 
π

∫︂
R2

y2(y2
2 − 3y2

1)
|y|6 ρ̃(t, y1, y2) dy1 dy2.

In polar coordinates (y′1, y′2) = r′(cosα′, sinα′), it reads

∂x1u1[ρ̃](x = 0, t) = 1 
π

2π ∫︂
0 

∞ ∫︂
0 

− sin(3α′)
(r′)2 ρ̃(t, r′, α′) dr′ dα′. (2.7)

Notice that if ρ̃in(x)x2 < 0, then using (2.2)

∂x1u1[ρ̃](x = 0, t = 0) < 0 for supp(ρ̃in(x)) ∈ 𝒟 with ℭ > tan π

3 
=

√
3.

We need to estimate ∂x1u1[ρ̃](x = 0, t). Let us consider the flow map Φ(x1, x2, t) =
(φ1(x1, t), φ2(x2, t))T associated with the transport equation (2.4). Explicitly, we have 
that

Φ(x1, x2, t) =
(︃
φ1(x1, t)
φ2(x2, t)

)︃
=
(︃
x1 0
0 x2

)︃(︃
e
∫︁ t
0 k(τ) dτ

e−
∫︁ t
0 k(τ) dτ

)︃
. (2.8)

Inserting the above into (2.2) and relying on the change of coordinates induced by the 
flow map yields

∂x1u1[ρ̃](x = 0, t) = 1 
π

∫︂
R2

y2(y2
2 − 3y2

1)
|y|6 ρ̃in

(︁
φ−1

1 (y1, t), φ−1
2 (y2, t)

)︁
dy1 dy2

= 1 
π

∫︂
R2

φ2(φ2
2 − 3φ2

1)
|Φ|6 ρ̃in(y1, y2) dy1 dy2. (2.9)
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First, we would like to show that ∂x1u1[ρ̃](x = 0, t) < 0 for all t ∈ [0, T ]. To ensure that, 
since ρ̃inφ2 < 0, we want φ2

2 − 3φ2
1 > 0, which amounts at requiring

|y2|2 > 3e4
∫︁ t
0 k(τ) dτ |y1|2, (2.10)

and this is satisfied as soon as we choose ℭ ≥ √
3 in (2.3) as k(t) < 0. 

Now, upon relying on the change of coordinates induced by the flow map, consider

∂t∂x1u1[ρ̃](x = 0, t) = 4 
π

∫︂
R2

+

∂t

(︃
φ2(y2, t)(φ2

2(y2, t) − 3φ2
1(y1, t))

|Φ(y1, y2, t)|6
)︃
ρ̃in(y1, y2) dy1 dy2

= 4k(t)
π

∫︂
R2

+

φ2(y2, t)(3φ4
2(y2, t) + 15φ4

1(y1, t) − 30φ2
1(y1, t)φ2

2(y2, t))
|Φ(y1, y2, t)|8 ρ̃in(y1, y2) dy1 dy2.

(2.11)

Since k(t) < 0 and φ2(y2, ·)ρ̃in(y1, y2) < 0 for (y1, y2) ∈ supp(ρ̃in), we would like to prove 
that

30φ2
1(y1, t)φ2

2(y2, t) ≤ 3φ4
2(y2, t) + 15φ4

1(y1, t), (2.12)

namely

30y2
1y

2
2 ≤ 3e−4

∫︁ t
0 k(τ) dτy4

2 + 15e4
∫︁ t
0 k(τ) dτy4

1 .

This is true as soon as

30y2
1y

2
2 ≤ 3e−4

∫︁ t
0 k(τ) dτy4

2 ,

which holds provided that

|y2| ≥
√

10e2
∫︁ t
0 k(τ) dτ |y1|.

In the definition of the domain (2.3), we then require

ℭ ≥
√

10.

It remains to show the last inequality:

∂x1u1[ρ̃](x = 0, t)

= 4 
π

∫︂
R2

+

e−
∫︁ t
0 k(τ) dτy2

(︂
e−2

∫︁ t
0 k(τ) dτy2

2 − 3e2
∫︁ t
0 k(τ) dτy2

1

)︂
(︂
e2

∫︁ t
0 k(τ) dτy2

1 + e−2
∫︁ t
0 k(τ) dτy2

2

)︂3 ρ̃in(y1, y2) dy1 dy2
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≤ 4 
π

∫︂
R2

+

e−
∫︁ t
0 k(τ) dτy2

(︂
e−2

∫︁ t
0 k(τ) dτy2

2 − 3e2
∫︁ t
0 k(τ) dτy2

1

)︂
(︂
e−2

∫︁ t
0 k(τ) dτ |y|2

)︂3 ρ̃in(y1, y2) dy1 dy2

= 4e7
∫︁ t
0 k(τ) dτ

π

∫︂
R2

+

y2

|y|6
(︂
e−4

∫︁ t
0 k(τ) dτy2

2 − 3y2
1

)︂
ρ̃in(y1, y2) dy1 dy2

= 4e7
∫︁ t
0 k(τ) dτ

π

∫︂
R2

+

y2

|y|6
(︁
y2
2 − 3y2

1
)︁
ρ̃in(y1, y2) dy1 dy2

+ 12e7
∫︁ t
0 k(τ) dτ

π

∫︂
R2

+

y2

|y|6
(︂
e−4

∫︁ t
0 k(τ) dτ − 1

)︂
y2
2 ρ̃in(y1, y2) dy1 dy2

≤ 4e−7M∂x1u1[ρ̃](x = 0, t = 0),

where the last inequality holds since 
(︂
e−4

∫︁ t
0 k(τ) dτ − 1

)︂
> 0 (as k(t) < 0) and y2ρ̃in <

0. □
Lemma 2.3 allows us to derive useful properties of the solutions we construct; however, 

it is applicable only when k(t) < 0. Specifically, we will apply this lemma in the case 
where ∂x1u1 < 0, which is precisely the setting of the preceding Lemma 2.2.

3. Gluing interior and exterior approximate solutions

Now, after proving the stability of the deformation at the origin over time in 
Lemma 2.3, we approximate the solution to our equations with different layers and 
for that we need a gluing lemma.

Lemma 3.1. Let T > 0,M > 0 be given. For t ∈ [0, T ], let ρ(x, t) ∈ C([0, T ];H4(R2))
be a symmetric solution, in the sense of Definition 1.7, to the IPM equation (IPM) with 
stable initial data (1.9). Furthermore, assume that supp(ρ(x, t)) ∩ Bδ(0) = ∅ for some 
δ > 0, and let f(x) be a compactly supported H4(R2) function. Setting

k(t) = (∂x1u1[ρ])(x = 0, t) < 0, −
T∫︂

0 

k(t) dt ≤ M,

introduce{︄
∂tρ̄λ,inter(x, t) + u[ρ̄λ,inter] · ∇ρ̄λ,inter + k(t)(x1,−x2) · ∇ρ̄λ,inter = 0,
ρ̄λ,inter(x, 0) = f(λx)

λ ,
(3.1)

{︄
∂tρ̃ext(x, t) + u[ρ̃λ,inter + ρ̃ext] · ∇ρ̃ext = 0,
ρ̃ext(x, 0) = ρ(x, 0) = −x2 + ρin(x),

(3.2)
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{︄
∂tρ̃λ,inter(x, t) + u[ρ̃λ,inter + ρ̃ext] · ∇ρ̃λ,inter = 0,
ρ̃λ,inter(x, 0) = f(λx)

λ .

Assume that ∥ρ(x, t) + x2∥H4 and 
⃦⃦
λρ̄λ,inter

(︁
x 
λ , t

)︁⃦⃦
H4 are uniformly bounded for t ∈

[0, T ], λ > 1. Then, there exists a constant C > 0, depending on δ > 0, T , M , ∥ρ(x, t)+
x2∥H4 , ∥λρ̄λ,inter(x 

λ , t)∥H4 , such that, for λ > 0 large enough, the following estimates 
hold:

∥ρ(x, t) − ρ̃ext(x, t)∥H3 ≤ Ctλ−1, ∂t∥ρ(x, t) − ρ̃ext(x, t)∥H3 ≤ Cλ−1, (3.3)⃦⃦⃦
λρ̃λ,inter

(︂x 
λ

)︂
− λρ̄λ,inter

(︂x 
λ

)︂⃦⃦⃦
H3

≤ Ctλ−1,

∂t

⃦⃦⃦
λρ̃λ,inter

(︂x 
λ

)︂
− λρ̄λ,inter

(︂x 
λ

)︂⃦⃦⃦
H3

≤ Cλ−1. (3.4)

Finally, ∥ρ̃ext(x, t) +x2∥H4 and 
⃦⃦
λρ̃λ,inter

(︁
x 
λ

)︁⃦⃦
H4 are uniformly bounded with respect to 

λ for all t ∈ [0, T ].

Remark 3.2. Notice that ρ̃ext(x, t) + ρ̃λ,inter(x, t) is simply the solution to (IPM) with 
initial conditions ρ(x, 0)+ρ̃λ,inter(x, 0). On the other hand, ρ(x, t)+ρ̄λ,inter(x, t) represents 
our naive approximation. Here, we demonstrate that under certain circumstances, we can 
significantly reduce the error of our approximation (in appropriate spaces).

Remark 3.3. To ensure that we can find a solution ρ(x, t) with the properties required in 
the statement of Lemma 3.1, we apply Lemma 2.1 yielding an initial datum ρin(x) such 
that, for some δ0 > 0,

supp(ρ(x, 0)) = supp(−x2 + ρin(x)) ⊂ R2 \Bδ0 .

Notice that such ρin(x) is also involved in the initial datum of ρ̃ext(x, t). Next, Lemma 2.2
provides an exact solution ρ(x, t) to (IPM) with initial data as above, such that

supp(ρ(x, t)) ⊂ R2 \Bδ(0), δ ≤ δ0.

Proof of Lemma 3.1. By continuity in time, which is guaranteed by the well-posedness of 
the IPM equation (in this case in H3), since ρ(x, t) and ρ̃ext(x, t) depart from the same 
initial data as well as ρ̃λ,inter and ρ̄λ,inter, for any ϵ > 0 there exists Tϵ > 0 such that

∥ρ(x, t) − ρ̃ext(x, t)∥H3 ≤ ϵ, 
⃦⃦⃦
λρ̃λ,inter

(︂x 
λ
, t
)︂
− λρ̄λ,inter

(︂x 
λ
, t
)︂⃦⃦⃦

H3
≤ ϵ, t ∈ [0, Tϵ].

By using the hypotheses, this gives

∥ρ̃ext(x, t) + x2∥H3 ≤ C + ϵ, 
⃦⃦⃦
λρ̃λ,inter

(︂x 
λ
, t
)︂⃦⃦⃦

H3
≤ C + ϵ, (3.5)

for some constant C > 0. We will first show that, during the time when this holds, we 
can control the support of ρ̃λ,inter, ρ̃ext.
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3.0.1. Control of the support of ρ̃λ,inter, ρ̃ext
Let us introduce the support size

𝒮inf
λ (t) := inf{μ ∈ R+ : ρ̃λ,inter(t, x1, x2) = 0 for all |x1|2 + |x2|2 ≥ μ2}. (3.6)

Denoting by μ0 ∈ R+ the size of the support of f(x), at the initial time we have

𝒮inf
λ (0) = μ0

λ 
. (3.7)

Let Φ̃λ(x, t) = (φ̃λ
1 (x, t), φ̃λ

2 (x, t)) be the flow map associated with the equation for 
ρ̃λ,inter. We have

Φ̃λ(x, t) = x +
t ∫︂

0 

u[ρ̃λ,inter + ρ̃ext](Φ̃λ(x, s), s) ds. (3.8)

Then, by the Cauchy-Lipschitz Theorem, and since u[ρ̃λ,inter + ρ̃ext](x = 0) = 0,

μ0

λ 
e−t supτ∈[0,t] ∥u[ρ̃λ,inter+ρ̃ext](τ)∥C1 ≤ 𝒮inf

λ (t) ≤ μ0

λ 
et supτ∈[0,t] ∥u[ρ̃λ,inter+ρ̃ext](τ)∥C1 . (3.9)

Using that, for λ ≥ 1

∥f(x, t)∥C1 ≤
⃦⃦⃦
λf

(︂x 
λ
, t
)︂⃦⃦⃦

C1
,

we can bound

∥u[ρ̃λ,inter + ρ̃ext](x, t)∥C1 ≤ ∥u[ρ̃λ,inter](x, t)∥C1 + ∥u[ρ̃ext](x, t)∥C1

≤
⃦⃦⃦
λu[ρ̃λ,inter]

(︂x 
λ
, t
)︂⃦⃦⃦

C1
+ ∥u[ρ̃ext](x, t)∥C1

≤
⃦⃦⃦
λρ̃λ,inter

(︂x 
λ
, t
)︂⃦⃦⃦

H3
+ ∥u[ρ̃ext + x2](x, t) + u[−x2]∥C1 ≤ C,

where in the latter we used that u[−x2] = 0, the embedding H3(R2) ↪→ C1(R2) and 
(3.5). From (3.9), this implies that

μ0

λ 
e−tC ≤ 𝒮inf

λ (t) ≤ μ0

λ 
etC , (3.10)

where μ0 is fixed, while λ can be chosen big enough. Similarly, introducing

𝒮sup(t) := sup{μ ∈ R+ : ρ̃ext(t, x1, x2) = 0 for all |x1|2 + |x2|2 ≤ μ2}, (3.11)

at the initial time, by Lemma 2.1, we have

𝒮sup(0) = δ0.
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Again, by the Cauchy-Lipschitz Theorem, this is bounded at later times by

𝒮sup(t) ≥ δ0e−(C+ϵ)t.

We would like to ensure separation of the supports of ρ̃ext(x, t) and ρ̃λ,inter(x, t) for all 
times t ∈ [0, T ]. This amount at choosing λ big enough to satisfy

δ0e−(C+ϵ)t >
μ0

λ 
e(C+ϵ)t, t ∈ [0, T ]. (3.12)

This can be easily arranged by taking λ big.

3.0.2. Estimating ∥ρ̃ext − ρ∥H3

In the course of the proof, we drop the subscripts ``inter, ext''. Consider now the 
equation for the difference

∂t(ρ̃− ρ) + u[ρ̃λ + ρ̃] · ∇(ρ̃− ρ) + u[ρ̃λ + ρ̃− ρ] · ∇ρ = 0. (3.13)

Multiplying by (ρ̃− ρ), we obtain

1
2
d 
dt

∥ρ̃− ρ∥2
L2 + (u[ρ̃λ + ρ̃− ρ] · ∇ρ, ρ̃− ρ)L2 = 0. (3.14)

Differentiating in space, we get

∂tD
j(ρ̃− ρ) + u[ρ̃λ + ρ̃] · ∇Dj(ρ̃− ρ) + [Dj , u[ρ̃λ + ρ̃]] · ∇(ρ̃− ρ) + u[ρ̃λ + ρ̃− ρ] · ∇Djρ

+ [Dj ,u[ρ̃λ + ρ̃− ρ]] · ∇ρ = 0. (3.15)

We want to get an estimate of the difference in H3 (notice that if j = 3, then the second
to-last addend above contains the term ∇D3ρ, whose control needs D4ρ in L2). Taking 
the scalar product against Dj(ρ̃− ρ),

d 
dt

∥Dj(ρ̃− ρ)∥2
L2 ≲ ∥[Dj ,u[ρ̃λ + ρ̃− ρ]] · ∇(ρ̃− ρ)∥L2∥Dj(ρ̃− ρ)∥L2

+ ∥[Dj ,u[ρ]] · ∇(ρ̃− ρ)∥L2∥Dj(ρ̃− ρ)∥L2

+ ∥[Dj ,u[ρ̃λ + ρ̃− ρ]] · ∇ρ∥L2∥Dj(ρ̃− ρ)∥L2

+ |(u[ρ̃λ + ρ̃− ρ] · ∇Djρ,Dj(ρ̃− ρ))L2 |
≲ ∥[Dj ,u[ρ̃λ]] · ∇(ρ̃− ρ)∥L2∥Dj(ρ̃− ρ)∥L2

+ ∥[Dj ,u[ρ̃− ρ]] · ∇(ρ̃− ρ)∥L2∥Dj(ρ̃− ρ)∥L2

+ ∥[Dj ,u[ρ]] · ∇(ρ̃− ρ)∥L2∥Dj(ρ̃− ρ)∥L2

+ |([Dj ,u[ρ̃λ]] · ∇ρ,Dj(ρ̃− ρ))L2 |
+ ∥[Dj ,u[ρ̃− ρ]] · ∇ρ∥L2∥Dj(ρ̃− ρ)∥L2



20 R. Bianchini et al. / Journal of Functional Analysis 289 (2025) 111097 

+ |(u[ρ̃λ] · ∇Djρ,Dj(ρ̃− ρ))L2 | + |(u[ρ̃− ρ] · ∇Djρ,Dj(ρ̃− ρ))L2 |.

To bound the third-to-last line, we use that

u[ρ] = u[ρ + x2].

Relying on the boundedness of (composition of) Riesz Transform in L2-based spaces and 
recalling that ρ + x2 ∈ H4 yields

d 
dt

∥Dj(ρ̃− ρ)∥2
L2 ≲ (∥ρ + x2∥H3 + ∥ρ̃− ρ∥H3 + ∥ρ̃λ∥H3)∥ρ̃− ρ∥2

H3

+ |([Dj ,u[ρ̃λ]] · ∇ρ,Dj(ρ̃− ρ))|
+ |(u[ρ̃λ] · ∇Djρ,Dj(ρ̃− ρ))L2 | + |(u[ρ̃− ρ] · ∇Djρ,Dj(ρ̃− ρ))L2 |.

(3.16)

Among the remaining terms above, there is in particular

([Dj ,u[ρ̃λ]] · ∇ρ,Dj(ρ̃− ρ)).

We notice, thanks to Leibniz rule and the λ-scaling, that the potentially most dangerous 
among the above terms is

|(Dju[ρ̃λ] · ∇ρ,Dj(ρ̃− ρ))L2 | ≲ ∥Dju1[ρ̃λ]∂x1ρ∥L2∥ρ̃− ρ∥H3

+ ∥Dju2[ρ̃λ]∂x2ρ∥L2∥ρ̃− ρ∥H3 . (3.17)

We treat the two terms above separately. We recall that by assumption, the support 
supp(ρ(x, ·)) ∩ Bδ(0) = ∅. Moreover, we know from Section 3.0.1 that supp(ρ̃λ(x, ·)) ∩
(R2 \ Bcλ−1(0)) = ∅ for some constant c > 0. These observations imply that we can 
simply estimate

∥Dju1[ρ̃λ]∥L2(R2\Bδ(0)) = ∥DjH1 ⋆ ρ̃λ∥L2(R2\Bδ(0))

≲

⃦⃦⃦
⃦⃦⃦
⃦

∫︂
Bcλ−1 (0)

1 
|x− y|2+j

|ρ̃λ(y, ·)| dy1 dy2

⃦⃦⃦
⃦⃦⃦
⃦
L2(R2\Bδ(0))

, (3.18)

where we noticed that the kernel H1 in (1.4) satisfies

|DjH1(x− y)| ≲ 1 
|x− y|2+j

. (3.19)

By the elementary inequality
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|x− y| ≥ ∥x| − |y∥ ≥ δ − cλ−1 ≥ δ

2 (3.20)

for any given δ > 0 and for all λ > 0 large enough, and using Young convolution 
inequality

∥Dju1[ρ̃λ]∥L2(R2\Bδ(0)) ≲ C(δ)∥ρ̃λ∥L2 .

This gives the estimate

∥Dju1[ρ̃λ]∂x1ρ∥L2(R2\Bδ(0)) ≲ ∥Dju1[ρ̃λ]∥L2(R2\Bδ(0))∥∂x1ρ∥L∞ ≲ C(δ)∥ρ̃λ∥L2∥∇ρ∥L∞

(3.21)

and, recalling that the initial data satisfy ∥ρ̃λ(x, 0)∥L2 = λ−1∥f(λx)∥L2 ≲ λ−2, thanks 
to the conservation of the L2 norm of ρ̃λ we have

∥ρ̃λ∥L2 ≲ λ−2, (3.22)

yielding the following estimate

∥Dju1[ρ̃λ]∂x1ρ∥L2∥ρ̃− ρ∥H3 ≲ C(δ)∥ρ̃− ρ∥H3λ−2, (3.23)

where, writing

∂x1ρ = ∂x1(ρ + x2),

we used Sobolev embedding

∥∂x1(ρ + x2)∥L∞ ≲ ∥ρ + x2∥H4 ,

and the boundedness of ∥ρ + x2∥H4 .
The second addend in (3.17), which involves Dju2[ρ̃λ], can be bounded exactly in the 

same way.
For the last two terms in (3.16), once again we write

∇Djρ = ∇Dj(ρ + x2) −Dj

(︃
0
1

)︃
,

so that

|(u[ρ̃λ] · ∇Djρ,Dj(ρ̃− ρ))L2 | + |(u[ρ̃− ρ] · ∇Djρ,Dj(ρ̃− ρ))L2 |
≲ (∥ρ̃λ∥L2 + ∥ρ̃− ρ∥L2)∥ρ̃− ρ∥H3(1 + ∥ρ + x2∥H4).

Altogether,
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d 
dt

∥Dj(ρ̃− ρ)∥2
L2 ≲ (1 + ∥ρ + x2∥H4)∥ρ̃− ρ∥2

H3 + λ−2(1 + ∥ρ + x2∥H4)∥ρ̃− ρ∥H3 .

(3.24)

Integrating in time and applying Grönwall’s inequality yields

∥ρ̃− ρ∥2
H3 ≲ eC(δ,∥ρ+x2∥L∞

t H4 )t
λ−2t, (3.25)

where C(δ, ∥ρ + x2∥L∞
t H4) denotes a constant depending on δ, ∥ρ + x2∥L∞

t H4 .

3.0.3. Estimate of the difference 
⃦⃦
λρ̃λ,inter

(︁
x
λ , t

)︁− λρ̄λ,inter
(︁
x
λ , t

)︁⃦⃦
H3

We drop the subscript ``inter'' for simplicity. Consider the scaled unknowns

r̃(x, ·) := λρ̃λ

(︂x 
λ
, ·
)︂
, r̄(x, ·) := λρ̄λ

(︂x 
λ
, ·
)︂
. (3.26)

They satisfy the equations

∂tr̄ + u[r̄] · ∇r̄ + (∂x1u1[ρ])(x = 0, t)(x1,−x2) · ∇r̄ = 0, (3.27)

∂tr̃ + u[r̃] · ∇r̃ + λu
[︂
ρ̃
(︂x 
λ

)︂]︂
· ∇r̃ = 0. (3.28)

Taking the difference yields

∂t(r̄ − r̃) + u[r̄] · ∇(r̄ − r̃) + (u[r̄] − u[r̃]) · ∇r̃ + (∂x1u1[ρ])(x = 0, t)(x1,−x2) · ∇r̄

− λu
[︂
ρ̃
(︂x 
λ

)︂]︂
· ∇r̃ = 0.

We can then use that r̃ = (r̃ − r̄) + r̄ and write the equation as

∂t(r̄ − r̃) + u[r̄] · ∇(r̄ − r̃) + (u[r̄] − u[r̃]) · ∇[(r̃ − r̄) + r̄] − λu
[︂
ρ̃
(︂x 
λ

)︂]︂
· ∇(r̃ − r̄)

− λu
[︂
ρ̃
(︂x 
λ

)︂]︂
· ∇r̄ + (∂x1u1[ρ])(x = 0, t)(x1,−x2) · ∇r̄ = 0. (3.29)

Taking a D3 derivative, multiplying by D3(r̄− r̃), the first three terms are easily taken 
into account by a term of the form

∥r̄ − r̃∥2
H3(∥r̄ − r̃∥H3 + ∥r̄∥H4 + ∥ρ̃∥H3).

The last two terms can be written as

(∂x1u1[ρ])(x = 0, t)(x1,−x2) · ∇r̄ − λu
[︂
ρ̃
(︂x 
λ

)︂]︂
· ∇r̄

= (∂x1u1[ρ])(x = 0, t)(x1,−x2) · ∇r̄

+
(︂
(∂x1u1[ρ])(x = 0, t) (x1,−x2) − λu

[︂
ρ̃
(︂x 
λ

)︂]︂)︂
· ∇r̄

= I1 + I2. (3.30)
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First, relying on (3.3), the control of the support of ρ(x, t) and ρ̃(x, t) in Section 3.0.1
(that is at least δ-far from 0), and the control of the support of r̄ in (3.27), which follows 
from the control of ∂x1u1[ρ](x = 0, t) and the bootstrap assumptions for r̄, and using 
Cauchy-Schwarz inequality,

|(I1, r̄ − r̃)L2 | ≲ λ−1∥∇r̄∥L∞∥r̄ − r̃∥L2 , (3.31)

and

|(I1, r̄ − r̃)H3 | ≲ λ−1∥r̄∥H4∥r̄ − r̃∥H3 , (3.32)

where ∥r̄∥H4 is uniformly bounded by hypothesis.
To deal with I2, we perform a Taylor expansion at first order of the velocity. That is, 

using the symmetry to cancel the first (0-th order) term, we write, for x ∈ supp(r̄)

⃓⃓⃓
(∂x1u1[ρ̃](0, t)) · (x1,−x2)t − λu

[︂
ρ̃
(︂ · 
λ

)︂]︂
(x, t)

⃓⃓⃓
=
⃓⃓⃓
(∂x1u1[ρ̃](0, t)) · (x1,−x2)t − λu [ρ̃ (·)]

(︂x 
λ
, t
)︂⃓⃓⃓

≤ C∥u[ρ̃]∥C2(B c 
λ

(0))
|x|2
λ 

.

We then have

|(I2, r̄ − r̃)L2 | ≲ ∥r̄ − r̃∥L2

2 ∑︂
j=1 

λ−1∥u[ρ̃]∥C2
⃦⃦
x2
j∂xj

r̄
⃦⃦
L2

≲ λ−1∥u[ρ̃]∥C2(B c 
λ

(0))∥r̄ − r̃∥L2∥∇r̄∥L2∥x|2diam(supp(f(x))|2

≲ λ−1∥r̄ − r̃∥L2 ,

|(D3(I2), D3(r̄ − r̃))L2 | ≲ ∥r̄ − r̃∥H3

2 ∑︂
j=1 

λ−1∥u[ρ̃]∥C3
⃦⃦
x2
j∂xj

r̄
⃦⃦
H3

≲ λ−1∥u[ρ̃]∥C3(B c 
λ

(0))∥r̄ − r̃∥H3∥r̄∥H4∥x|2diam(supp(f(x))|2

≲ λ−1∥r̄ − r̃∥H3 ,

where we used that r̄ is uniformly bounded in H4 by hypothesis, f is compactly supported 
and, since u[ρ̃] = u[ρ̃ + x2], then, by using a similar argument about separation of 
supports as in (3.18) we get

∥u[ρ̃]∥C2(B c 
λ

(0)) ≲ ∥u[ρ̃ + x2]∥C2(B c 
λ

(0)) ≲ ∥ρ̃ + x2∥L2 .
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3.0.4. Estimate of ∥ρ̃ext(x, t) + x2∥H4 and 
⃦⃦
λρ̃λ,inter

(︁
x
λ

)︁⃦⃦
H4

Writing

ρ̃ext − ρ = (ρ̃ext + x2) − (ρ + x2),

we deduce that ρ̃ext + x2 is bounded in H3 by the first inequality in (3.3) and by the 
fact that ρ+x2 is bounded in H4 by assumption. Now, let us look again at the equation 
for ρ̃ext in (3.2) and notice that ρ̃ext + x2 solves

∂t(ρ̃ext(x, t) + x2) + u[ρ̃λ,inter + ρ̃ext + x2] · ∇(ρ̃ext(x, t) + x2) = u2[ρ̃ext(x, t) + x2].

We can now estimate the evolution of the norm ∥ρ̃ext + x2∥H4 , noticing that on the 
right-hand side there appears a second-order term given by

(Dju2, D
jρ) = −

⃦⃦⃦
∂x1(−Δ)− 1

2Djρ
⃦⃦⃦2

L2
,

which is non-positive. Since it contributes negatively, it can be disregarded in an upper
bound estimate. Then, we have

d 
dt

∥ρ̃ext + x2∥2
H4 ≲ (∥u[ρ̃λ,inter]∥H4(R2\Bδ(0)) + ∥ρ̃ext + x2∥H3)∥ρ̃ext + x2∥2

H4 ,

where ∥u[ρ̃λ,inter]∥H4(R2\Bδ(0)) is uniformly bounded by (3.18) and ∥ρ̃ext + x2∥H3 is also 
uniformly bounded, as just observed. The bound follows by Grönwall inequality. The 
same approach as before applies also for 

⃦⃦
λρ̃λ,inter

(︁
x 
λ

)︁⃦⃦
H4 , writing the equation for 

ρ̃λ,inter in the form

∂tρ̃λ,inter(x, t) + u[ρ̃λ,inter + ρ̃ext + x2] · ∇ρ̃λ,inter = 0,

and using that ∥ρ̃λ,inter∥H3 and ∥ρ̃ext +x2∥H4 are uniformly bounded. Continuity in time 
C([0, T ];H4(R2)) then follows by standard results from well posedness in H4 for IPM. 
This concludes the proof. □

The simplified equation (3.1) in Lemma 3.1 remains challenging to solve as, a priori, 
we grapple with the difficulty introduced by the quadratic term in (3.1). In the next 
lemma, we will obtain some properties for an approximation of (IPM).

Lemma 3.4. Given a constant M > 0, a time T > 0 and k(t) < 0 for all t ∈ [0, T ] such 
that M ≥ ∫︁ T

0 |k(t)| dt, and ρin(x) ∈ H4 compactly supported, then there exist C, a0 > 0
such that, for a ≤ a0, if we define

∂tρ̃ + (k(t)(x1,−x2)) · ∇ρ̃ = 0,

∂tρ̄ + (k(t)(x1,−x2) + u[ρ̄]) · ∇ρ̄ = 0,
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ρ̄(x, t = 0) = ρ̃(x, t = 0) = aρin(x),

(3.33)

then, for t ∈ [0, T ], we have ∥ρ̃− ρ̄∥H3 ≤ Ca2, and furthermore ∂t∥ρ̃− ρ̄∥H3 ≤ Ca2.

Proof. We start by noting that, taking derivatives D4 and multiplying by D4ρ̄ in the 
evolution equation for ρ̄, we get

1
2
d 
dt

∥ρ̄∥2
H4 ≲ |k(t)|∥ρ̄∥2

H4 + ∥ρ̄∥3
H4

so using ∥ρ̄(x, 0)∥H4 ≤ Ca a Grönwall type estimate gives, if a is small enough that

∥ρ̄∥H4 ≤ e2M∥ρ̄(x, 0)∥H4 = Ca.

If we now consider the equation for the difference

∂t(ρ̃− ρ̄) + (k(t)(x1,−x2)) · ∇(ρ̃− ρ̄) − u(ρ̄) · ∇ρ̄ = 0, (3.34)

and again we take derivatives D3 and the scalar product against D3(ρ̃− ρ̄), this yields

1
2
d 
dt

∥ρ̃− ρ̄∥2
H3 ≲ |k(t)|∥ρ̃− ρ̄∥2

H3 + ∥u(ρ̄) · ∇ρ̄∥H3∥ρ̃− ρ̄∥H3

≲ |k(t)|∥ρ̃− ρ̄∥2
H3 + ∥ρ̄∥2

H4∥ρ̃− ρ̄∥H3 , (3.35)

which, again, by a Grönwall type estimate, yields the desired estimate

∥ρ̃− ρ̄∥H4 ≲ Ca2, (3.36)

and going back to the evolution equation for the H3 norm gives the desired estimate for 
the derivative of the norm. □

To construct the solution that loses regularity, we will combine an infinite number of 
building blocks. We will use Lemma 3.1 and Lemma 3.4 to estimate the behavior of said 
building blocks in our construction. In particular, in the next lemma we will show that 
we can find appropriate building blocks such that, when we combine an infinite number 
of them, we can generate an infinite deformation around x = 0, see (3.37) below.

Lemma 3.5. Given ϵ1, ϵ2, ϵ3, T,M,K, d > 0, with K > 1, ϵ2, ϵ3 < 1, and a symmetric 
solution ρ(x, t) ∈ C∞ to (IPM) for t ∈ [0, T ], with stable initial conditions (1.9), such 
that ρ(x, t) + x2 ∈ H4 and supp(ρ(x, t)) ∩Bδ(0) = ∅ for some δ > 0, and
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k(t) = ∂x1u1[ρ](x = 0, t) < 0, −
T∫︂

0 

k(t) dt ≤ M,

∂tk(t) > −d, ∥ρ(x, t) + x2∥C1 < K, ∥ρ(x, t = 0) + x2∥H2 < ϵ1.

Then, we can find a function ρpert(x, 0) with

supp(ρ(x, 0)) ∩ supp(ρpert(x, 0)) = ∅,

such that the solution ρnew(x, t) to (IPM) with initial conditions ρ(x, t = 0) + ρpert(x, 0)
is symmetric, ρnew(x, t) + x2 ∈ H4, supp(ρnew(x, t)) ∩Bδnew

(0) = ∅ for some δnew > 0, 
and

knew(t) := ∂x1u1[ρnew](x = 0, t) < 0, 
T∫︂

0 

knew(t) dt ≤
T∫︂

0 

k(t) dt− ϵ2cM ,

∂tknew(t) > −d, (3.37)

∥ρnew(x, t) + x2∥C1 < K, ∥ρpert(x)∥H2 < ϵ2, ∥ρnew(x, t) − ρ(x, t)∥C1 < ϵ2, (3.38)

with cM > 0, a constant that depends only on M and decreases as M increases. Further
more, we have that

∥ρ(x, t) − ρnew(x, t)∥C2.5(R2\Bδ(0)) ≤ ϵ3, (3.39)

∥ρ(x, t) − ρnew(x, t)∥L2(R2) ≤ ϵ3. (3.40)

Proof. We consider an initial condition ρ(x, t = 0) + ρpert(x, t = 0), where ρpert(x, t =
0) = a f(λx)

λ , with f(x) symmetric, compactly supported, fulfilling the support and 
sign conditions of Lemma 2.3, together with supp f(x) ∩ B 1

4
(0) = ∅, and a ≤ a0 as 

in Lemma 3.4. First, note that for λ so big that

diam(supp(f(x))
λ 

< δ,

it holds

supp(ρ(x, 0)) ∩ supp(ρpert(x, 0)) = ∅. (3.41)

Now, we would like to prove that ρ(x, t) + ρpert(x, t), with ρpert(x, t) solving (2.4), is 
a good approximation of ρnew(x, t). It is easy to see that for t ∈ [0, T ], adjusting λ if 
needed,

supp(ρ(x, t)) ∩ supp(ρpert(x, t)) = ∅. (3.42)
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By (2.6) in Lemma 2.3, we have

T∫︂
0 

∂x1u1[ρ + ρpert](x = 0, t) dt

≤
T∫︂

0 

∂x1u1[ρ](x = 0, t) dt + e−7MT∂x1u1[ρ̃pert](x = 0, t = 0)

≤
T∫︂

0 

∂x1u1[ρ](x = 0, t) dt− C̃ae−7MT , (3.43)

where we used the scaling ρ̃pert(x, t = 0) = f(λx)
λ (where f(λx) is supported away from 

a ball centered in the origin of radius 1 
4λ), so that, in polar coordinates (r′, α′)

0 > ∂x1u1[ρ̃pert](x = 0, t = 0) =: −C̃

is uniformly bounded in λ. As ρpert(x, t) solves (2.4), relying on Lemma 3.4 we can 
introduce the approximation ρ̄pert(x, t), satisfying

∂tρ̄pert + (k(t)(x1,−x2) + u[ρ̄pert]) · ∇ρ̄pert = 0, (3.44)

with the same initial condition ρ̄pert(x, t = 0) = ρpert(x, t = 0). In fact, from Lemma 3.4
and Sobolev embedding, it follows that, after rescaling in λ,

∥(ρ̄pert − ρpert) (t, ·) ∥C1 ≤
⃦⃦⃦
λ (ρ̄pert − ρpert)

(︂
t,

· 
λ

)︂⃦⃦⃦
C1

≲
⃦⃦⃦
λ(ρ̄pert − ρpert)

(︂
t,

· 
λ

)︂⃦⃦⃦
H3

≲ a2t, (3.45)

∂t∥(ρ̄pert − ρpert)(t)∥C1 ≲ a2, (3.46)

where ≲ hides a constant independent of λ, a.
Now we appeal to Lemma 3.1. Specifically, as ρ̄pert(x, t) solves (3.1), we now introduce 

two functions ρ̃pert(x, t) - solving the last system in Lemma 3.1 - and ρ̃(x, t) - solving 
the second-to-last system in Lemma 3.1. This way, as pointed out after Lemma 3.1, 
ρ̃(x, t) + ρ̃pert(x, t) is an exact solution to (IPM) with initial data

ρ(x, t = 0) + ρ̃pert(x, t = 0) = ρnew(x, t = 0), (3.47)

where ρnew(x, t) ∈ C∞ is an exact solution to (IPM) as well, with the same initial 
conditions. By uniqueness, ρnew(x, t) and ρ̃(x, t) + ρ̃pert(x, t) must coincide at least for 
t ∈ [0, T ]. Notice that, if the hypotheses for Lemma 3.1 are fulfilled, it holds that
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∂t∥ρ̃− ρ∥H3 ≤ Cλ−1, ∥ρ̃− ρ∥H3 ≤ Ctλ−1, ∥ρ̃ + x2∥H4 ≤ C. (3.48)

Therefore, it remains to prove that ρ̄pert(x, t) as above is a good approximation to 
ρ̃pert(x, t). To apply Lemma 3.1, we need to verify that 

⃦⃦
λρ̄pert

(︁
x 
λ , t

)︁⃦⃦
H4 is uniformly 

bounded for all t ∈ [0, T ], where T > 0 is arbitrarily given by the statement of Lemma 3.5. 
To this end, first note that, by standard commutator estimates,

d 
dt

⃦⃦⃦
λρ̄pert

(︂x 
λ
, t
)︂⃦⃦⃦2

H4
≲
(︂
−k(t) +

⃦⃦⃦
λρ̄pert

(︂x 
λ
, t
)︂⃦⃦⃦

H4

)︂ ⃦⃦⃦
λρ̄pert

(︂x 
λ
, t
)︂⃦⃦⃦2

H4
,

which gives, simplifying the squares and introducing y(t) := e
∫︁ t
0 k(τ) dτ ⃦⃦λρ̄pert (︁x 

λ , t
)︁⃦⃦

H4 , 
the ODE

d 
dt

y(t) ≲ eMy(t)2

with initial data

y(0) =
⃦⃦⃦
λρ̄pert

(︂x 
λ
, t = 0

)︂⃦⃦⃦
H4

≲ a. (3.49)

Then, the existence time of 
⃦⃦
λρ̄pert

(︁
x 
λ , t

)︁⃦⃦
H4 is lower bounded as

Tρ̄pert
≥ C−1a−1, (3.50)

where C is independent of a, so that we can choose a small enough to deduce that ⃦⃦
λρ̄pert

(︁
x 
λ , t

)︁⃦⃦
H4 is uniformly bounded for all t ∈ [0, T ]. We can thus apply Lemma 3.1. 

From (3.4), it follows that
⃦⃦⃦
λρ̃pert

(︂x 
λ

)︂
− λρ̄pert

(︂x 
λ

)︂⃦⃦⃦
H3

≤ Ctλ−1, ∂t

⃦⃦⃦
λρ̃pert

(︂x 
λ

)︂
− λρ̄pert

(︂x 
λ

)︂⃦⃦⃦
H3

≤ Cλ−1.

(3.51)

Note that due to the C1 norm behavior under the scaling λf(·/λ), we have

∥ρ̃pert (x) − ρ̄pert (x)∥C1 ≤
⃦⃦⃦
λρ̃pert

(︂x 
λ

)︂
− λρ̄pert

(︂x 
λ

)︂⃦⃦⃦
C1

≤ C
⃦⃦⃦
λρ̃pert

(︂x 
λ

)︂
− λρ̄pert

(︂x 
λ

)︂⃦⃦⃦
H3

≤ Cλ−1t,

by Lemma 3.1. The estimate of the time derivative works similarly. Altogether, and using 
additionally that

∥∂xi
uj [g(x)]∥L∞ =

⃦⃦⃦
⃦∂xi

(︃
uj

[︃
g(λx)
λ 

]︃)︃⃦⃦⃦
⃦
L∞

, i, j ∈ {1, 2},

we obtain the following estimates:
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∂t∥(ρ̄pert − ρ̃pert)(t)∥C1 ≤ C(λ−1 + a2),

∥(ρ̄pert − ρ̃pert)(t)∥C1 ≤ Ct(λ−1 + a2), (3.52)

∂t∥u[ρ̄pert − ρ̃pert](t)∥C1 ≤ C(λ−1 + a2),

∥u[ρ̄pert − ρ̃pert](t)∥C1 ≤ Ct(λ−1 + a2).

Furthermore, from the evolution of ρ̄pert and Lemma 2.3, we have that

∥ρ̄pert(x, t)∥C1 ≤ CaeM , ∂t∂x1u1[ρ̄pert](x = 0, t) ≥ 0.

All of these conditions together and (3.43) imply that there exists some small a0(M)
depending only on M such that, for a ≤ a0, for λ big enough, we have for t ∈ [0, T ] that 
ρnew(x, t) ∈ H3 with

knew(t) = ∂x1u1[ρnew](x = 0, t) < 0, 
T∫︂

0 

knew(t) dt ≤
T∫︂

0 

k(t) dt− C̃ae−7M ,

∂tknew(t) > −d, ∥ρnew(x, t) + x2∥C1 < K,

∥ρnew(x, t) − ρ(x, t)∥C1 < C̄(λ−1 + a2 + aeM ).

For the inequality ∥ρnew(x, t)+x2∥C1 < K note that, since we had ∥ρ(x, t)+x2∥C1 < K

with strict inequality, we can always ensure that ∥ρ̃(x, t)+x2∥C1 < K by having ∥ρ̃−ρ∥C1

small enough. Furthermore, assuming without loss of generality a0(M) ≤ 1, and after 
taking λ big enough, we simply set

a = a0(M)e
−M

C̄

ϵ2
3 
,

so that we obtain the desired inequalities for ∥ρnew∥C1 and 
∫︁ T

0 knew(t) dt upon choosing 

cM = a0(M) C̃
3C̄ e−8M . Next, regarding the support, note that the property holds true at 

t = 0. Since u[ρnew](x = 0) = 0, the control of the C1 norm of the velocity ∥u[ρnew +
x2]∥C1 ≤ C (which follows by the H3 control of ρ̃(x, t)+x2 and ρ̃pert(x, t) by (3.3)-(3.4)) 
implies that our approach to the origin is only exponential. In particular, this implies 
that

supp(ρnew(x, t)) ∩Bδnew
(0) = ∅,

with

δnew ≥ c 
λ

eCt, t ∈ [0, T ],

and ensures that supp(ρ̃) ∩ supp(ρ̃pert) = ∅, by choosing λ so big that δ > c 
λeCT . Now 

consider, for t ∈ [0, T ],
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∥(ρnew − ρ)(t)∥C2.5(R2\Bδ(0)) = ∥(ρ̃ + ρ̃pert − ρ)(t)∥C2.5(R2\Bδ(0))

≤ ∥(ρ̃− ρ)(t)∥C2.5(R2\Bδ(0)),

where the second addend cancels since supp ρ̃pert ⊂ Bδ(0). We use that

∥(ρ̃− ρ)(t)∥C2.5(R2\Bδ(0)) ≲ ∥(ρ̃− ρ)(t)∥H3.6(R2),

where

∥(ρ̃− ρ)(t)∥H3.6 ≤ Cλ− 2
5

by interpolation between the control of ∥(ρ̃− ρ)(t)∥H3 ≲ Cλ−1 and ∥ρ̃− ρ∥H4 = ∥(ρ̃ +
x2) − (ρ + x2)∥H4 ≤ C in (3.48).

Finally note that

∥ρnew − ρ∥L2 ≤ ∥ρ̃− ρ∥L2 + ∥ρ̃pert∥L2 ≤ Cλ−1.

The proof is concluded. □
The previous lemma allows us to construct solutions with a small norm in H2 whose 

velocity generates a strong deformation near the origin. To establish our final result, we 
require another lemma that leverages this deformation to induce rapid growth in H2, 
by applying the deformation to functions that are mostly sinusoidal. However, before 
proving this, we need to introduce a brief auxiliary result that will allow us to obtain 
estimates for building blocks with this sinusoidal structure.

Lemma 3.6. Given R > 0 and j ∈ N ∪ 0, there exists a constant C > 0 such that, if f(x)
is a C∞ function with support in BR(0), then, for any A > 2 and any θ0 ∈ R,

∥u1[f(x) sin(Ax1 + θ0)]∥Cj ≤ C ln(A)Aj−1∥f∥Cj+2

∥u2[f(x) sin(Ax1 + θ0)]∥Cj ≤ C ln(A)Aj∥f∥Cj+1

∥u1[f(x) sin(Ax2 + θ0)]∥Cj ≤ C ln(A)Aj∥f∥Cj+1

∥u2[f(x) sin(Ax2 + θ0)]∥Cj ≤ C ln(A)Aj−1∥f∥Cj+2 .

Proof. First, let us recall that ∂xi
u[ρ] = u[∂xi

ρ] and thus if we prove the bounds in the 
L∞ case, we can obtain the estimates in Cj by taking derivatives. We will focus on the 
second component of the velocity, the other case being analogous. To show the required 
bound, we use that

u[ρ](x) = − 1 
2π

∫︂
R2

(x1 − y1)
|x− y|2 (∇⊥ρ)(y) dy.
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Notice that ⃓⃓⃓
⃓⃓⃓
⃓
∫︂

|h|≤ 1 
A

h1

|h|2 g(x + h) sin(Axi + Ahi + θ0) dh

⃓⃓⃓
⃓⃓⃓
⃓ ≤

C∥g∥L∞

A 
,

and integrating by parts with respect to h1,
⃓⃓⃓
⃓⃓⃓
⃓

∫︂
1≥|h|≥ 1 

A

h1

|h|2 g(x + h) sin(Ax1 + Ah1 + θ0) dh

⃓⃓⃓
⃓⃓⃓
⃓

≤ C

∫︂
1≥|h|≥ 1 

A

(︃
1 

|h|2 ∥g∥L∞ + 1 
|h| ∥g∥C1

)︃
1 
A

dh

+ C

∫︂
1≥|h2|≥ 1 

A

1 
|h2|

∥g∥L∞

A 
dh2

≤ C ln(A)∥g∥C1

A 
.

Next, using again integration by parts
⃓⃓⃓
⃓⃓⃓
⃓
∫︂

|h|≥1

h1

|h|2 g(x + h) sin(Ax1 + Ah1θ0) dh

⃓⃓⃓
⃓⃓⃓
⃓

=

⃓⃓⃓
⃓⃓⃓
⃓

∫︂
BR(−x)∩|h|≥1

h1

|h|2 g(x + h) sin(Ax1 + Ah1θ0) dh

⃓⃓⃓
⃓⃓⃓
⃓

≤ C

∫︂
BR(−x)∩|h|≥1

(︃∥g∥L∞

|h|2 + ∥g∥C1

|h| 
)︃

1 
A

dh

+ C

2R∫︂
0 

∥g∥L∞

A 
dh2

≤ C
∥g∥C1

A 

∫︂
BR(−x)∩|h|≥1

dh

+ C
∥g∥L∞

A 

≤ C∥g∥C1

A 
,
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so that

1 
2π

⃦⃦⃦
⃦⃦⃦∫︂
R2

− (x1 − y1)
|x− y|2 (∇⊥ρ)(y) dy

⃦⃦⃦
⃦⃦⃦
L∞

≤ C ln(A)∥g∥C1

A 
.

This way,

∥u2[f(x) sin(Ax1 + θ0)]∥L∞ ≤ C

⃓⃓⃓
⃓⃓⃓∫︂
R2

(x1 − y1)
|x− y|2 ((∂x1f)(y) sin(Ay1 + θ0)) dy

⃓⃓⃓
⃓⃓⃓

+ C

⃓⃓⃓
⃓⃓⃓∫︂
R2

(x1 − y1)
|x− y|2 (f(y)A cos(Ay1 + θ0)) dy

⃓⃓⃓
⃓⃓⃓

≤ C ln(A)∥f∥C2 ,

concluding the proof. □
In the next lemma, we prove that we can find building blocks, which look like the 

functions in Lemma 3.6, such that when combined with the rest of the solution will 
display rapid growth in H2.

Lemma 3.7. Given ϵ1, ϵ2, ϵ3,K, T,M, d > 0, and ρ(x, t) a symmetric solution to (IPM)
for t ∈ [0, T ], such that at the initial time ρ(x, t = 0) = −x2 + ρin(x) as in (1.9) (stable 
initial data), ρ(x, t) + x2 ∈ H4, supp(ρ(x, t)) ∩Bδ(0) = ∅ for some δ > 0, and such that

k(t) := ∂x1u1[ρ](x = 0, t) < 0, −
T∫︂

0 

k(t) dt = M,

∂tk(t) > −d, ∥ρ(x, t) + x2∥C1 < K, ∥ρ(x, t = 0) + x2∥H2 < ϵ1.

Then, we can find a function ρpert(x, t) such that, the solution ρnew(x, t) to (IPM) with 
initial conditions ρ(x, t = 0) + ρpert(x, t = 0) is symmetric, ρnew(x, t) + x2 ∈ H4 for 
t ∈ [0, T ], supp(ρnew(x, t)) ∩Bδnew

(0) = ∅ for some δnew > 0, and

knew(t) := ∂x1u1[ρnew(x, t)](x = 0) < 0, 
T∫︂

0 

knew(t) dt ≤
T∫︂

0 

k(t) dt + ϵ3, (3.53)

∂tknew(t) > −d, ∥ρnew(x, t) + x2∥C1 < K, ∥ρpert(x, t = 0)∥H2 < ϵ2, 

∥ρnew(x, t) − ρ(x, t)∥C1 < ϵ3, (3.54)

∥ρnew(x, t) + x2∥H2 ≥ ϵ2
10e 2Mt

T −Ttd. (3.55)
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Finally, we have that

∥ρ(x, t) − ρnew(x, t)∥C2.5(R2\Bδ(0)) ≤ ϵ3; (3.56)

∥ρ(x, t) − ρnew(x, t)∥L2(R2) ≤ ϵ3. (3.57)

Remark 3.8. We choose to prove the convergence in C2.5 for (3.56), but this could be 
done in any C2,α with α ∈ (0, 1).

Proof. We start by considering

ρpert,N (x) = f(Nx) sin(N1+ 1 
10x1)

N1+ 1
5

,

with f(x) a fixed, smooth, compactly supported odd-odd function f(x1, ·) = −f(−x1, ·), 
f(·, x2) = −f(·,−x2), and suppf ⊂ B1(0) \ B 1 

10
(0). We want to show that, for N

big enough, the solution ρnew,N (x, t) with initial conditions ρ(x, 0) + ρpert,N (x) has the 
desired properties. Note that ρnew,N (x, t) + x2 ∈ H3 at least for some short period of 
time, and for those times we can write ρnew,N (x, t) = ρN (x, t) + ρpert,N (x, t) with

∂tρN (x, t) + u[ρN + ρpert,N ](x, t) · ∇ρN (x, t) = 0,

ρN (x, 0) = −x2 + ρin(x), (3.58)

and

∂tρpert,N (x, t) + u[ρN + ρpert,N ](x, t) · ∇ρpert,N (x, t) = 0,

ρpert,N (x, 0) = f(Nx) sin(N1+ 1 
10x1)

N1+ 1
5

. (3.59)

We then hope that ρ(x, t) is a good approximation of ρN (x, t), and if we define

∂tρ̄pert,N (x, t) + (∂x1u1[ρN ](x = 0, t))(x1,−x2) · ∇ρ̄pert,N (x, t) = 0, (3.60)

ρ̄pert,N (x, 0) = f(Nx) sin(N1+ 1 
10x1)

N1+ 1
5

,

(3.61)

that ρ̄pert,N (x, t) is a good approximation of ρpert,N (x, t).
We will start by showing some control for the times t ∈ [0, tN ], where tN is the 

maximum time such that, for t ∈ [0, tN ], it holds that

• supt∈[0,tN ]∥ρN (x, t) − ρ(x, t)∥H3 ≤ 1 for t ∈ [0, tN ),
• ∥Nρpert,N ( x 

N , t) −Nρ̄pert,N ( x 
N , t)∥H3 ≤ 1 for t ∈ [0, tN ),

• ∥Nρ̄pert,N ( x 
N , t)∥H3 ≤ e3(M+T )∥Nρ̄pert,N ( x 

N , t = 0)∥H3 for t ∈ [0, tN ),
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and note that tN > 0 and that for the times considered we have ρnew,N (x, t) + x2 ∈ H3. 
We will assume, without loss of generality, that tN ≤ T . Note that, by the evolution equa
tion for ρN,pert, the bounds for k(t) and the (assumed) control of ∥ρN (x, t) − ρ(x, t)∥H3

we can bound

∥Nρ̄pert,N ( x 
N

, t)∥H3 ≤ e3
∫︁ T
0 ∂x1u1[ρN ](x=0,t)dt∥Nρ̄pert,N ( x 

N
, t = 0)∥H3

≤ e3(M+T )∥Nρ̄pert,N ( x 
N

, t = 0)∥H3 .

Using the properties for t ∈ [0, tN ], if we define K̄ := supt∈[0,tN ]∥u[ρnew](x, t)∥C1 , 
then, using that u[x2] = 0, that the scaling Nf(·/N) can only make the C1 norm grow 
for λ ≥ 1 and H3 ↪→ C1,

K̄ ≤ ∥u[ρN ](x, t)∥C1 + ∥u[ρpert,N ](x, t)∥C1 = ∥u[ρN + x2](x, t)∥C1 + ∥u[ρpert,N ](x, t)∥C1

∥u[ρN + x2](x, t)∥C1 + ∥Nu[ρpert,N ]( x 
N

, t)∥C1

≤ ∥ρN (x, t) + x2∥H3 + ∥Nρpert,N

(︂ x 
N

, t
)︂
∥H3

≤ ∥ρN (x, t) + x2∥H3 +
⃦⃦⃦
Nρ̄pert,N

(︂ x 
N

, t
)︂⃦⃦⃦

H3

+
⃦⃦⃦
Nρpert,N

(︂ x 
N

, t
)︂
−Nρ̄pert,N

(︂ x 
N

, t
)︂⃦⃦⃦

H3
≤ C,

where C > 0 does not depend on N , so in particular, since u[ρ](x = 0), the support of 
ρpert,N (x, t) is driven by the equation

Φ̇(x, t) = u[ρN + ρpert,N ](Φ(x, t))

and by the Cauchy-Lipschitz Theorem

|Φ(x, 0)|e−Ct ≲ |Φ(x, t)| ≲ |Φ(x, 0)|eCt.

Therefore,

supp(ρpert,N ) ⊂ {x : |x| ≤ N−1eCt} (3.62)

and supp(ρN ) ∩ Bδ(0) = ∅ for some small δ > 0, so that for N big we have separation 
between the supports of ρpert,N and ρN and therefore, for any i = 0, 1, 2, 3, for |x| ∈
supp(ρN ), and calling Di an arbitrary derivative of order i

|Diu[ρpert,N ](x)| ≤ C
∥ρpert,N∥L1

|x|2+i
≤ Ci

|x|2+iN3 ,

and note that the same bound holds for |x| ∈ supp(ρ). Now, defining W := ρN (x, t) −
ρ(x, t), we have that
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∂tW + u[W + ρ] · ∇W + u[W ] · ∇ρ + u[ρpert,N ] · ∇(W + ρ) = 0.

This system allows us to obtain bounds for the evolution of the H3 norm of W , namely

∂t∥W∥H3 ≤ C[∥W∥H3(∥W∥H3 + ∥ρ(x, t) + x2∥H4 + ∥u[ρpert,N ]∥C3(supp(W )))

+ ∥u[ρpert,N ] · ∇ρ∥H3 ].

But then, using that

∥u[ρpert,N ] · ∇ρ∥H3 ≤ C

N3 (1 + ∥ρ + x2∥H4)

and ∥ρ + x2∥H4 ≤ C, and restricting ourselves to times such that ∥W∥H3 ≤ 1 we have

∂t∥W∥H3 ≤ C∥W∥H3 + C

N3 .

This gives us ∥W∥H3 ≤ 1 
N3 eCt, and in particular

∂t∥W∥H3 ≤ C

N3 , ∥W∥H3 ≤ Ct 
N3 . (3.63)

Next, we will compare ρ1(x, t) = Nρpert,N ( x 
N ) and ρ2(x, t) = Nρ̄pert,N ( x 

N ), which fulfill 
the evolution equations

∂tρ1(x, t) + (u[NρN ( · 
N

, t)](x, t) + u[ρ1](x, t)) · ∇ρ1(x, t) = 0, (3.64)

∂tρ2(x, t) + (∂x1u1[ρN ](x = 0, t))(x1,−x2) · ∇ρ2(x, t) = 0, (3.65)

ρ1(x, t = 0) = ρ2(x, t = 0) = f(x) sin(N 1 
10x1)

N
1
5

. (3.66)

Note that, by the boundedness assumption for ∥u[ρN + x2]∥C1 + ∥u[ρpert,N ]∥C1 , we 
know that supp(ρ1), supp(ρ2) ⊂ BC(0) for some constant C independent of N , as long 
as t ∈ [0,min(tN , T )]. Then, similarly as before, defining ρ1 = Wpert + ρ2, we have that

∂tWpert +
[︂
u[NρN ( · 

N
, t)](x, t) − ∂x1u1[ρN (·, t)](x = 0)(x1,−x2)

]︂
· ∇ρ2

+
[︂
u[NρN ( · 

N
, t)](x, t)

]︂
· ∇Wpert + [u[ρ2 + Wpert]] · ∇(Wpert + ρ2) = 0.

By taking derivatives in the evolution equation we can obtain

∂t∥Wpert∥2
H3 ≤C∥Wpert∥H3 [∥Wpert∥2

H3 +
3 ∑︂

j=0 
(∥Wpert∥H3−j∥ρ2∥C1+j )
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+
2 ∑︂

j=0 
∥Wpert∥H3−j∥u[ρ2]∥C1+j + ∥F∥H3

+
∑︂
i=1,2

∥Wpert∥H3∥(∂xi
ui[NρN ( · 

N
, t)](x, t)∥C3(supp(Wpert))], (3.67)

where

F := u[NρN ( · 
N

, t)](x, t) − ∂x1u1[ρN (·, t)](x = 0)(x1,−x2)] · ∇ρ2 + u[ρ2] · ∇ρ2.

Similarly, in L2 we have

∂t∥Wpert∥2
L2 ≤C∥Wpert∥L2 [∥Wpert∥L2∥ρ2∥C1 + ∥F∥L2 ]. (3.68)

To bound F , we first note that, if we define

D(t) = e−
∫︁ t
0 ∂x1u1[ρN (·,τ)](x=0) dτ , (3.69)

then

ρ2(x, t) = f(D(t)x1, D(t)−1x2)
sin(D(t)N 1 

10x1)
N

1
5

and since D(t) ≤ eM , we can apply Lemma 3.6, the bounds for the support of ρ2 and 
direct computations to get, for s ∈ [0, 3],

∥u1[ρ2]∂x1ρ2∥Hs ≤
s ∑︂

i=0 
∥u1[ρ2]∥Ci∥ρ2∥Hs+1−i ≤ C ln(N)

N
4−s
10 

∥u2[ρ2]∂x2ρ2∥Hs ≤
s ∑︂

i=0 
∥u1[ρ2]∥Ci∥ρ2∥Hs+1−i ≤ C ln(N)

N
4−s
10 

∥u[ρ2] · ∇ρ2∥Hs ≤ Cs ln(N)
N

4−s
10 

.

Furthermore, using the bounds for the support of ρN(x, t), for j = 0, 1, ...
⃦⃦⃦
⃦⃦ ∂j

∂xj−l
1 ∂xl

2
u[NρN ( · 

N
, t) + x2](x, t)

⃦⃦⃦
⃦⃦
L∞(BR(0))

≤
⃦⃦⃦
⃦⃦N1−j ∂j

∂xj−l
1 ∂xl

2
u[ρN (·, t) + x2](x, t)

⃦⃦⃦
⃦⃦
L∞(B R

N
(0))

≤ CR,jN
1−j∥ρN (·, t) + x2∥L2 ≤ CR,j

N j−1 ,
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and since ρN is symmetric, u[ρN ](x = 0) = 0,

∥[u[NρN ( · 
N

, t) + x2)](x, t) − ∂x1u1[ρN (·, t) + x2](x = 0)(x1,−x2)]∥C3(BR(0)) ≤ C

N
.

Since we also have that

∥ρ2∥Cj ≤ Cj

N
2−j
10 

using the bounds for the support of ρ2 we get, for s ∈ [0, 3],

⃦⃦⃦
[u[NρN ( · 

N
, t)](x, t) − ∂x1u1[ρN (·, t)](x = 0)(x1,−x2)] · ∇ρ2

⃦⃦⃦
Hs

≤ CN− 1−s
10 −1.

Combining these bounds together, we have, for s ∈ [0, 3],

∥F∥Hs ≤ C ln(N)N− 4−s
10 .

Then, applying (3.68) together with the bounds for ρ2, we have that, for t ∈ [0, tN ]

∥Wpert∥L2 ≤ Ct ln(N)
N

4 
10

, ∂t∥Wpert∥L2 ≤ C ln(N)
N

4 
10

.

Now, since for t ∈ [0, tN ] we have ∥Wpert∥H3 ≤ 1, we can apply the bound for Wpert

in L2, the interpolation inequality and the bounds for ρ2 to the evolution equation for 
∥Wpert∥H3 (3.67) to get

∂t∥Wpert∥H3 ≤C∥Wpert∥H3 + C ln(N)
N

1 
10

so that

∥Wpert∥H3 ≤ Ct ln(N)
N

1 
10

, ∂t∥Wpert∥H3 ≤ C ln(N)
N

1 
10

. (3.70)

Combining (3.63) and (3.70) and taking N big we have that tN ≥ T , and thus the bounds 
(3.63) and (3.70) are true for the times we consider.

We now note that, since ρnew,N is a solution to (IPM) with initial data of the form 
(1.9), we have that

∂t(ρnew,N + x2) + u[ρnew,N + x2] · ∇(ρnew,N + x2) − u2[ρnew,N + x2] = 0,

and so

∂t∥ρnew,N + x2∥H4 ≤ C(∥ρnew,N + x2∥H4∥ρnew,N + x2∥H3 + ∥ρnew,N + x2∥H4)
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so in particular the bounds we have obtained for the H3 norm of ρnew,N imply that it 
also belongs to H4 for t ∈ [0, T ]. We are now ready to start showing the properties of 
ρnew,N . First, we note that, if we choose f(x) such that ∥f(x)∥L2 = ϵ2

2 , then we have

∥ρpert,N (x, 0)∥H2 =

⃦⃦⃦
⃦⃦f(Nx) sin(N1+ 1 

10x1)
N1+ 1

5

⃦⃦⃦
⃦⃦
H2

≤ ϵ2
2 

+ C

N
1 
10
,

so that taking N big enough gives us ∥ρpert,N (x, 0)∥H2 ≤ ϵ2 as desired. Furthermore, we 
have

∥ρnew,N (x, t) − ρ(x, t)∥C1

≤ ∥ρN (x, t) − ρ(x, t)∥C1 + ∥ρpert,N (x, t) − ρ̄pert,N (x, t)∥C1 + ∥ρ̄pert,N (x, t)∥C1

≤ ∥ρN (x, t) − ρ(x, t)∥H3 +
⃦⃦⃦
Nρpert,N ( x 

N
, t) − ρ̄pert,N ( x 

N
, t)

⃦⃦⃦
H3

+ C

N
1 
10

≤ C ln(N)
N

1 
10

,

so taking N big we get ∥ρnew,N − ρ∥C1 ≤ ϵ3, ∥ρnew,N + x2∥C1 < K. Next, would like to 
show that ∂t∂x1u1[ρnew,N (x, t)](x = 0) > −d. Since

|∂t∂x1u1[ρnew,N − ρ]| = |∂t∂x1 [u1[ρN − ρ] + u1[ρpert,N − ρ̄pert,N ] + u1[ρ̄pert,N ]]|

|∂t∂x1u1[ρN − ρ]| ≤ ∂t∥ρN − ρ∥H3 ≤ C

N3 , (3.71)

|∂t∂x1u1[ρpert,N − ρ̄pert,N ]| ≤ ∂t∥ρpert,N − ρ̄pert,N∥H3 ≤ C ln(N)
N

1 
10

, (3.72)

which are as small as we want, we only need to worry about ∂t∂x1u1[ρ̄pert,N (·, t)]. But, 
using that

∂t∂x1u1[ρ̄pert,N (·, t)](x = 0) = ∂x1u1[∂tρ̄pert,N (·, t)](x = 0), (3.73)

it is enough to obtain bounds for ∥u1[∂tρ̄pert,N (·, t)]∥C1 . But, since

∂tρ̄pert,N (·, t) = −
[︄
k(t)(x1,−x2) · ∇

(︄
f(ND(t)x1, ND(t)−1x2)

sin(D(t)N1+ 1 
10x1)

N1+ 1
5

)︄]︄

and using

∥u1(∂tρ̄pert,N (·, t))∥C1 ≤
⃦⃦⃦
Nu1(∂tρ̄pert,N (·, t))

(︂ x 
N

, t
)︂⃦⃦⃦

C1

=

⃦⃦⃦
⃦⃦u1

(︄[︄
k(t)(x1,−x2) · ∇

(︄
f(D(t)x1, D(t)−1x2)

sin(D(t)N 1 
10x1)

N
1
5

)︄]︄)︄⃦⃦⃦
⃦⃦
C1

,
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where the argument of u1 can be written as the sum of functions of the form 
h(x) sin(D(t)N 1 

10x1 + θ0), ∥h(x)∥C1 ≤ C, we can apply Lemma 3.6 to get

∥u1(∂tρ̄pert,N (·, t))∥C1 ≤ C ln(N)
N

1 
10

.

With all these properties we get

∂t∂x1u1[ρnew,N ](x = 0, t) > ∂t∂x1u1[ρ](x = 0, t) − |∂t∂x1u1[ρnew,N − ρ](x = 0, t)|

> ∂t∂x1u1[ρ](x = 0, t) − C ln(N)
N

1 
10

,

and using that ∂t∂x1u1[ρ](x = 0, t) > −d and the continuity in time of ∂t∂x1u1[ρ](x =
0, t) for t ∈ [0, T ] we get, for big N ,

∂t∂x1u1[ρnew,N ](x = 0, t) > ∂t∂x1u1[ρ](x = 0, t) − |∂t∂x1u1[ρnew,N − ρ](x = 0, t)| > −d.

With this, we have all the conditions in (3.54). Furthermore, since

|∂t∂x1u1[ρnew,N ](x = 0, t) − ∂t∂x1u1[ρ](x = 0, t)| ≤ C ln(N)
N

1 
10

,

by taking N big we obtain (3.53). To finish, we note that, for N big,

∥ρnew,N + x2∥H2 ≥ ∥ρpert,N∥H2 ≥ ∥ρ̄pert,N∥H2 − ∥ρ̄pert,N − ρpert,N∥H2

≥ ∥ρ̄pert,N∥H2 −
⃦⃦⃦
Nρ̄pert,N ( x 

N
, t) −Nρpert,N ( x 

N
, t)

⃦⃦⃦
H2

≥ ∥ρ̄pert,N∥H2 − C

N
1 
10

≥ 3
4∥f(D(t)x1, D(t)−1x2)∂2

x1
( sin(ND(t)x1)

N
1 
10

)∥L2 − C

N
1 
10

≥ 3ϵ2
8 

D(t)2 − C

N
1 
10

≥ ϵ2
4 
D(t)2,

where in the second-to-last line we used the scaling oh the Ḣ2 so that the only remaining 
thing is to obtain lower bounds for

D(t) = e−
∫︁ t
0 k(s) ds,

with k(t) = (∂x1u1[ρ(·, t))](x = 0). Using the bound for the derivative of k(t), we have 
that k(t) + td is monotone increasing, and therefore

−
t ∫︂

0 

(k(s) + sd) ds ≥ − t 
T

T∫︂
0 

(k(s) + sd) ds = t 
T

(M − T 2d

2 
)
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where we used that, if g(t) is monotone decreasing, then, for t2 ≥ t1

1 
t1

t1∫︂
0 

g(s) ds ≥ 1 
t2

t2∫︂
0 

g(s) ds,

and thus

D(t) ≥ e tM
T − tTd

2 

as we wanted to prove. Finally, to prove (3.56), we note that

∥ρ(x, t) − ρnew∥C2.5(R2\Bδ) = ∥ρ(x, t) − ρN (x, t) + ρpert,N (x, t)∥C2.5(R2\Bδ)

= ∥ρ(x, t) − ρN (x, t)∥C2.5(R2\Bδ)

where we used that ρpert,N is supported in Bδ for N big (using (3.62)). But we already 
showed in (3.70) that

∥ρ(x, t) − ρN (x, t)∥H3(R2) ≤ Ct ln(N)
N

1 
10

;

∥ρnew(x, t) − ρ(x, t)∥H4 = ∥(ρnew(x, t) + x2) − (ρ(x, t) + x2)∥H4 ≤ C,

and thus taking N big and using interpolation and Sobolev embedding gives us the 
desired bound in C2.5. As for the L2 norm, we just use

∥ρnew(x, t) − ρ(x, t)∥L2 ≤ ∥ρ(x, t) − ρN (x, t)∥H3(R2) + ∥ρpert,N∥L2 ≤ Ct ln(N)
N

1 
10

which finishes the proof. □
4. Iterative construction: proof of Theorem 1.2

We will construct our solution using an iterative procedure

ρ(x, t) = limn→∞ρn.

We start by choosing ρ0(x, t). For this, given our value of ϵ, we apply Lemma 2.2 with 
ϵ0 = ϵ 

4 , and we call Tϵ the time T given by the lemma.
Note that ρ0(x, t)+x2 ∈ H4 for t ∈ [0, Tϵ], ∂t∂x1u1[ρ0](x, t) > −Kϵ, ∥ρ0(x, t)+x2∥C1 <

Kϵ for some Kϵ > 2, ∂x1u1[ρ0](x, t) < 0 and ρ0(x, t) is supported far from the origin and 
is symmetric. We define

M0 := −
Tϵ∫︂
0 

∂x1u1[ρ0](x = 0, t) dt
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and

δ0 := sup{δ : supp(ρ0(x, t)) ∩Bδ(0) = ∅ for all t ∈ [0, Tϵ]}.

We will now proceed to construct our solution inductively. We start by noting that, 
through the construction steps, both ρn and ρ̃n (both to be defined later) are symmetric. 
Now, given ρn, with

Mn := −
Tϵ∫︂
0 

∂x1u1[ρn](x = 0, t) dt,

δn := sup{δ : supp(ρn(x, t)) ∩Bδ(0) = ∅ for all t ∈ [0, Tϵ]},

we first construct ρ̃n the following way: we first apply Lemma 3.5 with ϵ1 = ∥ρn∥H2 , 
ϵ2 = ν

n+1 (ν small to be fixed later), ϵ3 = 4−n, T = Tϵ, K = d = Kϵ, M = Mn to obtain 
ρ̃n fulfilling, at the initial time

supp((ρ̃n − ρn)(x, 0)) ∩ supp(ρn(x, 0)) = ∅,

∥ρ̃n(x, 0) − ρn(x, 0)∥H2 ≤ ν

n + 1 , (4.1)

and, for all t ∈ [0, Tϵ],

k̃n(t) : = ∂x1u1[ρ̃n](x = 0, t) < 0, ∂tk̃n(t) > −Kϵ,

∥ρ̃n(x, t) + x2∥C1 < Kϵ, ∥ρ̃n(x, t) − ρn(x, t)∥C1 ≤ ν

n + 1 ,

∥ρ̃n(x, t) − ρn(x, t)∥C2.5(R2\Bδn ) ≤ 1 
4n , ∥ρ̃n(x, t) − ρn(x, t)∥L2(R2) ≤ 1 

4n ,

δ̃n := sup{δ : supp(ρ̃n(x, t)) ∩Bδ(0) = ∅ for all t ∈ [0, Tϵ]},

M̃n : = −
Tϵ∫︂
0 

∂x1u1[ρ̃n](0, t) dt ≥ Mn + ν

n + 1cMn
,

with cM the constant in Lemma 3.5.
If we just used ρn+1 = ρ̃n, this would allow us to construct a solution generating a 

velocity producing a very strong deformation at the origin, and an infinite deformation 
if we take the limit when n tends to ∞. However, this is not enough to ensure growth of 
the H2 norm. To make sure that the solution will grow appropriately, we add an extra 
perturbation ρn+1 = ρ̃n+ρpert using Lemma 3.7, with this perturbation growing rapidly 
in H2, which will ensure the desired growth.

However, to ensure that the added perturbation becomes large in H2, the deformation 
generated by ρ̃n must be sufficiently large. In order to do this, we will only add this 
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perturbation when the deformation generated by ρ̃n has grown enough, in particular we 
will add this perturbation every time eMn becomes bigger than 4k2 for some k.

With this in mind, if there is no k ∈ N such that eMn ≥ 4k2 , eMi < 4k2 for i =
0, 1, ..i, n− 1, we just define ρn+1(x, t) = ρ̃n(x, t).

If there is k ∈ N such that eMn ≥ 4k2 , eMi < 4k2 for i = 0, 1, ..i, n − 1 (we consider 
the biggest value if there is more than one k with these properties), then we can apply 
Lemma 3.7 with ϵ1 = ∥ρ̃n∥H2 , ϵ2 = ϵ 

82−k, ϵ3 = 4−n, T = Tϵ, K = d = Kϵ, M = M̃n to 
obtain ρn+1 fulfilling, at the initial time

supp((ρn+1 − ρ̃n)(x, 0)) ∩ supp(ρ̃n(x, 0)) = ∅, 

∥ρ̃n(x, 0) − ρn+1(x, 0)∥H2 ≤ ϵ2−k

8 
, (4.2)

and, for all t ∈ [0, Tϵ],

kn+1(t) : = ∂x1u1[ρn+1](x = 0, t) < 0, ∂tkn+1(t) > −Kϵ,

Mn+1 : = −
Tϵ∫︂
0 

∂x1u1(ρn+1(x, t)) dt ≥ Mn − 4−n + ν

n + 1cMn
,

∥ρn+1(x, t) + x2∥C1 < Kϵ, ∥ρn+1(x, t) − ρ̃n(x, t)∥C1 ≤ 4−n,

∥ρn+1(x, t) − ρ̃n(x, t)∥C2.5(R2\Bδ̃n
) ≤ 4−n, ∥ρn+1(x, t) − ρ̃n(x, t)∥L2(R2) ≤ 4−n,

δn+1 := sup{δ : supp(ρn+1(x, t)) ∩Bδ(0) = ∅ for all t ∈ [0, Tϵ]},

and using (3.55) we get

∥ρn+1(x, t)∥H2 ≥ ϵ2−k

40 
e

2Mnt
T −TtKϵ .

Note that, in particular, we always have that

∥ρn+1(x, t) − ρn(x, t)∥C2.5(R2\Bδn ) ≤ 2 
4n ,

∥ρn+1(x, t) − ρn(x, t)∥L2(R2) ≤ 2 
4n ,

and, denoting by D1 a generic derivative

|D1ρn+1(x = x0, t) −D1ρn(x = x0, t)| ≤

⎧⎪⎪⎨
⎪⎪⎩

2 
4n , x0 ∈ R2 \Bδn

2 
n+1 , x0 ∈ Bδn \Bδn+1

0, x0 ∈ Bδn+1

which implies that, for n2 ≥ n1
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∥ρn2(x, t) − ρn1(x, t)∥C1 ≤ 2 
n1 + 1 +

∞ ∑︂
j=n1

2 
4j

and thus it is a Cauchy sequence in C1. To finish the proof we now show that the limit 
function ρ∞(x, t) = limn→∞ρn(x, t) exists and has all the desired properties.

Step 1: Unboundedness of Mn.
We start by showing that the sequence given by Mn tends to infinity. For this we can 

argue by contradiction: Assume that

limn→∞Mn = M∞ < ∞.

Note that since Mn +
∑︁n

j=1 4−j is a monotone increasing sequence then either M∞ ∈ R

exists or Mn tends to infinity. Moreover, we know from Lemma 3.5 that cMn
> 0 is a 

constant that depends only on Mn and decreases as Mn increases. Then, we have that

Mn ≥ M0 +
n−1∑︂
j=0 

1 
j + 1cMj

−
∞ ∑︂
i=0 

4−k ≥ cM∞

n ∑︂
j=1 

1
j
− 2,

but since by hypothesis cM∞ is bounded from below and the harmonic series is divergent, 
then we must have M∞ = ∞.

Step 2: Convergence of the sequence and upper bounds
Let us now consider ρ∞, the limit in C1. If we consider n2 ≥ n1 fulfilling eMn1 ≥ 4k2 , 

using that, for n ≥ j

supp(ρn+1(x, 0) − ρn(x, 0)) ∩ supp(ρj(x, 0)) = ∅

which implies

supp(ρn+1(x, 0) − ρn(x, 0)) ∩ supp(ρj(x, 0) − ρj−1(x, 0)) = ∅

we have, from (4.1)-(4.2), that

∥ρn1(x, 0) − ρn2(x, 0)∥2
H2 =

n2−1∑︂
j=n1

∥ρj+1(x, 0) − ρj(x, 0)∥2
H2 ≤

n2∑︂
n1

ν2

(j + 1)2 +
∞ ∑︂
i=k 

ϵ2

644−i

which tends to 0 as n1, k tend to infinity, and therefore

limn→∞∥ρ∞(x, 0) − ρn(x, 0)∥H2 = 0,

so in particular, using again the separation of the supports at initial time

∥ρ∞(x, 0)∥2
H2 = ∥ρin(x, 0)∥2

H2 +
∞ ∑︂
j=0 

∥ρj+1(x, 0) − ρj(x, 0)∥2
H2
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≤ ϵ2

16 +
∞ ∑︂
j=0 

ν2

(j + 1)2 +
∑︂
i=1 

ϵ2

644−i

so by taking ν small enough, we get ∥ρ∞(x, 0)∥H2 ≤ ϵ. Finally, note that, for any 
n2 ≥ n1 ≥ n0 we have that

∥ρn2(x, t) − ρn1(x, t)∥C2.5(R2\Bδn0
(0)) ≤

∞ ∑︂
i=n1

ϵ 
84−i

and thus

limn→∞∥ρ∞(x, t) − ρn(x, t)∥C2.5(R2\Bδn0
(0)) = 0.

Step 3: existence of the solution ρ∞.
Using the convergence of ρn + x2 in C1 and L2 we get that

limn→∞∥u[ρ∞] − u[ρn]∥Cα = limn→∞∥u[ρ∞] − u[ρn]∥Cα = 0

for α < 1. In particular, integrating in time and passing to the limit we get

ρ∞(t2) − ρ∞(t1) = −
t2∫︂

t1

u[ρ∞] · ∇ρ∞dt.

Furthermore, since we actually have

limn→∞∥ρ∞(x, t) − ρn(x, t)∥C2.5(R2\Bδ)

for any δ > 0, this combined with the L2 convergence of ρn gives us

limn→∞∥u[ρ∞](x, t) − u[ρn](x, t)∥C2(R2\Bδ) = 0.

Note that we actually get better convergence, but it is enough for this proof to obtain it 
in C2. With this, after taking a spatial derivative in the evolution equation, integrating 
in time and passing to the limit

∂xi
ρ∞(t2) − ∂xi

ρ∞(t1) = −
t2∫︂

t1

∂xi
(u[ρ∞] · ∇ρ∞) dt,

for any x ̸= 0. With this we get that, for x ̸= 0, both ρ∞ and ∂xi
ρ∞ are Lipschitz in 

time, which in particular also gives us continuity in time for u[ρ∞], and thus we can pass 
to the limit t2 → t1 and obtain, for x ̸= 0

∂tρ∞(x, t) = −u[ρ∞](x, t) · ∇ρ∞(x, t).
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For x = 0, we just use that ρ∞(x = 0, t) = u[ρ∞](x = 0, t) = 0, ρ∞ ∈ C1, to get that

∂tρ∞(x = 0, t) = 0 = −u[ρ∞](x = 0, t) · ∇ρ∞(x = 0, t),

and thus ρ∞ is a classical solution to IPM.
Step 3: Properties of the limit solution. Note that, since we have showed the initial 

smallness in H2 of ρ∞ plus the fact that it is a solution, it is enough to now show that, 
for any t0 ∈ (0, Tϵ)

∥ρ∞(x, t0) + x2∥H2 = ∞.

Given some k ≥ 1, if we consider n such that eMn ≥ 4k2 , eMi < 4k2 for i = 0, 1, ..i, n− 1, 
then

∥ρ∞ + x2∥H2(R2\Bδn+1 ) ≥ ∥ρn+1 + x2∥H2(R2\Bδn+1 ) −
∞ ∑︂

j=n+1
∥ρj+1 − ρj∥H2(R2\Bδn+1 )

≥ ϵ
2−k

40 
e

2Mnt
T −Tt −

∑︂
j=n

2 
4n+1 ≥ ϵ

4 2kt
T − 1

2

40 
e−T 2 − 1

so in particular, for any t0 ∈ (0, T ), by taking k to infinity we get

∥ρ∞(x, t0) + x2∥H2 ≥ limk→∞cϵ4 2kt
T − 1

2 − 1 = ∞.

Step 4: Uniqueness. To show uniqueness, we just assume that another solution ρ̃∞ exists, 
and defining W (x, t) := −ρ∞(x, t)+ ρ̃∞(x, t), subtracting the evolution equations for ρ∞
and ρ̃∞ we get

∂tW = −u[W + ρ∞] · ∇W − u[W ] · ∇ρ∞ − u2[W ]

and thus

∂t∥W∥L2 ≤ C(1 + ∥ρ∞∥C1)∥W∥L2

and a Grönwall inequality gives us ∥W∥L2 = 0, which finishes the proof.
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