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1. Introduction

The Incompressible Porous Media (IPM) system in two space dimensions is an active
scalar equation given by:

atp +u- VP = 07
u=-kVP+gp, g=(0,—g)", (Darcy’slaw) (1.1)
V-u=0,

modeling the dynamics of a fluid of density p = p(z1,22,t) : R2 x R, — R through a
porous medium according to Darcy’s law. Here, x > 0 and g > 0 denote the permeability
coefficient and the gravitational acceleration, respectively. For simplicity, we assume
k = g = 1 in the subsequent analysis. We refer to [4] and references therein for further
explanations on the physical background and applications of this model. The active
velocity u = (u1, ug) of system (1.1) can be reformulated in terms of a singular integral
operator of degree 0 as follows

Op+u-Vp=0, (IPM)
u = (u1,u2) = —(Ra2, —R1)R1p,

where R, Ro denote the first and the second component of the Riesz transform in two

space dimensions
Ri=(-A)"Y29,,, Ro=(-A)"%9,, (1.2)

and can be written in terms of convolutions kernels in the two following equivalent ways
- up to an integration by parts, see for instance [6] -

u(z,-) =PV(H x p)(x,-) = PV((H1 % p)(, ), (Ha x p)(,-)) — %(0’/)(93’ ), (L3)

where
(11 (2). Hala)) = 5 (27252, %) , (14)
and
u(z,-) = (K *V*p)(@,) = (—(K * 0,p) (2, ), (K % 0z, p) (2, ), (1.5)
with
K@) = —— 21 (1.6)



R. Bianchini et al. / Journal of Functional Analysis 289 (2025) 111097 3

In this work, we study the IPM equation in the stable regime, specifically the system
(1.1) near the spectrally stable steady state profile

ﬁstable(x) = —I2. (17)

We will say that pstaple(,t) is a solution to the stable IPM equation if it fulfills

atpstau‘ble + u[pstable} : Vpstaﬂble — U2 [pstable] =0. (18)

Note that this is equivalent to study the solution to (IPM) with (stable) initial conditions

p(l‘,(]) = —T2 + pstable(zyo)- (19)

Furthermore, we will only consider classical solutions to the stable IPM equation belong-
ing to C1.

Remark 1.1. Tt can be observed from the proof that any sufficiently regular profile g(x2)
with ¢'(z2) < 0 could also be considered. The non-trivial challenge in extending the
results to this more general case lies in adapting the construction of the initial data, as
discussed below in Lemma 2.1.

1.1. Motivations and existing literature

A fundamental challenge in mathematical physics is to understand the behavior of
active scalar equations. This is particularly true when it comes to the study of equations
where the operator relating the velocity and the active scalar is a singular integral oper-
ator of zero order, as in the Constantin-Lax-Majda equation [5], the De Gregorio model
[8], the SQG equation [7] and, for systems, the Boussinesq equations [2].

Ill-posedness at critical regularity. While there have been several results of ill-posedness
of fluid-dynamics equations at super-critical regularity, here we are rather interested in
ill-posedness at critical regularity. In critical L°°-based spaces, equations whose trans-
port velocity is represented by singular integral operators of zero order are very likely
to be strongly ill-posed, due to the unboudedness of such singular integral operators in
L. In the case of the critical space W1°° for equations posed in R2, this was showed
in [11] for the SQG equation, in [10] for the Riesz Transform Problem and in [2] for the
Boussinesq equations. In critical L?-based spaces like H?(R?), the mechanism leading
to ill-posedness can be more subtle as singular integral operators of zero order behave
well in such ambient, see [7,11] for the ill-posedness of the SQG equation. Since there
are great similarities between the inviscid versions of the SQG and IPM equations, it
is very reasonable to expect that the same results regarding non-existence and strong
ill-posedness in H?(R?) for SQG would also hold for the IPM equation. This expectation
holds and, in particular, solutions with a strong deformation at the origin leading to our
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result of ill-posedness are constructed via an iteration method that is inspired by the
recent work [7] on the SQG equation, by the second and third author. However, de-
spite these similarities, important differences between the SQG and the IPM equations,
such as symmetries and (an-)isotropy, exist. A key distinguishing feature of the stable
IPM equation treated in this work, which necessitates, among the other things, a funda-
mentally different initialization of the iteration procedure employed here, is highlighted
below.

Ill-posedness in L?-based critical space despite the presence of dissipation. Animportant
point to stress is that the result of ill-posedness in H?(R?) presented in this paper holds
for the stable (IPM) equation, specifically for perturbations of the spectrally stable steady
state (1.7). This is a crucial novelty of this work, where ill-posedness is demonstrated in
an L2-based critical space, namely H?(R?), despite the presence of a linear dissipative
operator in the equations.

In fact, in the vicinity of a spectrally stable steady state (under the assumption
Or, Pstable () < 0), one might expect solutions to (IPM) to exhibit better behavior than
in the general case. This expectation is motivated by the partial dissipation induced by
the stable steady state.

Setting ppert(x,t) = p(z,t) + x2, where p(z,t) solves the IPM equation with initial
data (1.9), ppere(z,t) satisfies

8tppert + u[ppert] ' vppert = u2[ppe7't]7

where ug[ppert] = Rippert = (—A) 7102 ppert encodes (partial, anisotropic) dissipation
(in the horizontal direction of the Fourier space) as

1

(u2[ppert]s ppert) 12 = (=) 7102, pperts Ppert) 12 = —|[(=A) 720z, ppert|72-

In the critical space W', the effect of this partial dissipation is not able to prevent
strong ill-posedness, as proved in [2] for the Boussinesq equations (and the very same
argument can be applied to the stable IPM equation). However, in energy-based space
as H?, the stabilizing effect of the stable profile could potentially have an impact on
solutions’ behavior. In this work, we disprove this intuition for the IPM equation, showing
that it is strongly ill-posed even for small H? perturbation of a spectrally stable profile.

Small-scale formation. Recently, solutions to the IPM equation exhibiting infinite-in-
time growth of derivatives were constructed in [14]. In light of the results of the present
work, we can complement some of the findings reported in [14]. Specifically, in Theorem
1.1 in [14] we can deduce that the regularity parameter s must be strictly greater than
2; otherwise, a solution may not exist.

Well-posedness and stability results. We conclude this brief outline by quoting, on the
positive side, well-posedness results for the IPM equation in sub-critical regularity. The
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local existence and uniqueness for initial data p(z, 0) = pi,(z) € CH*(R?) with 0 < a < 1
was shown in [6] and the analogous result can be shown to be hold in sub-critical Sobolev
spaces H2T¢(R?), for any ¢ > 0. Due to aforementioned partially dissipative nature of
stable IPM, the long-time behavior of such equation is particularly interesting. Until
now, the best available result proves the global-in-time existence of small perturbations
of the stable profile for the IPM equation in H37¢(R?) (¢ > 0), as shown in the work
of the first author with Crin-Barat and Paicu [1]; see also [12] and the first result in
this direction by Elgindi in [9] and [4] for the strip (see also [15]). It is very likely that
the asymptotic stability holds in H?T¢(R?), for any e > 0, [3]. In particular, this last
observation motivates the relevance of the work of the present paper, which proves that
lowering the regularity assumption to H?(R?), the stability of the equations near the
stable profile fails in the worst possible way, as solutions blow up at any instant of time.

Future directions. Tt was recently discovered in [1] that the stable IPM equation can
be recovered as a relaxation limit of the two-dimensional Boussinesq equations with
damped velocity, near the stable profile (1.7). For the damped Boussinesq equations, the
asymptotic stability of the steady state (1.7) is known to hold in H3*, [1], and, as with
the IPM equation, at least some quantitative long-time stability is expected to hold in
o2,

We believe that an extension of our proof from the scalar equation to the case of
systems can be applied to demonstrate non-existence and strong ill-posedness in H?(R?)
for the damped two-dimensional Boussinesq equations near a stable profile in [1]. As
a byproduct, we expect to recover the same result for the two-dimensional Boussinesq
equations near a stable profile (without damping in the velocity equation). This re-
sult would be very interesting per se, as the understanding of stable dynamics for the
two-dimensional Boussinesq equations remains a widely open problem, with recent ad-
vancements in [13].

1.2. Main result

Our main result reads as follows.
Theorem 1.2 (Non existence and strong ill-posedness in H? for (IPM) near stable pro-
file). Given € > 0, we can find Tc > 0 and a function pi,(x) with ||pm| m2®2) < € such

that, for t € [0,T¢], there exists a classical solution p(x,t) to the (IPM) equation with
“stable” initial data

p(z,0) = =22 + pin(z)

satisfying

0(t) + w2ll2qeey (t) = o0, for any ¢ € (0,T.],
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while
llp(t) + 22l g2-er2)(t) < C,  for some C >0, forany €>0, forany te (0,T].

Furthermore, p(x,t) is the only solution with initial conditions p(x,0) such that
p(x,t) + 29 € HY(R?) for t € [0,a] and for any 0 < a < T..

Remark 1.3. In the above statement, T, comes from the time T obtained in Lemma 2.2,
so in particular we cannot ensure that it remains uniformly away from zero as € becomes

small.
Remark 1.4. Notice that the initial data p(z,0) = —x2 + pin(z) in Theorem 1.2 has
infinite energy, whereas the initial perturbation satisfies ||pin|| g2 = [|p(, 0) + 22| g2 < e.

Therefore, we study the evolution of the perturbation p(t) + x5 and prove that its H>
norm blows up at any instant of time, i.e., ||p(t) + z2| g2 = oo.

Remark 1.5. Even though the solutions constructed p(x,t) + 22 do not stay bounded in
H?, they do stay in C! for the whole time interval considered.

Remark 1.6 (Non existence and strong ill-posedness in H? for IPM near equilibrium,).
Our result also applies to the (IPM) equation near the equilibrium peq = 0. This can be
easily verified by revisiting the proof and simplifying or omitting certain steps. However,
we choose to state the main result for the stable IPM equation (1.8), as this setting
presents the most significant challenges.

1.8. Ideas of the proof

In order to construct our rapidly growing solutions, we would like to first find solutions
p(z,t) to the stable IPM equation (1.8) that generate a strong hyperbolic flow around
the origin, say

1
/&Dlul[p](x =0,s)ds| > M
0

for arbitrarily big M.
If we then add a perturbation pper(z,0) around the origin, we could expect the
perturbation to fulfill approximately the evolution equation

atppert + (amlul[p])(w = 03 t)(xlv —(ﬂg) : vppert =0
which can be solved explicitly by

ppert(xv t) = ppert(ejg —Emlul[p](m:(),s)dsxh e‘]; Bwlul[p](m:(),s)dsx2).
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We could then choose pperi(x,0) appropriately to obtain the fast growth in H 2. Fur-
thermore, if we can construct

1
/8$1u1[p](1: =0,s)ds| = o0,
0

we could hope to use this infinitely strong deformation to obtain loss of regularity.

If we plan to use this strategy, there are two main difficulties that we need to overcome.
First, we would need to be able to construct an infinitely strong hyperbolic velocity. Note
that it is not enough to fix initial conditions such that

8$1u1 [Pm]($ = 0) = 00,

as these initial conditions are too irregular to ensure that a solution exists, and even if
it does, the behavior of the solution could be wild enough that!

1
/8w1u1[,0m]($ =0,s8)ds =M < 0.
0

We need to consider a scenario where we can effectively study the behavior and
gain meaningful control over the solution. If we were not focusing on the stable case, a
reasonable starting point would be to consider

prnl() = Z f(l);:r)

=0

where A;11 > A;, with f(z) supported in the ring 2 > |z| > 1 and

Oy un[f(4)](x = 0) # 0.

These initial conditions have finite H? norm and generate an infinite hyperbolic defor-
mation in the origin at ¢ = 0. Furthermore, formally taking the limit ;11 > \; gives us
a limit system that one can hope to study.

Moreover, by choosing f(x) with the right properties, one can show that, if we study
this formal limit system when ;11 > A; and assume that it actually approximates the
real solution, we have

t
/chul[p}(m =0,s)ds = o0
0

1 This is not only a theoretical possibility, one can, in fact, construct solutions where this kind of behavior
occurs.
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for any ¢ > 0. This still leaves several issues:

e We need to show that this formal approximation actually approximates the equation
in a meaningful way. A big part of the technical difficulties comes from this point.

e We are interested in studying the stable IPM equation (1.8), so we would need to
consider the initial condition

— T2,

7
=0 v

which is problematic for two reasons. First, this background —x> has a regularizing
effect in the solutions, which is why small perturbations of —z5 in H3+¢ are actually
global in time, so this effect could oppose our infinite norm growth. Furthermore,
for the approximation we intend to apply when \;1; > \; to actually approximate
the true evolution of the equation, it is necessary to decompose the solution into
an infinite number of components with supports that are sufficiently “far” apart.
However, due to dissipative effects caused by the background, this separation of
supports does not hold for ¢t > 0.

¢ Finally, the hyperbolic deformation we construct this way is only infinite at x = 0,
so any perturbation would need to be infinitely concentrated around the origin to
feel its full effects. Furthermore, this background is extremely unstable, so most
perturbations of the solution would completely change the behavior.

To solve all these issues, we start by constructing a “hole” in our initial conditions, i.e.,
we find a compactly supported function g(z) such that

g(x) —x2 =0

for some small ball around the origin. Since we want our initial conditions to be small
in H?, we choose ||g|gz < e. This allows us to cancel the stabilizing effects of the
background as much as needed: it does not neutralize its full impact, but it does get rid
of the most inconvenient terms for our construction.

Next, to actually construct the solution with a strong hyperbolic velocity, we use an
iterative argument. Given p;(z,t) a solution to the IPM equation supported away from
the origin, we can then add a new “layer”, by studying the solution with initial conditions

pi(2,0) + f(Ait12)

and for very big A;41 (depending on p;(x,t)), we can obtain explicit bounds for the
behavior of the new solution. Using these bounds and making the right choice of f(x),
we can produce a velocity with the desired properties around the origin.
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Similarly, we can also obtain the rapid norm growth by adding layers that grow rapidly
in H? when under the influence of the very strong hyperbolic deformation generated by
the previous layer.

Taking the limit when there is an infinite number of layers and denoting it by poo, we
can then show that this limit is a solution to the stable IPM equation with the desired
properties.

1.4. Conwventions and notation

As usual, we will exploit the symmetries of the equation.

Definition 1.7. A function f(z,t) is called symmetric for ¢ € [0,7T] if f(z1,x2,t) =
f(=z1,22,t), f(z1,22,t) = —f(21,—72,1), namely f(z1,22,t) is even in x1 and odd

in zo.

Remark 1.8. If the initial data p(x,0) is symmetric and p(x,t) is the regular solution to
(TPM) with such initial data, then p(x,t) is symmetric. Furthermore, u[p](z = 0,t) = 0.

o We use the symbol < (resp. 2) to denote < C' (resp. > C'), where the constant C' > 0
is independent of the relevant parameters.

e The constant C' € R is generic and may change from line to line.

 The symbol B, (zg) denotes a disk of radius » > 0, centered in o € R2,

2. Construction of initial data with deformation at the origin and persistence of the
deformation

In order to construct a strong deformation at the origin, which will lead to strong
ill-posedness and non existence in H?(R?), we need to design an initial perturbation
that neutralizes the stabilizing effect of the (stable) background stratification (1.7), at
least near the origin. This is the content of the next result.

2.1. Initial data and approzimate solution in the stable setting

Lemma 2.1. For any 0 < €y < 1, we can construct a symmetric function p;,(x) satisfying
the following:

L pin(x) € C=(R?) and supp(pim) C B1(0);
2. there exists 0 < g < 1 such that py(x) = x2 for x € By, (0);
3. the H? norm is arbitrarily small: ||psm| > < €o.

Proof. For some big K > 0 (which will depend on €j) and some small a > 0 (which will
depend on K), the ansatz for the function pi,(x) reads
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= = flw = oi(z) :
pin (2 Z = az = az SV p= Nz, i) = f(Ni),
i1 i=1 i=1 ’
2.1)

where f(z) € C*(R?) is a compactly supported function with supp f € B;(0). Clearly,
in order to satisfy the above properties, we need to characterize the function f and the
(finite) sequence {A;}. In particular, we take

duf(u) =1 for u' e By(0),
namely

f(p') = pb = Niza, MieB%(O) for J;GBQ;_(O),

About the finite sequence {\;}, let Ay > 1 and \;11 > 2);. We have that, for z € Bz>} ,
K
forie{l,--- K}

Fu') = Nizs.
Then we see that, for x € Bﬁ’
al ;X2 K To
pin(7) = a; N a; 5 = azx2 9K,

where §k is the K-th harmonic number, behaving like log(K). Choosing

T C2Xg]
we have that properties 1. and 2. are satisfied. Notice also that this choice implies

K

1
lpwllor < allfller Y 7 = fller

i=1

Let us prove property 3. We first compute the L? and H' norm. Using the Minkowski
inequality,

K

pmllze = a /(Z f(\iz)

2
) iy do <aZHf HLz <a||f||LQZ >\2

Notice that Ay > 1 and A\;4+; > 2, implies, in particular, that Ay > 2 and, more generally,
Ai > i. Therefore, the sum > 7, = M, for some My > 0 and Z A < My

1
i)\? =1 §\?
independent of K. We have that
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M,
Ipinllre < aby= .
Nx

Similarly, we have that

K K
1)l LM
ol < 3522 < allflln 35 55 < Sl

i=1

where, as before, since \; > 7, the sum Zfil ﬁ < M for some oo > M; > 0. Let

us consider the second derivative. Denoting by D? = 82_k, J,k € {1,2} any second

T
derivative, noticing that

1
and |z| > —

D2pi(z) =0 for |a] < o =,

-2\

namely

supp D?(¢;) CCy, :=B1 \ B_1_,

A 20,

and that \; 11 > 2); implies that all the supports of D%, () are disjoint as we have that

1 1
. Do)\ : WY 2
D" pinl|L2 = a /(; T) drydzs| =a /(; f) dxy dzo
K 220V 2 : K 2
—o| X [ (PP) o] =a | [ 1080 di
i=1¢, =1 g

Nf=

i=1 i=1

K 4 3 ~
T
< allf| u2 (Z z—2> < al f|lu> (Z z_2> - aHme%.
Altogether, since we want ||pi|| g2 < €, we require

MO Ml m
ol < <=+ — + —=

2 <
A ﬁ)nfm < .

which is satisfied by choosing K big enough. This proves property 3 and ends the
proof. O

Building on the above result, we can prove the next lemma, which specifically demon-
strates the persistence of the sign of d,,u1 < 0 over time.

Lemma 2.2. For any 0 < ¢y < 1, there exists a solution p(z,t) to (IPM) and T, > 0
fulfilling, fort € [0,T]
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L. ppert(m t) p( )—l—xg, with prert(xvo)HHi’ < €0,
2. ppert(@,8) = ple, 1) + 3 € C(R2) and supp(p(a, 1) N Bs(0) = 0,
3. 8Z1u1[ ](x t) Ilul[ppert](x»t) <0.

Proof. We will first use Lemma 2.1 to find pi, () such that || pin ()| g2 < 9 with pi(z) =
x9 for x in some small ball Bs,(0). Note that, in particular, —za + pm( ) = 0 for
x € Bys,(0), and also that |0y, u1[pin](z = 0)| < co. Furthermore, we consider

K i
DK .50 (Z‘) _ 50 Z f(fQZCC)
=1

where f(z) € C* is a symmetric function such that zsf(x) < 0, with

supp f(z) C (B2(0) \ B1(0)) N {(z1,22) : 2| > V3|aa[}.
Using the fact that f(22) and f(22x) have disjoint support if i; # is, we have that
K

ool Fz = 05 )

i=1

f(2'z)
020

2 K 1
IELCIS SR T
H2

i=1

and therefore, by taking dy small we obtain
€0
HpK750||H2 < 5
Note that, relying on the explicit formula

Doy ur]p](z = 0,1) = 1/92(@/5—31/%)

T ly[6 Pt y1,y2) dyy dys, (2.2)

and using that supp f(z) C {(z1,22) : |z2| > V3|z1|} and 2o f(2) < 0, we deduce

f(2'z)
2i

2 a2
Oyt [ ] (0= 0) = duli@w =0) = = [ LRI )y g, <o,

m M

which means that, for any positive number N > 0, for K big enough, we have

sl)—‘

K
Oz, u1[pk 6] (¥ = 0) = 600y, ur [ f Z

In particular, by taking K big we achieve

Og, 1 [pin + pKr.5,](x = 0) <O.
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We will then consider p(z,t) the solution to (IPM) with initial conditions —xo + pin +
PK.s,- Note that, by the local well-posedness of the (IPM) equation around the stable
profile —zo, we know that p(z,t) € C* exists for some short period of time [0,7T}].
Furthermore, by the choice of the initial condition, our lemma is already fulfilled at the
initial time.

To prove that there exists § > 0 such that supp(p(x,t)) N Bs = 0, we use that, for
t =0, both —x2 + pin(z) and px s, (x) have support away from the origin. Furthermore,
the symmetry of p(z,t) means that u[p](0,t) = 0, and u[p](z,t) € C. This implies that
the support of p(x,t) can only approach the origin exponentially fast (since the support
moves with the velocity u[p](x,t) and |u(z,t)| < C|z|), and thus p(z,t) is also supported
away from the origin for ¢ € [0, T7].

Finally, to show that 0., u1[p](x = 0,t) < 0, we note that 9,,u1[p](z = 0,0) < 0, and
using the well-posedness of the solution in C'°°; which in particular gives us continuity
of the solution, provides 9., u1[p](x = 0,t) < 0 for ¢t € [0,T3]. Taking T" = min(71,T?)
concludes the proof. 0O

To achieve a solution inducing a pronounced deformation around the origin, we employ
an iterative process. Assuming we have a solution p;(x,t) such that

T
/@mmmw:awﬁ:—M,
0

with M > 0, we would like to modify this solution by adding a perturbation pper(z,0).
Considering the solution to (IPM) as p;j4+1(z, t) with initial condition p;(x, 0)+ppert (z, 0),
we aim for pj41(z,t) to satisfy

T
[ onalpyalia = 0.6yt < -1 +car),
0

where cp; > 0. Before doing that, we need to prove the stability of the deformation at
the origin over time, in the intermediate result below.

2.2. Persistence of the deformation at the origin

Lemma 2.3. For any M,T > 0, suppose that k(t) satisfies
T
k(t) <0, O<—/l<:(t)dt§M,
0

for allt € [0,T). There exists a universal constant € > 0, such that the following holds.
Given a symmetric function p,(x) with xopm(x) <0, and
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supp(pin(2)) C D := {(21, 22) | [x2] > €21 ]}, (2.3)

suppose that p(x,t) solves

{8“6 + (k(t)(z1, —22)) - V=0, t€[0,T] (2.4)

Then p(x,t) is symmetric and, for t € [0,T], it satisfies:

OO0z, ur[p](x = 0,t) > 0;  (and Oy, ur[p](x =0,t) > O, ur[p](x =0, =0)); (2.5)
O ur [p)(x = 0,t) < e ™M, uy[p](z = 0,t = 0). (2.6)

Proof. First, recall the explicit formula in (2.2):

_ 1 [ y2(y3 —3yi)
aanul[p](x = O’t) = ; / 2(2|y|61)p(t?y17y2)dy1 dy2

In polar coordinates (yi,y5) = r’'(cosa/,sin '), it reads

2
0

Notice that if pi, (z)x2 < 0, then using (2.2)

Oy [z =

>1|H

/ sin(3 ﬁ (t, 7', ) dr' do. (2.7)
0

O ur[pl(x =0, =0) <0 for supp(pin(z)) €D with € > tang =3

We need to estimate 9,,ui[p](x = 0,t). Let us consider the flow map ®(z1,x2,t) =
(p1(x1,1), pa(wa,t))T associated with the transport equation (2.4). Explicitly, we have

that
®(z1,22,t) = <£;E g) = <x01 3?2> <eej§:z:id;) (2.8)

Inserting the above into (2.2) and relying on the change of coordinates induced by the
flow map yields

2 _ 392
1 /M o (67 (y1,t), 03 (y2, 1)) dyr dyo

a:mul [ﬁ](.’l} =0, t) = ; |y|6

_ 2
/ ¢2 ¢2 3¢) pln(ylayQ) dyl dyZ (29)

|[°
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First, we would like to show that d,,u1[p](z = 0,¢) < 0 for all ¢ € [0, T]. To ensure that,
since pindo < 0, we want ¢3 — 362 > 0, which amounts at requiring

lya|? > 3et o KT ATy, 12, (2.10)

and this is satisfied as soon as we choose € > /3 in (2.3) as k(t) < 0.
Now, upon relying on the change of coordinates induced by the flow map, consider

4 b2(y2, 1) (93 (y2, t) — 393 (41, 1))
[

00z, u1[p)(z = 0,1) = = ) Pin (Y1, Y2) dyr dy2

|®(y1,y2,1)[°
CAk(t) [ a(y2, 1) (364 (Y2, t) + 1563 (y1, 1) — 3062 (y1, £)d3(y2, 1)) -
) " / |q)(y17y27t)‘8 pin(ylny) dyl dy2
RQ

(2.11)

Since k(t) < 0 and ¢2(y2, *)pin (Y1, y2) < 0 for (y1,y2) € supp(pin), we would like to prove
that

3007 (y1, )93 (y2,t) < 3¢5 (2, 1) + 1561 (41, 1), (2.12)
namely
30yfy§ < 36—4f3 k(T)dTyg + 156t I k(r)dryzll.
This is true as soon as
30y3y3 < 3e~ o R dryd,
which holds provided that
[yo| > V1062 /o HT) A7y, |.
In the definition of the domain (2.3), we then require
¢ > V/10.
It remains to show the last inequality:

aﬂclul [ﬁ] (I =0, t)

T) cl‘ry2 (e—QfOt k(T) d‘ry% _ 362 j(;‘ k(T) d‘ry%

4 e jot k(
T / " y 3 Pin (Y1, y2) dy1 dyz
#3 (ez S k() a7y2 4 o=2 JEk(r) dfy§>
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4 e~ JE k() d'ry2 <672 f; k(1) d'ry2 — 302 JE k() d'ry%
< / - 3 Pin (Y1, y2) dy1 dyo
K2 (e—ZjO k(T) d'r|y|2)
46713 k(r)dr < AR
S — —4Jyk(ndry2 g ) 5 dy, d
Y1) Pin\Y1,Y2) AY1 AY2
T |y|6 1 ( )
E3
4¢e7 J k(r)dr o B
= T W (y% - 3y%) Pin(yh y2) dy1 dyo
B3

1267f0t k(7)dr Yo
m ly[©

2

i

<4e ™9, uy[p](z = 0,t = 0),

t
(G_M‘) k(rydr _ 1) Y3 Pin(y1, y2) dy1 dys

where the last inequality holds since (e74 Jo k(rydr _ 1) > 0 (as k(t) < 0) and ya2pin <
0. O

Lemma 2.3 allows us to derive useful properties of the solutions we construct; however,
it is applicable only when k(¢) < 0. Specifically, we will apply this lemma in the case
where 0,,u1 < 0, which is precisely the setting of the preceding Lemma 2.2.

3. Gluing interior and exterior approximate solutions

Now, after proving the stability of the deformation at the origin over time in
Lemma 2.3, we approximate the solution to our equations with different layers and
for that we need a gluing lemma.

Lemma 3.1. Let T > 0,M > 0 be given. For t € [0,T), let p(x,t) € C([0,T]; H*(R?))
be a symmetric solution, in the sense of Definition 1.7, to the IPM equation (IPM) with
stable initial data (1.9). Furthermore, assume that supp(p(z,t)) N Bs(0) = @ for some
§ >0, and let f(x) be a compactly supported H*(R?) function. Setting

T
k() = @ alpl) o = 0.0) <0, ~ [ k(o) dr < 3
0
introduce
8tﬁ/\,inter(xa t) + u[ﬁ)\,inter] . vﬁ)\,inter + k(t>($1a _x2) . vﬁ)\,inter = 07 (3 1)
ﬁ)\,inter(x; 0) - @,
atﬁezt(x, t) + u[,a)\,inter + ﬁezt} : vﬁezt = 0, (3 2)
ﬁext(I7O) = p(m,O) = -T2+ pz’n(l‘)a
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atﬁ)\,inter(ﬁru t) + u[ﬁk,inter + ﬁemt] : vﬁ)\,inter = 07
ﬁ)\,inter(xa 0) = @

Assume that ||p(x,t) + x2||ga and H>\/3>\,mter (%,t)HH4 are uniformly bounded for t €

[0,T], A > 1. Then, there exists a constant C > 0, depending on 6 >0, T, M, ||p(z,t) +

ol ga, |[APN inter(X,t)||ma, such that, for X > 0 large enough, the following estimates

hold:

1p(2,1) — Pess(@, Ollis < CIAL, Bullp(2,8) — powt(a, )]s < CAY, (3.3)
X X
5y - ZY — Moy bl < -1
‘)\p)\,mter ()\) /\pk,mter ()\) HH3 < CtA™ 7,
_ x _ T =
i - = i - < . .
at )\p)\,mter (/\) )‘p)\,mter ()\)‘ g3 CA (3 4)

Finally, ||pest(x,t) + x2|| g1 and H>\p~/\,int6r (%) HH4 are uniformly bounded with respect to
A for allt €[0,T].

Remark 3.2. Notice that pext(x,t) + fx inter(%,t) is simply the solution to (IPM) with
initial conditions p(x, 0)+px inter (,0). On the other hand, p(z, t)4px inter (T, t) represents
our naive approximation. Here, we demonstrate that under certain circumstances, we can
significantly reduce the error of our approximation (in appropriate spaces).

Remark 3.3. To ensure that we can find a solution p(x,t) with the properties required in
the statement of Lemma 3.1, we apply Lemma 2.1 yielding an initial datum p;,(x) such
that, for some J§y > 0,

supp(p(z,0)) = supp(—z2 + pin(z)) C R?\ By,.

Notice that such pi, () is also involved in the initial datum of pext(z, t). Next, Lemma 2.2
provides an exact solution p(z,t) to (IPM) with initial data as above, such that

supp(p(z,t)) € R?\ B5(0), & < do.

Proof of Lemma 3.1. By continuity in time, which is guaranteed by the well-posedness of
the IPM equation (in this case in H?), since p(z,t) and pext(,t) depart from the same
initial data as well as P inter and P inter, for any € > 0 there exists T, > 0 such that

~ - x _ x
||p(x,t) - pext(xat)”HS <, H)\pk,inter (7715) - )\pz\,inter (77t) H <e te [OaTe}-
A A H3

By using the hypotheses, this gives

~ ~ X
Pt (@ 1) + @allis < C e, [ Monamer (58)]| <O+, (3.5)

H

for some constant C > 0. We will first show that, during the time when this holds, we
can control the support of py inter, Pext-



18 R. Bianchini et al. / Journal of Functional Analysis 289 (2025) 111097

3.0.1. Control of the support of px inters Pext
Let us introduce the support size

S;"f(t) = inf{p € Ry @ pxinter(t, 21, 22) = 0 for all |21 |* + |22|* > p?}. (3.6)
Denoting by po € Ry the size of the support of f(x), at the initial time we have

S (0) = % (3.7)

Let ®Mx,t) = (¢ (x,t), ¢3(x,t)) be the flow map associated with the equation for
P inter- We have

t
<i))‘(:c, t)=x+ /u[ﬁk,inter + ﬁext]((i))\(xa 5),8)ds. (3.8)
0

Then, by the Cauchy-Lipschitz Theorem, and since u[px inter + Pext)(z = 0) = 0,

%eit SUP, (0,4 lU[Ax inter+Pext] (T) [l o1 < S;”f(t) < %et SUP,c(0,¢ 0[P inter +Pext] (T) [l o1 . (39)

Using that, for A > 1

1 tlles < |7 (5.8)]) -

Cl
we can bound
lu[px,inter + Pext] (7, 1) lcr < [la[pa inter] (2, )| 1 + [[U[fext] (2, ) [| 1
< [Pl (5:t)| , + Ilpesil(a, Ol
~ X ~
< [PMoninter (5:1)||,, + e + 2], 1) + ul=zs] e < C,

where in the latter we used that u[—z2] = 0, the embedding H3(R?) < C*(R?) and
(3.5). From (3.9), this implies that

ROe—tC < il () < BOetC (3.10)
A A
where pg is fixed, while A can be chosen big enough. Similarly, introducing
S¥UP(t) :=sup{p € Ry : foxt(t, 21, 22) = 0 for all |21 ]* + |z2|* < p?}, (3.11)
at the initial time, by Lemma 2.1, we have

55P(0) = .
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Again, by the Cauchy-Lipschitz Theorem, this is bounded at later times by
Ssup(t) > 5067(C+6)t'

We would like to ensure separation of the supports of fex(x,t) and py inter(z,t) for all
times ¢ € [0, 7]. This amount at choosing A big enough to satisfy

Soe~(CHat > %e@“)t, te[0,T]. (3.12)
This can be easily arranged by taking A big.

3.0.2. Estimating ||pest — pll a2
In the course of the proof, we drop the subscripts “inter, ext”. Consider now the
equation for the difference

O0(p—p)+ulpx+p]-V(p—p)+ulpx+p—pl- Vp=0. (3.13)
Multiplying by (p — p), we obtain

1d

5 g = Pl + (@lpy +5 =0 Vo, p = p)r2 = 0. (3.14)

Differentiating in space, we get

0D’ (p— p)+ulpx + pl - VD (p— p) + [D? ulpr + pl] - V(5 — p) +ulpr +p— p] - VDp
+ D7 ulpy+p—pl] - Vp=0. (3.15)
We want to get an estimate of the difference in H3 (notice that if j = 3, then the second-

to-last addend above contains the term VD3p, whose control needs D*p in L?). Taking
the scalar product against D?(p — p),

%lle(ﬁ = lz> SID?ulpa+ 5= pll - V(5= )2 I1D? (5 = p) | 2

+ID7,ulpl] - V(5 = p)ll22llD? (5 = p)ll 2
D7 ulpx + 5= pll - Vol 21 D7 (5 — p)ll2
+(ulpx + 5 = pl - VD’ p, D’ (5 = p)) 12|

S D7 alpa]] - V(5 = o)l 221D (5 = p)ll 2
+ID7,ulp = )] - V(5 = p)ll22llD? (5 = p)ll 2
D7 ulp]] - V(5 = p)ll 221 D7 (5 — p)ll 2
+[([D7,u[pa]] - Vo, D7 (p — p)) 12|
+I[D7,ulp — pl] - Voll 2]l D7 (5 = p)| 2
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+(ulpa] - VDI p, DY (5 = p)) 12| + |(ulp = p] - VD7 p, D’ (5 = p)) 2]

To bound the third-to-last line, we use that

ufp] = ulp + 3]

Relying on the boundedness of (composition of) Riesz Transform in L2-based spaces and
recalling that p + o € H* yields

d i« - . .
107 = P)lZ2 S (lo+ @allus + 16— pllas + [15x12) 16 = pllzs

+[([D7,u[pa]] - Vo, D’ (5 — p))

+|(u[pa] - VDI p, DY (p = p)) 2| + |(u[p — p] - V.D? p, D? (5 = p)) 2|
(3.16)

Among the remaining terms above, there is in particular

([Dj’ u[ﬁ)xﬂ ! vpv Dj(ﬁ - p))

We notice, thanks to Leibniz rule and the A-scaling, that the potentially most dangerous
among the above terms is

[(D7u[pa] - Vp, DY (5 = p)) 2| S 1D us[pal0s, pll 22115 — pll e
+ 1D us Ol 15 — plls.  (3.17)
We treat the two terms above separately. We recall that by assumption, the support
supp(p(z,-)) N Bs(0) = B. Moreover, we know from Section 3.0.1 that supp(gx(z,-)) N

(R?\ B.y-1(0)) = 0 for some constant ¢ > 0. These observations imply that we can
simply estimate

D7 wy [palll 22\ B (0)) = [1D? Hy * pall L2 R2\ Bs(0))

A

1 .
/ =y W)l dyrdy: . (3.18)

et () L2(R2\B; (0))
where we noticed that the kernel H; in (1.4) satisfies

1

J )< —

(3.19)

By the elementary inequality
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N

oyl = o]~ Iyl 25— ext > (3.20)

for any given 6 > 0 and for all A > 0 large enough, and using Young convolution
inequality

|1 D7 s [pa]l| 22\ B5 (0)) S C(8)]1AAl 2
This gives the estimate

D7 w1 [p2) 0, pll 2 ®2\Bs (0)) S 1D ur[a]ll 222\ Bs (0)) |01 Pl Lo S CO)]1AAll 2|Vl Lo
(3.21)

and, recalling that the initial data satisfy ||px(x,0)|z2 = A7 | f(Ax)| 2 < A™2, thanks
to the conservation of the L? norm of gy we have

15allLz S A2, (3:22)
yielding the following estimate
1D7us (A0, pll2 16 — plle S CO)15 — pllmaA~2, (3.23)
where, writing
Oz, p = Oz, (p + 72),
we used Sobolev embedding
102, (p + x2) [l S llp + w2l e
and the boundedness of ||p + 2| 4.
The second addend in (3.17), which involves D7uy[5,], can be bounded exactly in the

same way.
For the last two terms in (3.16), once again we write

VDIip=VDI(p+xs)— D? (‘f) ,
so that

[(apA] - VD p, D7 (5 — p)) 2| + (ulp — ] - VDI p, D (5 p)) 12|
< (Iaallez + 117 = pll2)llp = plls (1 + llp + w2l ).

Altogether,
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d - ~ _ _
prieed Plz> S A+l +z2llm)ls — pllis + A1 + o+ z2ll7)115 = pllars-

(3.24)
Integrating in time and applying Gronwall’s inequality yields
1P — PH%{3 < ec(é’Herxz“L?OH@t)\_Qt, (3.25)
where C(6, ||p + 22|/ L= g+) denotes a constant depending on 4, |[p + 22| g4.
3.0.3. Estimate of the difference ||)\ﬁ)\,inte'r (%t) — MDA inter (%,t) HH3
We drop the subscript “inter” for simplicity. Consider the scaled unknowns
- _ (T _ _/x
7(x,-) := Apa (—, ) , o T(x,0) = Apy <—, ) . (3.26)
A A
They satisfy the equations
O +ulr] - V7 + (05, u1[p))(x = 0,t)(z1, —x2) - VI =0, (3.27)
87 + ulf] - Vi + Au [ﬁ (;)} - VF = 0. (3.28)

Taking the difference yields

O(r=7)+ulr] - V(r—7) + (u[r] —u[f]) - Vi + (9z,u1[p]) (z = 0, 1) (z1, —22) - VT
“u [;3 (X)} Vi = 0.

We can then use that # = (7 — 7) + 7 and write the equation as

Ou(F =)+l - V(=) + (al] = ) - VI =) + 7 =2 |5 (5)] - V6@

~u [,5 (%)} V4 (B, [p]) (@ = 0,8) (21, —a2) - V7 = 0. (3.29)

Taking a D3 derivative, multiplying by D?(7 —#), the first three terms are easily taken
into account by a term of the form

17 = 71 (17 = Fllrs + 17 s + 116l 1r2).-
The last two terms can be written as
(Oryr[p]) (& = 0,8) (1, —3) - V7 = hu [ (5 )| - 97
= (O, u1[p])(x = 0,t)(x1, —x2) - VT
+ (@eyualp)@ = 0.1) (21, ~w2) = M |

=1 + 1L, (3.30)

™
~—
> 8
N~
—_
~—
<
=3I



R. Bianchini et al. / Journal of Functional Analysis 289 (2025) 111097 23

First, relying on (3.3), the control of the support of p(z,t) and p(z,t) in Section 3.0.1
(that is at least d-far from 0), and the control of the support of 7 in (3.27), which follows
from the control of 9,,ui[p](x = 0,¢) and the bootstrap assumptions for 7, and using
Cauchy-Schwarz inequality,

(T, 7 = ) 2| S ATV Lo |7 = 7l 2, (3.31)
and
(T, 7 = ) s | S A7) s |7 — 7| s, (3.32)

where ||7|| g4 is uniformly bounded by hypothesis.
To deal with I, we perform a Taylor expansion at first order of the velocity. That is,
using the symmetry to cancel the first (0-th order) term, we write, for « € supp(7)

|01 [5)(0.1)) - (o1, ~22) = 2 [5(5) | 1)
= (@ [31(0,0)) - (w1, )" = xu[5()] (§.¢)|
< Clulfllcs, oy

We then have

2

(L, 7 = 7) 2| S NIF =7l > A [uldllle: [|220s, 7)),
j=1

S A ulplllcs s ¢ o7 = 7ll2 | V7 2 || 2| *diam (supp (£ (2))*

SATHIE = Fllz,

2
(D*(Ly), D*(F = ) 2| S N7 = Fllus > A [ulpllles [|250, 7 s
j=1

S A M alpllles s ¢ o 17 = 7l 7] e |2 diam (supp(f ()
SATHT =7,
where we used that 7 is uniformly bounded in H* by hypothesis, f is compactly supported

and, since u[p] = u[p + z2], then, by using a similar argument about separation of
supports as in (3.18) we get

lalplllc2Be o)) S ||u[ﬁ+$2]||c2(3§(o)) S 1A+ 2|2

<
X
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304 Estimate Of ||ﬁezt(x7t) + $2||H4 and H)‘ﬁ)\,inter (%) ||H4
Writing

Pext — P = (Pext + T2) — (p + 72),

we deduce that fex; + 22 is bounded in H? by the first inequality in (3.3) and by the
fact that p+ x5 is bounded in H* by assumption. Now, let us look again at the equation
for pext in (3.2) and notice that pext + 2 solves

8t(ﬁcxt(x7 t) + 152) + u[ﬁ)x,intcr + ﬁcxt + Q32] : v(ﬁcxt(x, t) + 1’2) - u2[ﬁcxt(x7 t) + $2].

We can now estimate the evolution of the norm ||fext + x2||g4, noticing that on the
right-hand side there appears a second-order term given by

. . 2
J J ——
(D uQ’D p) - ‘ 12’

Ory (~20) 2 D7 |

which is non-positive. Since it contributes negatively, it can be disregarded in an upper-
bound estimate. Then, we have

d, . _ _ _
a”pext + 227 S ([[a[pxinter] |4 @2\ 85 (0)) + I Bext + T2l 13)] Pexct + 2|14,

where [[u[px inter] || 74 (R2\ B; (0)) is uniformly bounded by (3.18) and ||pext + @2/ zrs is also
uniformly bounded, as just observed. The bound follows by Grénwall inequality. The

same approach as before applies also for H/\ﬁx,inter (%) writing the equation for

[
P inter in the form

atﬁ)\,intcr(xa t) + u[ﬁ)\,intcr + ﬁcxt + :L'Q] N vﬁ)\,intcr - Oa

and using that ||5x inter|| g3 and || pext + 2| g4 are uniformly bounded. Continuity in time
C([0,T); H*(R?)) then follows by standard results from well posedness in H* for IPM.
This concludes the proof. O

The simplified equation (3.1) in Lemma 3.1 remains challenging to solve as, a priori,
we grapple with the difficulty introduced by the quadratic term in (3.1). In the next
lemma, we will obtain some properties for an approximation of (IPM).

Lemma 3.4. Given a constant M > 0, a time T > 0 and k(t) < 0 for all t € [0,T] such
that M > fOT |k(t)| dt, and pi(x) € H* compactly supported, then there exist C,ag > 0
such that, for a < ag, if we define

Op+ (k(t)(xla —332)) -Vp=0,
Oip + (k(t)(z1, —z2) +ulp]) - Vp =0,
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p(z,t=0) = p(z,t =0) = apm(x),
(3.33)
then, for t € [0,T], we have ||p — p|lgs < Ca?, and furthermore 04|p — p|l gz < Ca?.

Proof. We start by noting that, taking derivatives D* and multiplying by D*p in the
evolution equation for p, we get

1d

5 g 1Pl S IE@117 + 117117

so using ||p(x,0)|| g+ < Ca a Gronwall type estimate gives, if a is small enough that
17l e < M5, 0)ll 7+ = Ca.

If we now consider the equation for the difference

(5 — p) + (k(t) (w1, —2)) - V(5 — p) — u(p) - Vp = 0, (3.34)
and again we take derivatives D3 and the scalar product against D3(j — p), this yields

1d,. _ - _ _ R
slP— Pl S k@A — A7 + Ia(p) - Vol 16— pllme

S k@A = plis + I21% 116 — pllas, (3.35)

which, again, by a Gronwall type estimate, yields the desired estimate
15— pllas S Ca®, (3.36)

and going back to the evolution equation for the H3 norm gives the desired estimate for
the derivative of the norm. 0O

To construct the solution that loses regularity, we will combine an infinite number of
building blocks. We will use Lemma 3.1 and Lemma 3.4 to estimate the behavior of said
building blocks in our construction. In particular, in the next lemma we will show that
we can find appropriate building blocks such that, when we combine an infinite number
of them, we can generate an infinite deformation around = = 0, see (3.37) below.

Lemma 3.5. Given €1,€s,¢e3, T, M, K,d > 0, with K > 1, e5,e3 < 1, and a symmetric
solution p(x,t) € C* to (IPM) for t € [0,T], with stable initial conditions (1.9), such
that p(z,t) + xo € H* and supp(p(x,t)) N Bs(0) = 0 for some § > 0, and
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T

k() = Dayunlp](z = 0,8) < 0, — / k() dt < M,
0

Ok(t) > —d, |lp(x,t) + z2llcr < K, |p(z,t =0) + z2| gz < €1.
Then, we can find a function pper(z,0) with
supp(p(z, 0)) N supp(ppert(7,0)) = 0,
such that the solution ppey(x,t) to (IPM) with initial conditions p(x,t = 0) + ppert(x,0)

is symmetric, ppew(x,t) + 22 € H*, supp(pnew(z,t)) N Bs,.. (0) = O for some Spew > 0,
and

new

T
Enew(t) := Opyu1[pnew](® = 0,t) <0, /knew t)dt < /k: t) dt — escpy,
0

Otknew(t) > —d, (3.37)
lPnew(,t) + 22t < K, ”Ppert(x)HH? <€, |pnew(z,t) = p(z, )]0 < €2, (3.38)

with cpr > 0, a constant that depends only on M and decreases as M increases. Further-
more, we have that

o(x:t) = prew (@, t)||c25R2\ By (0)) < €35 (3.39)
1p(x,t) = prew (@, t)[L2R2) < €3. (3.40)

Proof. We consider an initial condition p(z,t = 0) 4 ppert(x,t = 0), where pperi(z,t =
0) = ol (’\””)7 with f(z) symmetric, compactly supported, fulfilling the support and
sign conditions of Lemma 2.3, together with supp f(z) N B%(O) =, and a < ag as
in Lemma 3.4. First, note that for A\ so big that

diam(supp(f(z))
)

< 0,
it holds

SUpp(p(,0)) N SUpp(ppere (2, 0)) = 0. (3.41)
Now, we would like to prove that p(z,t) + ppert(x,t), With ppeq¢(x,t) solving (2.4), i

a good approximation of ppe(x,t). It is easy to see that for ¢t € [0,7T], adjusting A 1f
needed,

supp(p(x, t)) N supp(ppert(z,t)) = 0. (3.42)
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By (2.6) in Lemma 2.3, we have
T
/8$1u1 [P + ppert](l' =0, t) dt
0
T
= / Ozyur[p)(x = 0,) dt + e~ ™M Ty, [pperd(x = 0, = 0)
0

T
< /&Klul[p](x =0,t)dt — Cae”™T, (3.43)
0

where we used the scaling ﬁpert(m,t =0)

L
4

= @ (where f(Azx) is supported away from

a ball centered in the origin of radius = ), so that, in polar coordinates (', a/)

0 > O, u1[Ppert)(x =0,t =0) =: —C

is uniformly bounded in A. As ppert(x,t) solves (2.4), relying on Lemma 3.4 we can
introduce the approximation ppert(z,t), satisfying

Orppert + (k) (21, —2) + W[ppert]) - Vopers = 0, (3.44)

with the same initial condition pper(z,t = 0) = ppert(x,t = 0). In fact, from Lemma 3.4
and Sobolev embedding, it follows that, after rescaling in A,

| Bpert = ppert) (t:) e < ||A Boert = ppert) (£:5) |

5 H)\(ﬁpert - ppe'rt) (t7 X) HHS 5 a2t7 (345)

Oull(Ppert = ppert) Dler < a?, (3.46)

C1

where < hides a constant independent of A, a.

Now we appeal to Lemma 3.1. Specifically, as pper¢(, t) solves (3.1), we now introduce
two functions fpert(x,t) - solving the last system in Lemma 3.1 - and p(x,t) - solving
the second-to-last system in Lemma 3.1. This way, as pointed out after Lemma 3.1,
p(x,t) + Ppert(x,t) is an exact solution to (IPM) with initial data

p(x,t =0) 4 fpert(x,t = 0) = ppew(z,t =0), (3.47)

where ppew(z,t) € C* is an exact solution to (IPM) as well, with the same initial
conditions. By uniqueness, ppew(z,t) and p(x,t) + ppere(z,t) must coincide at least for
t € [0,T]. Notice that, if the hypotheses for Lemma 3.1 are fulfilled, it holds that
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U= plas <ONL, 5—pllms OO, o+ mallms <C. (348)

Therefore, it remains to prove that pper¢(x,t) as above is a good approximation to
Ppert(x,t). To apply Lemma 3.1, we need to verify that H)\ﬁpert (%,t) ||H4 is uniformly
bounded for all ¢ € [0,T], where T' > 0 is arbitrarily given by the statement of Lemma 3.5.
To this end, first note that, by standard commutator estimates,

2 x x

1 o (50 % (500 oo ()], ) e (5.)

which gives, simplifying the squares and introducing y(¢) := elo k(r)dr ||)\,5pert (§, t)

2

)

H4

e

the ODE

d M 2

— t

Sy(0) S My (0)
with initial data

_ T
y(0) = H/\ppe,«t (X,t =0) HH <a. (3.49)

Then, the existence time of H)\ﬁpert (%, t) HH4 is lower bounded as

T,y 2 Ca™, (3.50)

where C' is independent of a, so that we can choose a small enough to deduce that
||)\ﬁpert (%, t) HH4 is uniformly bounded for all ¢ € [0, T]. We can thus apply Lemma 3.1.
From (3.4), it follows that

[Wovert (5) =2t ()], < €% 01 [Mere (5) = Apert (5], < X7

(3.51)

Note that due to the C' norm behavior under the scaling Af(-/)), we have

1Bt (@) = Brert @)l < [ Nopers (5) = Moere (5],
< 0fpie(3) - ()], =0

by Lemma 3.1. The estimate of the time derivative works similarly. Altogether, and using

additionally that
g(A\z)
o (w[557])

. 4,5 €412},
sl

10,5 [g(@)]ll = = \

we obtain the following estimates:
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Oull(Ppert = ppert) Dl < CAT" +a?),

[(Ppert — Bpert) (D)llcr < CHAT! + a?), (3.52)
Aullu[ppert — ppert)@)|lcr < CAT + a?),
[alBpert = Bperd] (Dllcr < CHA™ + a?).

Furthermore, from the evolution of pper+ and Lemma 2.3, we have that
”ﬁpert(xvt)HCl < CaeM, atawlul[ﬁpert](m = O,t) > 0.

All of these conditions together and (3.43) imply that there exists some small ag(M)
depending only on M such that, for a < ag, for A big enough, we have for ¢ € [0, 7] that
Prew(T,t) € H® with

T T
Enew(t) = Op, U1 [prew](z = 0,1) <0, /k‘new(t) dt < /k(t) dt — Cae™™
0 0

8tknew(t) > 7da Hpnew(xat) + IQHC“ < K,
| Pnew (@, t) — plz,t)]|cr < CA™L + a? + aeM).

For the inequality ||pnew(,t) +z2||c1 < K note that, since we had ||p(x,t) + z2|cr < K
with strict inequality, we can always ensure that ||5(x,t)+z2|/c: < K by having ||p—p||ct
small enough. Furthermore, assuming without loss of generality ag(M) < 1, and after

taking A big enough, we simply set

-M
e €9

a=ay(M)——
0( ) C 3 )

so that we obtain the desired inequalities for ||ppew|lcr and fOT Enew(t) dt upon choosing
ey = ao(M)%e_gM. Next, regarding the support, note that the property holds true at
t = 0. Since u[ppew](x = 0) = 0, the control of the C! norm of the velocity ||u[pnew +
z3]||c1 < C (which follows by the H? control of p(z,t) +xa and ppert(x, t) by (3.3)-(3.4))
implies that our approach to the origin is only exponential. In particular, this implies

that
supp(pnew (7, 1)) N Bs,,,, (0) =0,
with
C ct
5new Z Xe ) tE [07T]7

and ensures that supp(p) N supp(fpert) = 0, by choosing A so big that 6 > %eCT. Now
consider, for ¢ € [0,T],
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[ (Prew — p)(t)llcz-f’(Rz\B(s(O)) =(p+ Ppert — p)(t)||C2'5(R2\Bs(0))
< |(p = p)(®)llo25®2\Bs (0)) 5

where the second addend cancels since supp ppert C B5(0). We use that

1A — p) () llc25®2\Bs0)) S (D — p)(E) || m3.6(R2)S

where

15— p)()]| s < OA7F

by interpolation between the control of ||(p — p)(t)||zs < CA™Y and ||p — pllgs = ||(5 +
x2) — (p+ x2)||gs < Cin (3.48).
Finally note that

Pnew — pllz < 1p = pllzz + |ppertllzz < CA
The proof is concluded. O

The previous lemma allows us to construct solutions with a small norm in H? whose
velocity generates a strong deformation near the origin. To establish our final result, we
require another lemma that leverages this deformation to induce rapid growth in H?,
by applying the deformation to functions that are mostly sinusoidal. However, before
proving this, we need to introduce a brief auxiliary result that will allow us to obtain
estimates for building blocks with this sinusoidal structure.

Lemma 3.6. Given R > 0 and j € NUO, there exists a constant C > 0 such that, if f(x)
is a C*° function with support in Bg(0), then, for any A > 2 and any 0y € R,

Jur[f () sin(Az1 + 00)][| ¢ < CIn(A) AT fllco+e

[f(x) sin(Azy + 00)][lcs < CIn(A)AY[| f]| s
ur[f () sin(Aza + 00)][lcs < CIn(A)AY[| f]| s

[ua[f () sin(Azz 4 60)][|cs < CIn(A) AT fl| e

[|uz

Proof. First, let us recall that 0,,u[p] = u[9,,p] and thus if we prove the bounds in the
L case, we can obtain the estimates in C7 by taking derivatives. We will focus on the
second component of the velocity, the other case being analogous. To show the required
bound, we use that

plte) = 5 [ @ nwan
R2
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Notice that

Cligllz=

hl .
. . <
/ |h|29(1:+h) sin(Ax; + Ah; 4+ 6p) dh ,

1
|hI< %

and integrating by parts with respect to hq,

h
/ #g(m + h)sin(Azy + Ahy + 09) dh

>|hl> %

1 1 1
<C — 0o + — —dh
<c [ (qmlolles + prloler ) 5

1>[h]> 4
1 gl
C — dh
+ / ha] A 2
1>|ha|> %

< cmw%.

Next, using again integration by parts

h
/ ﬁg(az + h) sin(Azy + Ahy6,) dh
h|>1

h
- / ﬁg(l‘ + h)sin(Az; + Ahq6o) dh

r(=z)N|h|>1

loll=  llgllen 1
< _
=0 / ( e o) At

Br(—z)N|h[21

2R
+C/—”9|J4L°° dhs
0

lgllc /
< o
<C A dh
Br(—z)Nlh|>1
lgllz=
+C i

Cllgller

< )
- A

31
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so that

1 (1 —y1) o1 Cln(4)[lgllc

— ) = < T IIIC

5 / P— (Vop)(y)dy|| < "
LOO

This way,

(331 —y1>

ey (@0 D)) sin(Ay: +00)) dy

luslf () sin(Azy + 00)]|l 1~ < C /

+C [%(f(y)Acos(Am +6o)) dy

< Cln(A)[|fllc=,
concluding the proof. 0O
In the next lemma, we prove that we can find building blocks, which look like the
functions in Lemma 3.6, such that when combined with the rest of the solution will
display rapid growth in H?2.
Lemma 3.7. Given e1,¢€a,¢e3, K, T, M,d > 0, and p(x,t) a symmetric solution to (IPM)

fort € [0,T], such that at the initial time p(x,t = 0) = —xa + pin(x) as in (1.9) (stable
initial data), p(x,t) + 2o € H*, supp(p(x,t)) N Bs(0) = O for some § > 0, and such that

T
k(t) := 0y, ui[p](x = 0,¢) <0, —/k(t) dt = M,
0
Ok(t) > —d, |p(x,t) +zallcr < K, |p(z,t =0)+ x| g2 < €1.

Then, we can find a function pper¢(x,t) such that, the solution ppew(z,t) to (IPM) with
ingtial conditions p(x,t = 0) + ppert(x,t = 0) is symmetric, ppew(z,t) + 22 € H* for
t € [0,T], supp(pnew(z,t)) N Bs, .., (0) =@ for some dpew > 0, and

new

T T
knew(t) := 0z, w1 [prew (2, t)](z = 0) <0, /knew(t) dt < /k(t) dt + €3, (3.53)
0 0

atknew(t) > 7d, ||pnew(xat) +$2||Cl < K7 ||ppert(x7t = 0)HH2 < €2,
Hpnew<xat) - p(l’,t)”cl < €3, (354)

(e, t) + wallz = 15 T (3.55)
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Finally, we have that

[o(2,t) = prew(@;t)llc25®r2\Bs(0) < €33 (3.56)
(1) = prew (@, )| L2(r2) < €5. (3.57)

Remark 3.8. We choose to prove the convergence in C%® for (3.56), but this could be
done in any C** with a € (0, 1).

Proof. We start by considering

sin(N1+102,)

ppert,N(x) = f(NZL’) N1+%

)

with f(x) a fixed, smooth, compactly supported odd-odd function f(z1, ) = —f(—x1,"),
f(@2) = —f(-,—x2), and suppf C Bi(0) \ B (0). We want to show that, for N
big enough, the solution ppe,, n(x,t) with initial conditions p(x, 0) + ppert, v (x) has the
desired properties. Note that ppew v (z,t) + 22 € H? at least for some short period of
time, and for those times we can write ppew n(Z,t) = pn(Z,t) + ppere,n (2, t) With

Ospn(z,t) +ulpn + ppert,N](z,1) - Vpn (2,1) =0,
PN (.’IJ, 0) = —To+ pin(az)a (358)

and

atppert,N(l'a t) + U[PN + ppert,N](xa t) : vppert,N (.’ﬂ, t) = O,

. Nl_;'_%
SIn(N T021) g 5

ppert,N(va) = f(NfE) N1+g

We then hope that p(x,t) is a good approximation of px(z,t), and if we define

Otbpert, N (2,1) + (Og, ur[pn](x = 0,8)) (1, =22) - VDpere,n (2, 1) = 0, (3.60)
_ sin( N1+ g

Ppert,N (,0) = f(Nx)%,

(3.61)

that ppere, v (z,t) is a good approximation of ppere, v (2, t).
We will start by showing some control for the times ¢ € [0,¢x], where ty is the
maximum time such that, for ¢ € [0,¢y], it holds that

o Supsecio iy lon(z,t) — p(@,t)[|gs < 1 for t € [0,tn),
® ||Nppert,N(%7t) - Nﬁpe7't,N(%at)||H3 <lforte [O,t]\/’),
. ||Nﬁpert,N(%vt)HH3 < eg(M+T)HN/3peTt,N(%vt = 0)[|gs for t € [0,tn),
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and note that tx > 0 and that for the times considered we have ppew n(z,t) + 22 € H3.
We will assume, without loss of generality, that ¢ty < T'. Note that, by the evolution equa-
tion for pn pert, the bounds for k(¢) and the (assumed) control of ||pn(z,t) — p(z, )| gs
we can bound

_ T T _ _ €T
||Nppe1“t,N(N7 e < e o azlul[pN](x_()’t)dt||Nppert,N(N’ t=0)|lge

_ x
< P ||Nppert7N(N7 t=0)gs.
Using the properties for ¢t € [0,ty], if we define K := Supeo,n]l[UlPnewl (@ ) |lo1,
then, using that ufzs] = 0, that the scaling N f(-/N) can only make the C' norm grow
for A>1 and H? — C*,

K < [lulon](z, O)ller + lulppere v](@, )llor = llulon + z2](@, 8)llor + [ulppert.v] (@, 1) [lcr

x
lulon + @2](z, t)or + [N ulppere,v](57 Dl

x
< llow (@,8) + @l s + [N ppertv (5+) s

_ T
< llpwe,t) + walls + [ Nppersn (5:1)]

X _ X
[ Nopere (5:1) = Noveres (58], < ©;

where C > 0 does not depend on N, so in particular, since u[p](z = 0), the support of
Ppert,N(Z,t) is driven by the equation

(z,t) = u[pn + ppert, N (P(2,1))
and by the Cauchy-Lipschitz Theorem
[B(2,0)le~C" < [B(x,1)| S |@(z,0)[e".
Therefore,
Supp(ppere.x) C {a : [a] < N~1eC} (3.62)

and supp(py) N Bs(0) = () for some small § > 0, so that for N big we have separation
between the supports of ppere, v and py and therefore, for any ¢ = 0,1,2,3, for |z| €
supp(pn), and calling D an arbitrary derivative of order i

lppert.n || 1 Ci

|Dzu[ppert,N](x)| <C |$|2+i —= |x|2+z’N3’

and note that the same bound holds for |z| € supp(p). Now, defining W := py(z,t) —
p(x,t), we have that
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W +u[W + p] - VW +a[W] - Vp + ulppert,n] - V(W + p) = 0.
This system allows us to obtain bounds for the evolution of the H3 norm of W, namely

O|W s < CUW s (IW | ae + llp(z,t) + 22l 52 + [[]ppert, N]ll 3 (supp(w)) )
+ [[u[ppert.n] - Vol ms]-

But then, using that

C
lalppern] - Vollas < 575 (L4 llp+ @2l ae)

and ||p + x2||g+ < C, and restricting ourselves to times such that |W||gs < 1 we have

C
FWllgs < ClWllas + <5

N3°
This gives us ||[W| gz < 55e“?, and in particular
C Ct
O|Wllas < N3 [Was < NER (3.63)

Next, we will compare p1(z,t) = Nppert, N (5) and p2(z,t) = Nppert,n (), which fulfill
the evolution equations

0101 (@.0) + (a[N pav (52 D). &)+ ulor] (1)) - Vpa (1) = 0 (3.64)
Opa(x,t) + Oz, ur[pn](z = 0,8)) (21, —x2) - Vpa(x,t) =0, (3.65)
pr(w,t = 0) = pola,t = 0) = f(x)%. (3.66)

Note that, by the boundedness assumption for ||ulpy + x2]l|ct + [[u[ppere,n]llcr, We
know that supp(p1),supp(p2) C Be(0) for some constant C' independent of N, as long
as t € [0,min(tx,T")]. Then, similarly as before, defining p1 = Wyere + p2, we have that

8thert + [U[NPN(ﬁa t)](x7 t) - aﬂuul[pN('? t)](l’ = O)(mla 7$2):| . va
+ [wINon (55 D)@ )] - W + [lpa + Wierd]] - ¥ (Woert + pa) =0.

By taking derivatives in the evolution equation we can obtain

3
at”Wpert”%IS §C||Wpert||H3[HWpertH%ﬁ + Z(prert||H3*j HP2HC‘1+J)

Jj=0
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2
+ > Waertll a5 l[ulpa]llores + [|Flas
7=0
+ Z ||WP@Tt||H3”(afﬂiui[NpN(Nvt)](xat)”C3(supp(WPem))]7 (367)
i=1,2

where
= U[NPN(ﬁ,t)](wvt) = Opun[pn (-, 1)](2 = 0) (21, —22)] - Vip2 + ufpa] - V.
Similarly, in L? we have
OclWerell72 <ClWoertll 2 [[Waerellz2 llpaller + 11l z2]. (3.68)
To bound F, we first note that, if we define
D(t)=e~ Jo 0y uilon (,7))(2=0) dr (3.69)
then

sin(D(t)N1021)

pa(z,t) = f(D(t)zy, D(t) " x5) NI

and since D(t) < eM | we can apply Lemma 3.6, the bounds for the support of py and
direct computations to get, for s € [0, 3],

- Cln(N
Jualoalo,pallae < 3 funlpalloslalgn« < S25
=0

~

S
Cln(N
lualpluspalle < 3 lunlpalllos pallger—s < Nfs
i=0 0

CyIn(N
fulpe] - Vpalne < S0,

~

Furthermore, using the bounds for the support of py(z,t), for j = 0,1, ...

i .
——u[Npn(=,t) + x2](z, 1)
a1 u[ PN ) )
‘ale O3 N Lo (BR(0))
< |V =&l t) + ()
Oz 0z,

L= (B g (0))
N

Cr,j
Ni-T’

< CrgN' o (1) + @2llz2 <
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and since py is symmetric, u[py](z = 0) = 0,

[[a[Npn( + x2)](2, 1) — Opyua[pn (- ) + @2](z = 0) (21, —22)]| 3 (Br(0) < %

— .t
=)
Since we also have that

Cj
[p2llci < Y=

using the bounds for the support of ps we get, for s € [0, 3],

[N ox (s, 01, 6) = eyt lon (D) = 0)(w1, —wa)] - Ve < ONTF .

Na
Combining these bounds together, we have, for s € [0, 3],

s

|F|lge < Cln(N)N~10".

Then, applying (3.68) together with the bounds for ps, we have that, for t € [0, tx]

Ctin(N Cln(N
Woerelle < SR 5w e < SR
N 10 N 10

Now, since for t € [0,tn] we have |[Wyert]lgs < 1, we can apply the bound for Wpye,
in L2, the interpolation inequality and the bounds for py to the evolution equation for
|Wpert || s (3.67) to get

Cln(N
04| Woertllsr2 <CIWpers o + C 220
N 1o
so that
Ctin(N Cln(N
Wyerells < SH2ED o i < EV), (3.70)
N10 NlO

Combining (3.63) and (3.70) and taking N big we have that ¢y > T, and thus the bounds
(3.63) and (3.70) are true for the times we consider.

We now note that, since ppew n is a solution to (IPM) with initial data of the form
(1.9), we have that

at(pnew,N + .’1,‘2) + u[pnew,N + Jig] : V(pnew,N + x2) - u2[pnew,N + .’172] = 07

and so

athnew,]\f +.T2||H4 < C(Hpnew,N +$2||H4Hpnew,N +-732||H3 + ”pnew,N +$2HH4)
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so in particular the bounds we have obtained for the H> norm of Prew,N imply that it
also belongs to H* for t € [0,T]. We are now ready to start showing the properties of
Prew,n- First, we note that, if we choose f(x) such that || f(z)||z> = %, then we have

sin(N* 102, )
I pere, (, 0) |12 = HW)W

1
0

H?2

so that taking N big enough gives us || ppert,n(x,0)|| g2 < €2 as desired. Furthermore, we

have

||pnew,N(x7 t) - p(xﬂ t)”Cl
<llon(x,t) — p(z,t)|lcr + || ppert, N (2, ) — ppert, N (@, 1)1 + || Ppert, N (2, 1) || 02

x _ x C

< llon (1) = p(e.Dlls + [Nppere v (5.8) = prerew (550, + o5
C'ln(N)
— Nl_lo )

so taking N big we get ||pnew.n — pllcr < €3, ||pnew.n + 22||cr < K. Next, would like to
show that 0;0y, u1[pnew N (2, t)](z = 0) > —d. Since

|0t0, U1 [Prew, N — pl| = 100z, [urlpn — p] + w1lppert, N — Ppert,N] + U1[ppert N]]|
C
1000z, w1 [pn — pl| < Ocllpn — pllas < N (3.71)
_ _ Cln(N
00us1(pperev = Ppert I < Blperey = Bpersiillin < ST, (372)
10

which are as small as we want, we only need to worry about 0,0y, u1[ppere,n (-, t)]. But,

using that
040, [Ppert,n (-, )] (2 = 0) = Oz, ur [O¢ Ppere, N (-, 1) (2 = 0), (3.73)

it is enough to obtain bounds for ||u[0:ppert, v (-, )]||c1. But, since

1

sin(D(t)N'+ioz;) )]
Nl*s

6tﬁpert,N('7 t) = - |j€(t)(l‘1, —.1?2) -V (f(ND(t)xl? ND(t)_ll‘Q)

and using

s @1pert.n )l < || Nur@isperen(40) (551) |

U1 ([k‘(t)(m, —x9) -V (f(D(t)xl’D(t)le)w>]>
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where the argument of w; can be written as the sum of functions of the form
h(z)sin(D(t)N10z1 + 6p), ||h(z)|[cr < C, we can apply Lemma 3.6 to get

_ Cln(N

1 @1iperte () lor < 22N,
N io
With all these properties we get
atawlul[pnew N]( ) > atawlul[ ]( - O,t) - |8taw1u1[pnew,N - P](x = Ovt)|
Cln(N
> 040, ur[p](x = 0,t) — $
N 10

and using that 0;0,,u1[p](x = 0,t) > —d and the continuity in time of 9;0,,u;[p](x =
0,t) for t € [0,T] we get, for big N,

04O, u1 [/Jnew N](z = 0,t) > 0,0, us[p](x = 0,t) — |atam1U1[Pnew,N —pl(x =0,t)| > —d.

With this, we have all the conditions in (3.54). Furthermore, since

C'ln(N)
N1o

|atazlu1[pnew,N](x = O,t) - atam1u1[p](x = Oat)‘ = )
by taking N big we obtain (3.53). To finish, we note that, for N big,

”pnew,N + $2||H2 > ||Ppe7“t7N||H2 > ||ﬁpert,N||H2 - Hﬁpert,N — Ppert, N”H2

_ _ T
> pert vl = | Npert v (58 = Noweren (5.9,
> pere il —
er 2 — 1
Z ||Ppert,N || H N
3 _ sin(ND(t)x C
> (D), D) a2, (REDOT €
N io 10
3ey 9 C €2 2
> —=D@)"— — > =Dt
> 5D - - = 2D,

where in the second-to-last line we used the scaling oh the H? so that the only remaining
thing is to obtain lower bounds for

D(t) —e J& k(s) ds’

with k(t) = (O, u1[p(,1))](x = 0). Using the bound for the derivative of k(t), we have
that k(t) + td is monotone increasing, and therefore

t T _y
/ )+sd)d / )+sd)d E(M— —)
0 0

’ﬂl@F
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where we used that, if g(t) is monotone decreasing, then, for to > t;

and thus

as we wanted to prove. Finally, to prove (3.56), we note that

[p(x,t) = prewllczs®2\Bs) = llp(2;1) — pn (2, 1) + ppert,n (2, 1)]|c2.5(R2\ By)
= ||p(x7t) - pN(x’t)||Cz‘5(R2\Bé)

where we used that ppere, v is supported in Bs for N big (using (3.62)). But we already
showed in (3.70) that

CtIn(N
lp(x,t) — pn (2, t) || s rey < #;
N 1o

pnew(@,t) — p(z, ) |ms = |(Prew (@, t) + 22) — (p(2,1) + 22)|[ 12 < C,

and thus taking N big and using interpolation and Sobolev embedding gives us the
desired bound in C?. As for the L? norm, we just use

Ctin(N
new 1) = 9o Dl < ot t) = o Dl + lperevlze < S

which finishes the proof. O
4. Tterative construction: proof of Theorem 1.2
We will construct our solution using an iterative procedure

pla,t) = limp, 00 pn-

We start by choosing po(z,t). For this, given our value of €, we apply Lemma 2.2 with
€0 = g, and we call T¢ the time T given by the lemma.

Note that po(x,t)+z2 € H* for t € [0,T¢], 0;0.,u1[po)(z,t) > — Ko, ||po(z, t)+x2||cr <
K, for some K, > 2, 0;,u1[po](z,t) < 0 and po(x,t) is supported far from the origin and
is symmetric. We define

Te
MO = —/&Clul[po](x = 07t) dt
0
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and
do = sup{d : supp(po(z,t)) N Bs(0) = 0 for allt € [0, T¢]}.

We will now proceed to construct our solution inductively. We start by noting that,
through the construction steps, both p, and p,, (both to be defined later) are symmetric.

T.
O/ n)(x = 0,t) dt,
(z,

t)) N Bs(0) =0 for allt € [0,T¢]},

Now, given p,,, with

dn = sup{d : supp(pn

we first construct p, the following way: we first apply Lemma 3.5 with €1 = ||pn|| g2,
757 (v small to be fixed later), e =47, T'=T., K = d = K., M = M, to obtain
pn fulfilling, at the initial time

€9 =

supp((Pn — pn)(x,0)) N supp(pn(z,0)) = 0,

1%
- _ <

and, for all ¢ € [0, T¢],

En(t) : = Opyur[pn](z = 0,t) <0, Oikn(t) > K,
~ ~ 14
||,0n(l’,t) + xQ”Cl < K, ||pn(£C,t) - pn(xat)”Cl < n—“r‘l’
- 1 - 1
||,0n(1‘,t) - pn(xvt)”CQ'S(RQ\Bsn) < 4_n’ ||pn(x,t) - pn(x’t)||L2(R2) < 4_n’

S = sup{0 : supp(pn(z,t)) N Bs(0) = O for allt € [0,T.]},

N, : = —/8x1u1[ﬁn](07t) dt> M, +
n

+10Mn7

with cps the constant in Lemma 3.5.

If we just used pn4+1 = pn, this would allow us to construct a solution generating a
velocity producing a very strong deformation at the origin, and an infinite deformation
if we take the limit when n tends to co. However, this is not enough to ensure growth of
the H? norm. To make sure that the solution will grow appropriately, we add an extra
perturbation pn41 = prn + pPpert using Lemma 3.7, with this perturbation growing rapidly
in H?, which will ensure the desired growth.

However, to ensure that the added perturbation becomes large in H?, the deformation
generated by p, must be sufficiently large. In order to do this, we will only add this
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perturbation when the deformation generated by p,, has grown enough, in particular we
will add this perturbation every time eM» becomes bigger than 4¥* for some k.

With this in mind, if there is no k& € N such that eM» > 4k2, eMi < 4 for i =
0,1,..i,n — 1, we just define p,4+1(x,t) = pp(z,t).

If there is k € N such that M~ > 4’“27 eMi < 4+ for § = 0,1,..i,n — 1 (we consider
the biggest value if there is more than one k with these properties), then we can apply
Lemma 3.7 with € = [|pn||g2, €2 = §27%, e =47, T =T., K =d = K., M = M, to
obtain p,41 fulfilling, at the initial time

SU-pp((pn-&-l - ﬁn>(x7 O)) N supp(ﬁn(x, 0)) =0,

5 €2k
17 (2,0) = prga(z, O)ll 2 < —o—, (4.2)

and, for all ¢ € [0, T¢],

kn+1(t) L= 8E1u1 [Pn+1]($ = O,t) < 0, 8t]€n+1(t) > —]{67

CMn7

Te
Mn+1 L= —/amlul(pnﬂ(%t))dt 2 Mn — 47" + n+ 1
0

[pns1(2,t) + 22lcr < Ke, |pnt1(z,t) — pn(, t)lcr <477,
[ont1(2,t) = pul@, )l c2smavB; ) <477, lpns1(2,t) — pn(@, 1) || L2@2) <477,
Ont1 := sup{d : supp(pn+1(z,t)) N Bs(0) =0 for allt € [0,T¢]},

and using (3.55) we get

—k
62 2Mpt
eTthK€ )

lon+1(2, )] 2 >

Note that, in particular, we always have that

[pnt1(,t) — pn(@,t)||c25(R2\BS,, ) <

lpnr1(z,t) = pu(z,t)] 2(R2) <

Sl Sl

and, denoting by D! a generic derivative

2 S R2 \ B(;n

471,’
|D1pn+1(l‘ = .’L‘07t) - Dlpn(.’l; = xOvt)' < HLH’ To € B(Sn \B5n+1
0, Xo € B5n+1

which implies that, for ny > ny
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+ 2
77,1+1 h 4j

J=n1

Hpnz (l‘,t) — Pny (.’L’,t)”cl S

and thus it is a Cauchy sequence in C'. To finish the proof we now show that the limit
function peo(z,t) = limy,—,00pn (2, t) exists and has all the desired properties.

Step 1: Unboundedness of M,,.

We start by showing that the sequence given by M,, tends to infinity. For this we can
argue by contradiction: Assume that

lim,, oo M,, = My, < 00.

Note that since M,, + Z?Zl 477 is a monotone increasing sequence then either M., € R
exists or M, tends to infinity. Moreover, we know from Lemma 3.5 that cp;, > 0 is a
constant that depends only on M,, and decreases as M,, increases. Then, we have that

n—1 1 %) - n 1
MnZMo+jgoj+1CMj*;4 kZCMOCj;}*Q,

but since by hypothesis cps__ is bounded from below and the harmonic series is divergent,
then we must have M., = oo.

Step 2: Convergence of the sequence and upper bounds

Let us now consider p., the limit in C'. If we consider ny > n; fulfilling e~ > 4k2,
using that, for n > j

supp(pn+1(x,0) — pn(2,0)) Nsupp(p;(x,0)) = 0
which implies
supp(pn+1(z,0) — pn(z,0)) Nsupp(p;(z,0) — pj—1(z,0)) =0

we have, from (4.1)-(4.2), that

na—1 n2
1Py (2,0) = pry (@,0)[Fr2 = > llpj41(2,0) = pj(2,0) 32 < Z 2*4 '
Jj=ni1

which tends to 0 as ni, k tend to infinity, and therefore

hmn—mo”poo(-r)()) - Pn(x, O)HH2 =0,

so in particular, using again the separation of the supports at initial time

o0
1poc (@, 0) 372 = llpin(a, 0) 132 + D llpja (2, 0) = pj(, 0) I3
§=0
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so by taking v small enough, we get ||poo(z,0)||gz < €. Finally, note that, for any
no > ny > ng we have that

(oo}
i
lpns (7, 1) — pny (xat>||C2-5(R2\B(;no o) < Z §4

i:’l’Ll
and thus
lmy, o0 || e (#,1) = pn (2, 1) 025 (R2\ B3, (0)) = 0

Step 3: existence of the solution p...
Using the convergence of p,, + x5 in C! and L? we get that

limy, —o0[[]poc] — ulpp]llce = lim,—ool[ufpac] — ulpn]llce =0

for a < 1. In particular, integrating in time and passing to the limit we get

to

Poo(t2) = poo(t1) = —/U[poo] - Vpoodt.

t1
Furthermore, since we actually have
limy, s 00l[poo (25 1) — pn (@, 1) c25(R2\ By)
for any § > 0, this combined with the L? convergence of p,, gives us
limy, o0 [[ufpoc](, 1) — ulpn](2,1)[|c2(R2\B,) = 0.

Note that we actually get better convergence, but it is enough for this proof to obtain it
in C2. With this, after taking a spatial derivative in the evolution equation, integrating
in time and passing to the limit

ta
Oz, o (t2) = Op, poo(t1) = _/azi (ulpec] - Vpoo) dt,
ty

for any = # 0. With this we get that, for x # 0, both ps, and 0,,p are Lipschitz in
time, which in particular also gives us continuity in time for u[p], and thus we can pass
to the limit ¢35 — ¢; and obtain, for x # 0

Otpoc(,t) = —ulpoc](z,t) - Vpoo (@, ).
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For z = 0, we just use that po.(z = 0,t) = ufpeo)(z = 0,t) = 0, ps € C1, to get that
Oipoc(z = 0,t) = 0 = —ulpso|(x = 0,%) - Vpeo(z = 0,1),

and thus p is a classical solution to IPM.

Step 3: Properties of the limit solution. Note that, since we have showed the initial
smallness in H? of ps plus the fact that it is a solution, it is enough to now show that,
for any to € (0,T%)

lpoc (2, t0) + 2| 2 = 0.

Given some k > 1, if we consider n such that eM» > 4’“27 eMi < 4¥° for j = 0,1,..5,n—1,
then

[Poc + @2llm2R2\B;, ) = lPns1 + T2l H2R2\BS, ) — > llpje1 — pillaz®2\8s, )
j=n+1
2_k 2Mnt oy 2 4%“_% _T2
zeqge © Tl pm e e 1

j=n
so in particular, for any to € (0,7), by taking k to infinity we get

lpoo (2, t0) + 22|l g2 > lmy e ced T 72 — 1 = o0,

Step 4: Uniqueness. To show uniqueness, we just assume that another solution p, exists,
and defining W(x,t) := —poo(,t) + poo (2, t), subtracting the evolution equations for ps
and P We get

OW = —u[W + pso] - VW —u[W] - Vpoo — ua[W]
and thus
Ft[W Lz < CA A+ [lpocllc) W] 22
and a Gronwall inequality gives us ||[W{|r2 = 0, which finishes the proof.
Acknowledgment

RB is partially supported by the Italian Ministry of University and Research, PRIN
2020 entitled “PDEs, fluid dynamics and transport equation” and PRIN 2022HSSYPN
“Turbulent Effects vs Stability in Equations from Oceanography”, PNRR Italia Domani,
funded by the European Union under NextGenerationEU, CUP B53D23009300001. RB
warmly thanks Instituto de Ciencias Matemaéticas, where part of this work was elabo-
rated. This work is supported in part by the Spanish Ministry of Science and Innovation,



46 R. Bianchini et al. / Journal of Functional Analysis 289 (2025) 111097

through the “Severo Ochoa Programme for Centres of Excellence in R&D (CEX2019-
000904-S & CEX2023-001347-S)” and 152878NB-100. We were also partially supported
by the ERC Advanced Grant 788250, and by the SNF grant FLUTURA: Fluids, Turbu-
lence, Advection No. 212573.

Data availability
No data was used for the research described in the article.

References

[1] R. Bianchini, T. Crin-Barat, M. Paicu, Relaxation approximation and asymptotic stability of strat-
ified solutions to the IPM equation, Arch. Ration. Mech. Anal. 248 (2024) 2.
[2] R. Bianchini, L.E. Hientzsch, F. Iandoli, Strong ill-posedness in W of the 2d stably stratified
Boussinesq equations and application to the 3d axisymmetric Euler equations, SIAM J. Math. Anal.
56 (2024) 5915-5968.
[3] R. Bianchini, M.J. Jo, J. Park, S. Wang, Sharp asymptotic stability of the incompressible porous
media equation, arXiv:2505.05165, 2025.
[4] A. Castro, D. Cérdoba, D. Lear, Global existence of quasi-stratified solutions for the confined IPM
equation, Arch. Ration. Mech. Anal. 232 (2019) 437-471.
[5] P. Constantin, P.D. Lax, A. Majda, A simple one-dimensional model for the three-dimensional
vorticity equation, Commun. Pure Appl. Math. 38 (1985) 715-724.
[6] D. Cérdoba, F. Gancedo, R. Orive, Analytical behavior of two-dimensional incompressible flow in
porous media, J. Math. Phys. 48 (2007) 065206.
[7] D. Cérdoba, L. Martinez-Zoroa, Non existence and strong ill-posedness in C* and Sobolev spaces
for SQG, Adv. Math. 407 (2022) 108570.
[8] S. De Gregorio, On a one-dimensional model for the three-dimensional vorticity equation, J. Stat.
Phys. 59 (1990) 1251-1263.
[9] T.M. Elgindi, On the asymptotic stability of stationary solutions of the inviscid incompressible
porous medium equation, Arch. Ration. Mech. Anal. 225 (2017) 573-599.
[10] T.M. Elgindi, K.R. Shikh Khalil, Strong ill-posedness in L for the Riesz transform problem, Anal.
PDE 18 (2025) 715-741.
[11] I.-J. Jeong, J. Kim, Strong ill-posedness for SQG in critical Sobolev spaces, Anal. PDE 17 (2024)
133-170.
[12] M.J. Jo, J. Kim, Quantitative asymptotic stability of the quasi-linearly stratified densities in the
IPM equation with the sharp decay rates, J. Funct. Anal. 286 (2024) 110401.
[13] C. Jurja, K. Widmayer, Long-time stability of a stably stratified rest state in the inviscid 2D
Boussinesq equation, arXiv:2408.15154, 2024.
[14] A. Kiselev, Y. Yao, Small scale formations in the incompressible porous media equation, Arch.
Ration. Mech. Anal. 247 (2023) 1.
[15] J. Park, Stability analysis of the incompressible porous media equation and the Stokes transport
system via energy structure, Calc. Var. Partial Differ. Equ. 65 (2025) 5.


http://refhub.elsevier.com/S0022-1236(25)00279-4/bib22D29F737D7D7005193427BC540187ABs1
http://refhub.elsevier.com/S0022-1236(25)00279-4/bib22D29F737D7D7005193427BC540187ABs1
http://refhub.elsevier.com/S0022-1236(25)00279-4/bib3AD0FACBAC99CADBFF091069746A6AB7s1
http://refhub.elsevier.com/S0022-1236(25)00279-4/bib3AD0FACBAC99CADBFF091069746A6AB7s1
http://refhub.elsevier.com/S0022-1236(25)00279-4/bib3AD0FACBAC99CADBFF091069746A6AB7s1
http://refhub.elsevier.com/S0022-1236(25)00279-4/bibCE918554DD84FD0F175E47D8F077DF40s1
http://refhub.elsevier.com/S0022-1236(25)00279-4/bibCE918554DD84FD0F175E47D8F077DF40s1
http://refhub.elsevier.com/S0022-1236(25)00279-4/bib789D51195A9264E8C12A883D838BB562s1
http://refhub.elsevier.com/S0022-1236(25)00279-4/bib789D51195A9264E8C12A883D838BB562s1
http://refhub.elsevier.com/S0022-1236(25)00279-4/bib4CEDA0EB59FC94EDBFEDB2AA53D1B1C5s1
http://refhub.elsevier.com/S0022-1236(25)00279-4/bib4CEDA0EB59FC94EDBFEDB2AA53D1B1C5s1
http://refhub.elsevier.com/S0022-1236(25)00279-4/bibA3ED5A85563DC026F4DDCD3E434C74AEs1
http://refhub.elsevier.com/S0022-1236(25)00279-4/bibA3ED5A85563DC026F4DDCD3E434C74AEs1
http://refhub.elsevier.com/S0022-1236(25)00279-4/bibE1DD3B8ECC58E467B7252375DAFCFAEAs1
http://refhub.elsevier.com/S0022-1236(25)00279-4/bibE1DD3B8ECC58E467B7252375DAFCFAEAs1
http://refhub.elsevier.com/S0022-1236(25)00279-4/bib4EA6FAB20042438C506455B810331985s1
http://refhub.elsevier.com/S0022-1236(25)00279-4/bib4EA6FAB20042438C506455B810331985s1
http://refhub.elsevier.com/S0022-1236(25)00279-4/bibA070D4110B575659D49B37C36604B3C1s1
http://refhub.elsevier.com/S0022-1236(25)00279-4/bibA070D4110B575659D49B37C36604B3C1s1
http://refhub.elsevier.com/S0022-1236(25)00279-4/bibFFADD3BB28D3086971FC23CAD4D8EAB1s1
http://refhub.elsevier.com/S0022-1236(25)00279-4/bibFFADD3BB28D3086971FC23CAD4D8EAB1s1
http://refhub.elsevier.com/S0022-1236(25)00279-4/bib178D2F1E41FE0A6FCF5C83B8418F0A09s1
http://refhub.elsevier.com/S0022-1236(25)00279-4/bib178D2F1E41FE0A6FCF5C83B8418F0A09s1
http://refhub.elsevier.com/S0022-1236(25)00279-4/bibA363F61267EF5EC67484BE3C485F36A2s1
http://refhub.elsevier.com/S0022-1236(25)00279-4/bibA363F61267EF5EC67484BE3C485F36A2s1
http://refhub.elsevier.com/S0022-1236(25)00279-4/bib0589FE07FF8C5F1AC500F98E8D105FF5s1
http://refhub.elsevier.com/S0022-1236(25)00279-4/bib0589FE07FF8C5F1AC500F98E8D105FF5s1
http://refhub.elsevier.com/S0022-1236(25)00279-4/bib9B1FC36601B8C32A4CDB8933921E0C8Cs1
http://refhub.elsevier.com/S0022-1236(25)00279-4/bib9B1FC36601B8C32A4CDB8933921E0C8Cs1
http://refhub.elsevier.com/S0022-1236(25)00279-4/bib4A9AE964B52D26A3A54053EBCDDDCEC0s1
http://refhub.elsevier.com/S0022-1236(25)00279-4/bib4A9AE964B52D26A3A54053EBCDDDCEC0s1

	Non existence and strong ill-posedness in H2 for the stable IPM equation
	1 Introduction
	1.1 Motivations and existing literature
	1.2 Main result
	1.3 Ideas of the proof
	1.4 Conventions and notation

	2 Construction of initial data with deformation at the origin and persistence of the deformation
	2.1 Initial data and approximate solution in the stable setting
	2.2 Persistence of the deformation at the origin

	3 Gluing interior and exterior approximate solutions
	4 Iterative construction: proof of Theorem 1.2
	Acknowledgment
	Data availability
	References


