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Abstract

Real structures mode shapes estimated by modal analysis techniques have a common feature:
in most cases they are complex, and their level of complexity can be soundly influenced by the
presence and extent of physical damage, which also affects the distribution of energy
dissipation mechanisms within the structures. Starting from the contributions available in the
literature, the present paper investigates, from a numerical and experimental point of view, the
correlation existing between localized damage and variation of global modal complexity
indices conventionally employed to quantify the nonproportionality of damping in structural
systems. Finally, driven by the inferences made through numerical and experimental test cases
by tracking the variation of complex modes over multiple and progressive damage scenarios,
a new index for damage localization and quantification is formulated and validated against real
data.
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1. Introduction

Structural systems can exhibit different vibration mode shapes, depending on the nature and
distribution of energy dissipation mechanisms. The most common approach to characterize the
system’s damping responsible for the dissipative forces is to resort to a classical viscous

damping model, known as Rayleigh damping. This model assumes that the damping matrix is



a linear combination of the mass and stiffness matrices, thereby extending the classical modal
analysis developed for undamped systems to damped structures. Nevertheless, real-world
systems consist of many substructures made up of different materials and tied up together in
various fashions, often forming elaborated spatial geometries for which such assumption is
sometimes constrictive and quite unrealistic [1]. In the case of nonproportional damping, the
equations of motion defining the direct problem in modal coordinates result to be coupled, thus
mode shapes turn out to be described by complex quantities [2, 3].

Although modern dynamic identification methods can readily identify complex mode shapes,
the use of real mode shapes continues to be the basis for most of modal analysis applications,
including model calibration and updating, structural health monitoring and vibration-based
damage identification [4]. Various techniques have been developed to extract real modes from
complex eigenvectors, which is crucial to achieve an adequate correlation between
experimental and analytical data [5, 6, 7, 8, 9, 10, 11, 12, 13]. However, ignoring the
complexity of vibration modes estimated for real physical systems can sometimes lead to
incorrect or misleading results in a field seeking for higher and higher accuracy [2], i.e. the
field of structural identification, health monitoring and damage assessment. Structures
experiencing local damages tend to exhibit out-of-phase vibrations because of the
unsynchronized movements of the different nodes that do not pass through their maxima and
minima at the same instant in time [13, 14]. This mechanical phenomenon allows
understanding why the imaginary part of the mode shapes can often provide more information
about the spatial location and extent of damage than its real counterpart.

In general, the inherent dynamic properties of a system are all strictly related to the physical
and mechanical characteristics of the structure, but mode shapes are far more effective in
localizing the damage than frequencies or damping alone [15]. Natural frequencies are easy to
identify but they refer to the global structural behaviour and can result in the same amount of
change even for different damage locations [16]; moreover, their sensitivity to mass variations
and environmental conditions often introduces uncertainties in their use as unbiased damage
indicators [17]. Conversely, although proven advantageous in some cases, damping values are
highly affected by measurement errors, and their estimates can show large scatters, being
therefore rarely employed for damage assessment purposes [18, 19, 20]. To implicitly account
for information associated with nonproportional damping arising from local damage
phenomena, the scientific community has recently shifted the focus of its research activity
towards the effects that non-uniform energy dissipation mechanisms cause on the mode shapes

of a vibrating system. The hypothesis underlying this research trend is that undamaged



structures exhibit proportional damping and their eigenmodes can be reduced to the real ones
of the corresponding ideal undamped systems. In contrast, damaged structures exhibit
nonproportional damping and their eigenmodes are lists of complex quantities associated with
the amount of damage present in the system [21].

Based on these considerations, over the last decades several contributions have spread in the
literature trying to verify the relationship between damage and modal complexity to exploit
this information for structural health monitoring of existing artefacts. Worth of mention are:
the pioneering work of Kawiecki [18], who tried to use the modal damping characteristics of a
tested structure for damage detection; the investigations carried out by lezzi et al. [22, 23, 24],
who applied and validated the effectiveness of a measurable complexity index to detect the
presence of damage in framed structures having a typical “shear-type” behaviour; the study of
Masciotta et al. [14], who embarked on the analysis of the real and imaginary components of
complex eigenvectors for damage localization; and the very recent study of Lofrano et al. [21],
who proposed a numerical approach based on a perturbation method to detect, locate and
quantify the damage in framed structures by exploiting state-of-the-art complexity indices.
Despite the scientific robustness of the developed approaches and the consensus reached on
the pivotal role that complex eigenmodes can play as a measure of structural damage, the
applicative counterparts have shown some limitations. Most of these works assume that the
increase in mode shapes complexity comes only from the energy dissipated along with damage
occurrence. However, as Deblauwe and Allemang highlighted in [25], the imaginary content
of the experimentally identified modal vectors can also increase due to aliasing, leakage, mass
loading effects, measurements noise, nonlinearities, high levels of modal density, and
identification errors. It follows that, although a correlation may exist between the presence of
damage and the amount of complexity in damped systems, this is not univocal, especially if
the origin of such a complexity is simultaneously linked to factors other than damage.
Notwithstanding the significant number of papers published on complex modes since the
original contribution of Caughley and O’Kelley [26] and the degree of maturity reached by
modern dynamic identification techniques, the scientific community is still reluctant in
transferring complex mode theory to practical applications, indicating that this subject is not
yet fully understood.

The present work is rooted in the research framework outlined above and aims to analyse the
complex nature of mode shapes in damaged systems featuring nonproportional damping from
a numerical and experimental point of view. To this end, different sets of modal data are

generated through numerical simulations, allowing a first discussion on the use of state-of-the-



art modal complexity indices for damage identification purposes. Then, a dense set of
experimental data from ambient vibration tests is employed to show the limitations of existing
theories and indicators, and to introduce a new index for damage quantification and localization
based on the weighted componentwise difference of the imaginary content of complex modes.
The following sections of the papers are organized as follows. Section 2 recalls concepts related
to the modal analysis of damped multi-degree-of-freedom systems and the measurable indices
employed to address the problem of damage detection using complex modes. Section 3
analyses the complexity of eigenmodes from a numerical point of view by resorting to two
different examples of damped structures: a beam subjected to progressive damage scenarios in
a single location and a segmental arch subjected to progressive damage scenarios in multiple
locations. Section 4 provides a thorough examination of the problem of modal complexity from
an experimental point of view, which ultimately leads to a pointwise damage analysis of the
relative variation of complex-valued modal vectors and to the proposal of a damage indicator
that combines natural frequencies and complex eigenmodes, to detect, locate and assess the
damage and its evolution path over progressive and multiple scenarios. Finally, Section 5

summarizes the main conclusions of the work.

2. Modal analysis of damped structures

Real structures are continuous and nonhomogeneous systems having an infinite number of
degrees of freedom (DOFs). Usually, they are analysed resorting to a discretization that makes
use of a finite number of DOFs, as many as necessary to guarantee plenty of precision. In
general, the second-order differential equations of motion describing the dynamic behaviour of
a multi-degree-of-freedom system (MDOF), if written in matrix form, can be efficiently solved
using the mode shapes and turning them into modal coordinates. Because of mode shape
orthogonality with respect to the mass and stiffness matrices, the modal coordinate mass and
stiffness matrices will be diagonal. In the case of proportional damping, the transformation will
also produce a diagonal damping matrix in modal coordinates, giving rise to classical normal
modes (i.e. real mode shapes). Otherwise, the equations will be coupled, and the problem must
be addressed in a different way. The following subsection recalls the main concepts of the non-
classical problem of complex modes and the method used to solve it, which will be
subsequently employed in Section 3 for the analysis of modal complexity through numerical
data.



2.1 State-space formulation

Let us consider a linear elastic underdamped MDOF structure discretized into finite elements,
the second-order differential equations governing the free vibration problem are expressed by:

Mii(t) +Cu(t) + Ku(t) =0 (1.2)

where u is the displacement vector, which belongs to R" and depends on time t; U is the second
derivative of u with respect to time t; M, C, and K € R™"are the mass, viscous damping and
stiffness matrices of the finite-element assemblage. Displacements ui are also called degrees of
freedom and the integer n corresponds to the total number of degrees of freedom of the
structure. K is symmetric and positive-semidefinite, M is symmetric and positive-definite, and
both are banded with bandwidth depending on the numbering of the finite-element nodal
points.

Regarding the viscous damping matrix C, if the following conditions are met [26]:
CMK =KMC=(CMK)' | (1.2)

the system has classical normal modes (real mode shapes); i.e., the mode shapes of the
undamped system uncouple the damped equations of motion [27] and the Eq. (1.1) is turned
into a real constrained generalized eigenvalue problem.

If the conditions in Eq. (1.2) are not satisfied, the not proportional viscous damping must be
considered in the computation of the system modes, which then produces complex mode

shapes. By assuming that:

u(t) =ge (1.3)
with ¢ a vector of R" and s a complex number, and applying the modal superposition [28], the

Eqg. (1.1) is transformed into a complex polynomial eigenvalue problem [29]:
[S’M+sC+K [p=0 (1.4)

The simplest way to solve this kind of problem, considering a generic non-proportional viscous
damping, is to make use of the state space formulation casting the equations of motion in the

first-order form. Defined the complex vector w(t) as:

t
w(t) = Mtq (L5)

Equation (1.1) turns into Equation (1.6):

! where () and ()" are respectively the inverse and transposed matrices.



AW(t) + Bw(t) =0 (1.6)

where A and B are 2nx2n symmetric matrices defined as:

SRR

Substituting the assumed solution (1.3) and its time derivative into Eq. (1.5),
(I) st st : S (I) st st
w(t) = e =ze", W(t)= e =sze .
® M O] G4 @)

and since se® takes on nonzero values, it follows that:

[sA+B]z=0 (1.8)
Equation (1.8) yields 2n eigenvalues and associated eigenvectors; because, for a constrained
system, A and B are real symmetric matrices, the eigenvalues result in complex conjugate pairs,
with the corresponding eigenvectors also occurring in complex conjugate pairs [27]. The

generic complex eigenvalue, distinguished by a negative real part for a stable system, has the
following form:
- 2 -
$;=—Co,;Tio, ;\/1-" =—Co, Tin, (1.9
where o, ; and , ;represent the j" natural and damped circular frequency of the system, i the

imaginary unit and C; <1 the j™ damping ratio; known the j™ eigenvalue, the corresponding

natural circular frequency and damping ratio can be evaluated exploiting the expressions

below:
@, ; =|s;| (1.10)
¢ = —Re(s) (1.12)
()]

nj
Introducing in Eqg. (1.8) the eigenvalues recovered by the expression (1.9), it is possible to

achieve z and then estimate the mode shapes of the system.

2.2 Mode shape complexity for damage identification

Non-uniform energy dissipation mechanisms due to non-proportional damping distribution
within the structure lead to complex vibration modes. As a result, many indices based on the
mode shapes complexity have been formulated in the literature to measure the damping non-
proportionality of a vibrating system through experimental or operational modal analyses [3,
13, 24, 30]. Some of these indices have also been used to numerically estimate the damage
evolution path in framed structures with a typical shear-type behaviour [21], assuming the



mode complexity as a measure of structural damage. Among them, the most recurrent

indicators are briefly recalled below along with their explicit expressions:

- Modal Imaginary Ratio (MIR). This index weighs the imaginary part of the complex
mode shape with respect to its overall length:

Im(¢;) (1.12)

o]

MIR =

- Modal dispersity (MD). This index provides the componentwise average of the

imaginary part of the mode shape, namely its degree of scatter:

" . 1.13
MD = Zk:l |rr]n(¢]k )‘ ( )

- Modal Phase Difference (MPD). This index measures the maximum out of phase of the

complex mode shape, viz. its angular dispersion:

I T (1.14)

MPD =
T

- Modal Polygon Area (MPA). This index quantifies the modal polygon area defined by

the mode shape over the maximum modal polygon area:

A
MPA= 1 A :ncos(Ejsin[Ej (1.15)
NA, ‘ n n
Note that in the previous Egs. | - |indicates the Euclidean 2-norm operator and |-| means

absolute value; Im(-) is the imaginary part of the mode shape; ¢; stands for the j™ natural mode
shape; ¢, is the k™" component of ;; n indicates the number of degrees of freedom of the

structure; 0, .., 0

i are the maximum and minimum phase angle of ¢;, respectively; Aj is the

j,min

area enclosed by the polygon constituted by the components of ¢;in the complex plane,

whereas Ajmax IS the maximum potential area of the modal polygons.



The indices defined above are always evaluated after removing the dummy, or fictitious,
complexity typical of natural modes obtained by state-space dynamic analysis. This is done
through a normalization and rotation process [3] which consists in rotating the straight line
representing the best linear fit of the mode shape in the complex plane, thus making the real
part of the mode a maximum and the imaginary part a minimum. By definition, these indices
are positive (except for MPD) and range between zero, when damping is proportional or null
and the modes are exactly real-valued monophase vectors, and one, when damping is non-
proportional, and the modes are fully complex vectors, meaning that all the points of the
structure do not pass through their undeflected position at the same instant in time but feature
a certain lag. Being all scalar quantities of complexity, the afore-mentioned indices can only
provide global information about the presence of damage in the structure, but they do not allow
to identify its location.

Two other coefficients enabling to relate pairs of mode shapes and quantify their level of

complexity — always in global terms — are also largely employed in the literature:

— Modal Phase Collinearity (MPC). This parameter, whose value ranges from zero to one
(being equal to one for real vectors), is associated with the variance and covariance of

the real Re(-) and imaginary Im(+) parts of an eigenvector, as specified below [31]:

MPC = (u} (1.16)
o, +a,
S Sy \/ (SW ~S,, J (1.17)
oy, = 1S, 1+
| 2 2S,,
S, = Re(9,)" Re(9,), S,, = Im(9,)" Im(9,), S,,, =Re($,)" Im(9,) (1.18)

— Modal Assurance Criterion (MAC). This parameter quantifies the degree of correlation
between two different mode shapes according to the following expression [32]:
* 2
00| (1.19)
MAC(;,05 )= 5 [0y o 0 -
o] o

where (-)* denotes the complex conjugate transpose of the mode shape. This coefficient,

conventionally used to perform pairing between sets of modes, is a scalar varying



between zero (no correlation) and one (full correlation) and is well-suited to the analysis

of monophase vectors.

In real situations, typical complex modes are somewhere in between the completely complex
and the real modes [33]. Therefore, conventional modal analysis methods based on the
assumption of normal (or nearly normal) mode shapes cannot be universally regarded as
accurate and reliable for all applications. Modal complexity can originate from a variety of

reasons, including damage, thus its correct quantification cannot be neglected.

3. Analysis of modal complexity using numerical data

In order to explore the complex nature of the mode shapes in systems with non-proportional
damping arising from stiffness degradation, as well as to investigate the performance and
effective damage-dependent variation of the indices reported in the previous section, two
artificial examples were numerically generated (see Figure 1) and analysed: a pinned beam and
a segmental arch on fixed supports. In either case, complex modal analyses were conducted on
the undamaged and damaged configuration of the structure, focusing on the componentwise
changes undergone by the imaginary part of the mode shapes with progressive damage
scenarios. Indeed, very little attention has been paid in the literature to this particular aspect.

The analyses carried out consisted of the following steps:

- Step 1 (reference scenario, RS): a preliminary modal analysis is performed to evaluate
the natural frequencies and mode shapes of the undamaged system, assuming the
damping matrix C as a linear combination of K and M [34];

- Step 2 (damage scenario, DS): localized damage is simulated in the structure by

reducing the elastic modulus of some elements and the new stiffness matrix K of the
damaged system is evaluated,;

- Step 3: the complex eigenvalue problem in Eq. (1.4) is solved by the state space

formulation (1.8), using the damaged stiffness matrix K in place of K, and assuming C
and M as constant and equal to the matrices computed in Step 1 for the initial
undamaged state (basically the damping non-proportionality only arises as an indirect
effect of the stiffness loss);

- Step 4: the frequency decay of the main vibration modes is estimated over progressive
damage scenarios along with the MAC, MPC, MIR, MD, MPD and MPA indices;



- Step 5: the real and imaginary components of the mode shapes are plotted, and their

changes analysed from the reference scenario up to the last damaged configuration.

The simulations were performed combining the use of MATLAB R2018b and NOSA-ITACA
code. The latter is a non-commercial FE code developed by ISTI-CNR [35]; thanks to the

numerical method therein implemented to solve the FE model updating problem [36, 37, 38],

it was possible to obtain the automatic extraction of the M, K and K matrices employed in step

Figure 1. Geometry of the damped structures used in the numerical simulations (length in meters) with
identification of the damage location(s).

3.1 Damped beam under progressive damage scenarios with single damage location

The first numerical example focused on the beam structure sketched in Figure 1. The beam
featured a 10 m length and a square cross-section of 0.5 m side, it was pinned at the ends and
forced to move in the x—z plane. The system was discretized into 40 straight beam elements
(element no. 9 of the NOSA-ITACA library [39]) for a total of 41 nodes and 246 degrees of
freedom, allowing to obtain a simple yet refined baseline model far different from the reduced
order models usually adopted in the literature to address the problem of modal complexity [23,
24].

In the first stage, a preliminary modal analysis was performed to evaluate the frequencies and
mode shapes of the beam in the reference scenario (RS), under the assumption of homogeneous
material with Young’s modulus E=3.00 GPa, Poisson’s ratio ¥=0.2 and mass density p=1800
kg/m?®. The first four natural frequencies obtained with the above parameters are reported in

Figure 2 together with the corresponding mode shapes. Note that, dealing with a 2D problem,



the main vibration modes of the structure are all vertical bending modes, and their sequential
number reflects the number of curvatures (or the number of inflection points decreased by one

unit) in the deflected beam shape.

e e @
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Figure 2. The first four vibration modes of the beam in the reference scenario.

Once extracted the stiffness and mass matrices from the NOSA-ITACA code, the damping

matrix C was calculated under the well-known Rayleigh assumption given by:

C=a,M+aK (1.20)
a __x a, =a,0_,0 1.21
1 03,-,1"‘(0”2’ 0 1%n1*"n2 ( : )

where wn1 and on2 are the first two natural circular frequencies of the undamped system and ¢
is the damping ratio (taken as 3% for the present case).

Afterwards, damage (damage scenario, DS) is inserted in the beam middle part (ds, case a) and
at the left end (d2, case b). Five damage scenarios (DS1-DS5) were progressively reached in

each case by decreasing the elastic modulus of four (case a) and three (case b) elements from

10% to 50%. For every DS the damaged stiffness matrix K was evaluated by the NOSA-
ITACA code and subsequently used to solve the complex eigenvalue problem.

The predicted natural frequencies and associated modal complexity levels obtained for case a)
are summarized in Figure 3 and Figure 4 across the different DSs. As expected, frequencies
result to be highly sensitive to structural damage: in fact, in the scenario characterized by a
50% reduction of the Young’s modulus at mid-span (DS5), maximum frequency downshifts of
8.6% and 6.3% are estimated for the first and third modes, respectively, which are the modes
mainly affected in terms of global stiffness by the central location of the damage. On the
contrary, even modes feature a null inflection point passing through the damage position, hence
their low sensitivity to global stiffness changes and local deflection changes (the lower the

mode, the lower its sensitivity to mode shape variations and vice versa).



Concerning the complexity indices, it is worth noting that despite their different magnitude
scales, they all exhibit similar trends (except for MPD), reading progressive variations
consistent with the damage severity of each scenario but unable to catch the major influence
on the first and third mode shape. Overall, the results highlight that: (i) MPC is minimally
affected by the damage showing a maximum variation of barely 0.11% in the worst scenario;
(i) MPD index does provide no useful information on the damage evolution; (iii) MIR, MD
and MPA seem very sensitive to damage (in particular for higher-order mode shapes) but
monotonically increase with the damage evolution regardless of the different impact caused to
the stiffness and deflection characteristics of each mode. Furthermore, none of the indicators
gives spatial information about the damage position.

Figure 5 shows the pointwise evolution of the real and imaginary components of the four
estimated mode shapes over the different damage scenarios. It is worth noting that, while the
shifts in the real part are almost undetectable, or even non-existent in correspondence of the
central damaged elements, the imaginary component is very sensitive to damage, as proved by

the quantities A and A* reported in the same figure and calculated as:

_|Re(@°*) —Re(¢;")|
- R0 | (1.22)
o [IM(©,°*) - Im(6,”)]

- 6™ | (1.23)

In terms of average magnitude variation of the imaginary content, the higher the number of
inflection points of the mode, the greater the componentwise shifts, resulting into a major
number of false positives.
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Figure 3. Case a): frequency decay and MAC trend versus damage scenario (DS). (For the interpretation
of colours in the figure legend, the reader is referred to the web version of this article).
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Figure 4. Case a): MPC, MIR, MD, MPD and MPA trend versus damage scenarios (DS). Note that in

the MPC graph, the lines relative to ¢; and ¢» mode shapes are coincident. (For the interpretation of
colours in the figure legend, the reader is referred to the web version of this article).
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To better explore the correlation between damage location and mode complexity, the same
analyses carried out for case a) are repeated for case b), namely for the beam structure where
damage is localized at the left end, close to the pinned support. The predicted results, shown in
Figure 6 and Figure 7, point out the greater impact that one-sided stiffness losses have on the
higher-frequency modes of the beam and highlight the sensitivity of all complexity indices to
mode complexification caused by unilateral damage scenarios, displaying increasing trends as
the severity of the damage increases. Concerning the componentwise comparison of the real
and imaginary parts illustrated in Figure 8, it is interesting to note how the magnitude of the
mode shape imaginary component amplifies with progressive damage and reaches its
maximum value near the damage position, unlike the real counterpart. This is particularly
evident by comparing the imaginary component of the first mode shape of case a) with the
corresponding one of case b). However, the average magnitude variation of the imaginary
content of each mode shape does increase with the number of relevant inflection points, thus

leading to false positives for higher-frequency modes.
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Figure 6. Case b): frequencies decay and MAC trend versus damage scenario (DS). (For the
interpretation of colours in the figure legend, the reader is referred to the web version of this article).
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Figure 7. Case b): MPC, MIR, MD, MPD and MPA trend versus damage scenarios (DS). Note that in

the MPC graph, the lines relative to ¢; and ¢» mode shapes are coincident. (For the interpretation of
colours in the figure legend, the reader is referred to the web version of this article).
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is referred to the web version of this article).



3.2 Damped arch under progressive damage scenarios and multiple damage locations

The second numerical example concerned the arch structure depicted in Figure 1. The system
was fully clamped at the springings and its geometry featured a mean radius of 1.22m, a span
of 1.90 m, a cross-section of 0.075x0.43 m? (radial thickness x arch width) and a springing
angle of about 39°. Forced to move in the x-z plane, the arch was discretized into 26 straight
beam elements (element no. 9 of the NOSA-ITACA library [39]) for a total of 27 nodes and
162 degrees of freedom. Although comparable with the beam structure from a modelling point
of view, the example of the arch was deemed necessary to extend the conclusions drawn for
beam-like structures to catenary-shaped structural elements featuring different support
conditions. In accordance with the previous case, a preliminary modal analysis was conducted
in the NOSA-ITACA code to estimate the natural frequencies and mode shapes of the arch in
the reference scenario (RS), keeping the same assumptions made for the beam in terms of
material properties: elastic modulus E=3.00 GPa, Poisson’s ratio v=0.2 and mass density
p=1800 kg/m?3. The natural frequencies estimated for the first four vibration modes are reported
in Figure 9 together with the corresponding mode shapes. Dealing with a 2D problem, modal
displacements are all contained in the x-z plane and follow the typical sequential configuration
expected for segmental arches on fixed supports: a first asymmetric mode in longitudinal
direction, two symmetric bending modes in vertical direction and an additional asymmetric
bending mode in vertical direction. Note that the number of inflection points, thus curvatures,

progressively increases for higher-order frequencies.

1stmode shape, f;=33.55Hz

34 mode shape, f3; =101.41 Hz 4t mode shape, fy; =116.01 Hz

Figure 9. The first four vibration modes of the arch in the reference scenario



The damping matrix C of the undamaged state was calculated as a linear combination of the
mass M and stiffness K matrices according to the expressions given in Egs. (1.20) and (1.21),
and assuming a damping ratio equal to 3%. Then, five damage scenarios (DS1-DS5) were
simulated by progressively reducing the elastic modulus of a few elements in multiple
locations, so as to lead to the development of three plastic hinges c1, c2 and ¢z in notorious

positions (Table 1).

Table 1. Reduction of the elastic modulus over damage scenarios

Scenario C1 C2 C3 Crack location
DS1 - 0.90E - /\
DS2 0.95E 0.80E - TN

] ]
DS3 0.90E 0.70E 0.95E TN
DS4 0.80E 0.60E 0.90E VRN

P e
DS5 0.70E 0.50E 0.85E TN

- A

The outcome of the complex modal analyses is summarized in Figure 10 and Figure 11 in terms
of frequency decay, MAC coefficients and modal complexity indices over the different DSs.
The close inspection of the graphs reveals a monotonic decrease of both longitudinal and
vertical bending stiffness, reading relative frequency downshifts up to 6% in the last scenario
(DS5); sensible variations are also noticed in the deflection characteristics of the arch related
to the vertical bending modes, which indeed result the most affected by the three-hinge damage
configuration. As regards the modal complexity indices, the results are in line with what
observed for the beam cases: apart from the MPD index, all the other indices share the same
trend and prove to be sensitive to the mode shape complexity originated by multiple and
progressive damage scenarios, showing a monotonic increase with the damage evolution
particularly strong for higher-frequency modes. Notwithstanding, no useful information about
the spatial location of the cracks is retrieved through these scalar indicators.

With the aim of moving to a higher level of damage identification, the evolution of the real and
imaginary parts of the most representative mode shapes of the arch are plotted and analysed

along x and z directions for the different damage scenarios: mode ¢, that is the fundamental

mode of the structure and the only one with prevalent modal components in longitudinal



direction; and mode ¢, that is the only mode with dominant vertical modal components

showing the lowest MAC value and therefore the greatest damage-induced deflection changes.
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Figure 10. Case c): frequency decay and MAC trend versus damage scenario (DS). (For the
interpretation of colours in the figure legend, the reader is referred to the web version of this article).
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As shown in Figure 12, the imaginary components along x and z directions are very sensitive
to damage unlike their real counterparts and the peak values in terms of percentage variation
are reached nearby the areas where the three plastic hinges c1, ¢2 and cs were formed. Relatively
to the first mode shape, the highest percentage variations of the imaginary part along x direction
are attained close to the arch supports, a phenomenon in line with the fact that the hinges
occurring at the ends of catenary-shaped structures greatly influence the modes with dominant
in-plane longitudinal components; vice versa, the major percentage variation of the imaginary
components along the z direction is reached in correspondence of the central hinge. Regarding
the imaginary content of the fourth mode shape, the greatest percentage variations are recorded
nearby all three affected areas for the z direction, whereas only the extremity components of
the mode feature major changes in x direction. This was somehow expected, given the major

impact of apex damages on the vertical bending response of arch structures.

4. Analysis of modal complexity using experimental data

As pointed out in the Introduction, during past three decades several authors have tried to
analyse and quantify the complexity of vibration modes in dynamic systems for damage
identification purposes. To the best knowledge of the authors, except for rare instances [14],
most of the practical examples that were used to validate the afore-mentioned theoretical
formulations and findings relied on simple linear discrete models featuring diagonally lumped
mass matrices, symmetric and banded stiffness matrices, and controllable proportional or
nonproportional damping matrices. With such assumptions, as demonstrated in Section 3 for
analogous cases, all the candidate modal complexity indices retrieved from the literature result
effective for detecting the presence of structural damage, where this implies a loss of stiffness
and an increase of dissipation — with respect to the initial undamaged configuration — that lead
to a non-proportionally damped system characterized by complex mode shapes. Yet, none of
these indices provide spatial indications about the damage location, thereby adding no extra
value to the conventional and straightforward damage identification procedures based on the
comparison of frequency values, likewise (if not more) sensitive to damage scenarios induced
by stiffness losses.

The complexity of the problem further increases when dealing with real-world physical
systems, whose estimated mode shapes are not exactly real-valued monophase vectors even for

undamaged conditions, and the source of complexity is not solely due to nonproportional



damping. Hence the need to benchmark numerical and analytical studies with verified
experimental data in order to fully validate their effectiveness.

The laboratory application described hereafter is examined with the aim of showing the
underlying challenges associated to real experimental test cases and the difficulties that arise
in identifying the damage when state-of-the-art formulations based on modal complexity are
applied. In order to overcome the limitations that literature indices exhibit for experimental
use, a new pointwise indicator relying on the imaginary content of measured complex modes

is proposed for both localization and assessment of structural damage.

4.1 Description of the experimental benchmark

Benchmark of the present study is the experimental campaign carried out on a reduced-scale
arch specimen tested by the authors in the structural laboratory of the University of Minho
(Guimaraes, Portugal) and already employed as experimental reference for the cross-validation
of a non-standard modal-based finite element updating procedure [40]. The arch was built with
low compressive brick units of dimensions 100 x 50 x 75 mm? (length x width x height) laid
lengthwise over the arch width with a running bond pattern and assembled using low-quality
lime mortar joints of less than 10 mm thickness. The structure was erected on two concrete
abutments, one fixed to the floor by bolts and the other one resting on a simple supporting
system with lateral guide rollers to allow for horizontal sliding. Aimed at tracking the dynamic
behaviour of this type of structures when subjected to one-sided horizontal settlements, the
arch was progressively damaged by imposing outward increasing displacements at the movable
support, reaching five unrecoverable Damage Scenarios (DSs). Mass loading effects were also
considered by placing on the arch spandrels two lime bags of 25 kg each (corresponding to
about 50% of the structure’s weight) before proceeding with the static tests.

After each displacement stage, dynamic identification tests were performed to fully
characterize the modal response of the system and to follow its stiffness degradation with
increasing structural damage. A dense network of high-sensitivity wired accelerometers was
deployed for the purpose, enabling to obtain a well distributed measurement array along the
back and front edges of the arch, in both tangential and normal direction, for a total of 52 nodal
processes (13 measurement points per edge). Such a distribution was deemed good enough to
attain a fine resolution in terms of mode shapes, which is crucial to identify the position of
localized damages. Figure 13 illustrates the geometry of the scaled arch together with the static

and dynamic test layouts.
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Figure 13. Geometry of the experimental arch along with the (a) static and (b)-(c) dynamic test layouts
[40].

Minimum durations of 180 s and 60 s were fixed for ambient and random impact vibration

tests, respectively, so as to ensure a time window greater than 2000 times the fundamental



period of the arch (the second source of excitation was necessary to improve the low signal-to-
noise ratio of the outputs due to the non-negligible background noise of the laboratory). To
eliminate possible aliasing effects during post-processing operations, signals were acquired
with a sampling rate of 400 Hz, which corresponded to twice the highest frequency of interest
for the undamaged structure (i.e. the Nyquist frequency). Twelve setups, each one consisting
of four reference sensors and four moving sensors, were necessary to record the nodal response
processes of all pre-established measurement points.

While the movable support was displaced through a hydraulic jack, an asymmetric crack
pattern progressively developed at the mortar-brick interfaces leading to the onset of three
hinges distributed according to the classical “intrados-extrados-intrados” configuration
expected for segmental arches on spreading supports. The first crack c1 occurred at the intrados,
in the left region of the keystone, close to sensor A05; whereas, the second and the third cracks,
C2 and c3, appeared at the extrados of the skewbacks corresponding to the fixed and moving
supports, close to sensors A01 and A13, respectively. The crack pattern observed at the end of
the five stages (3 mm settlement) is presented in Figure 14. For a complete description of the
experimental campaign and a thorough analysis of the arch response up to failure, the reader is
referred to [40].

Figure 14. Crack pattern of the masonry arch after five displacement stages (3 mm settlement).

4.2 Operational modal analysis and effects of crack location

The extraction of the experimental modal parameters over the five DSs was carried out by
cross-validating the estimates from two well-known and established OMA (Operational Modal
Analysis) techniques implemented in the software ARTeMIS Modal: the Enhanced Frequency
Domain Decomposition (EFDD) and the Stochastic Subspace Identification with Extended



Unweighted Principal Component (SSI-UPCX). In the following, for the sake of brevity, only
the modal features extracted by the SSI-UPCX will be considered.

Table 2 and Table 3 summarize the results obtained in terms of mean frequency values (f) and
damping ratios (&) across the different scenarios, including the undamaged configurations with
(RSw) and without (RS) applied load. For completeness, a visual insight into the mode shapes
configuration of the reference scenario (RSw) versus the last damage scenario (DS5) is
provided in Figure 15, where the MAC values between corresponding mode pairs are also
displayed. Overall, six to seven vibration modes in the frequency range 30-150 Hz were

identified and tracked with progressive damage [40]: four in-plane vibration modes, one in

longitudinal direction X ( ¢, ) and three in vertical direction Z (of which two symmetric bending
modes ¢;- ¢, , and one asymmetric double bending mode ¢, ), and three out-of-plane vibration

modes (9, ,ds and ;). It is noted that mode ¢ could not be tracked neither in the reference

scenario with applied load (RSw) nor in the first damage scenario (DS1), hence the missing
values. This is plausibly due to the fact that, although different in terms of spatial configuration,
¢: and ¢, are higher-order modes, very closely spaced for the type of structure under
consideration. As the applied load mainly affects the vertical bending stiffness of the arch, the
frequency gap between ¢ and ¢ initially reduces, hindering the complete separation of the
two mutually interfering modes during the identification process of the first stages (RSw and
DS1). Many factors, such as the influence of background noise, the analysis resolution, and the
low level of energy, can sensibly affect the accuracy of the modal parameter estimation in case
of higher-order and closely spaced modes. The application of bandwidth refinement techniques
would have likely allowed to better address the cross modal interference from measured
responses [41]. Still, as better explained in the following, this limitation does not adversely
affect the outcome of the damage identification process, as mode 6 does not fall within the
range of modes considered of interest for the purpose.

As the support slid outwards, the arch cracked and this sensibly degraded the structural
stiffness, leading to frequency drops up to 36% and 22% for modes ¢, and ¢, . Nevertheless,

for the same modes, the MAC coefficients between RSw and DS5 modal vectors are equal to

0.98 and 0.60 respectively, meaning that the largest differences in the modal displacements
imputable to damage only concerned mode ¢,. This outcome is in accordance with the

behaviour expected for this type of damage pattern; indeed, given the prevalence of horizontal

modal displacement components, the presence of crack hinges at the supports does not



influence the dominant vibration mode but in terms of longitudinal stiffness, while the presence
of the crack on the left region of the keystone does remarkably affect both the bending vertical
stiffness of the structure and the associated mode shape with higher vertical components. Based
on these premises, the damage analysis detailed in sub-Sections 4.3 and 4.4 will focus

exclusively on the in-plane modes of the experimental arch.

Table 2. Variation of the natural frequencies of the arch with progressive damage.

Frequencies [Hz]

Mode
RS RSw DS1 DS2 DS3 DS4 DS5  Af*[%]
1 37.03 30.06 26.31 23.40 21.44 20.20 19.16  —36.26
2 58.64 50.95 50.28 48.86 45.14 44.05 4319  -15.23
3 63.56 59.44 59.04 58.14 58.27 57.77 5754 - 3.20
4 100.76 95.23 80.47 75.75 74.97 74.39 7409  -22.20
5 122.67 120.62 113.16 111.44 110.60 110.98 110.86 - 8.09
6 125.06 - - 121.50 118.71 116.68 11578 - 7.42
7 146.21 134.02 136.40 130.91 128.84 129.60 129.00 - 3.75

*Percentage variation between reference (RSw) and last damage (DS5) scenarios.

Table 3. Variation of the damping ratios of the arch with progressive damage.

Damping ratios [%]

Mode

RSw DS1 DS2 DS3 DS4 DS5 AE* [%]

1 0.95 1.26 2.27 2.99 2.90 2.59 214  +69.84

2 0.88 3.06 1.39 3.79 4.62 3.75 184  —39.87

3 1.02 1.22 3.61 1.86 1.83 1.77 202  +6557

4 0.97 2.12 3.27 2.61 2.39 1.98 209 - 142

5 1.25 2.97 1.57 2.95 2.99 3.03 269 - 9.43

6 1.03 — — 3.86 3.17 3.21 249  +141.75

7 1.46 4.19 1.79 2.23 2.00 2.58 346  —17.42

Avg 1.08 2.47 2.32 2.90 2.84 2.70 239  +29.86

*Percentage variation between reference (RSw) and last damage (DS5) scenarios.

Lastly, it is worth drawing attention to the variation of energy dissipation among the different
scenarios. As a rule, the vibration modes of a damaged structure feature higher damping values
than their undamaged counterparts. Accordingly, for the present arch, one would expect a
progressive increase of modal damping between subsequent scenarios consistent with the decay

of the system oscillations after the damage onset, but this is not the case even though an overall



damping increase of about 30% is recorded with respect to the reference configuration if the
contribution of all modes is considered. Such a behaviour clearly reveals the complex nature
of this modal parameter, whose accurate identification presents much higher statistical
variation from random error sources than modal frequencies, thereby explaining why the
damping ratio is rarely adopted for structural health monitoring purposes. The simultaneous
occurrence of multiple sources of complexity beyond the damage can strongly affect the energy
dissipation mechanisms of physical systems and this is particularly evident for the structure
under consideration, where higher modal complexity factors (MCF = 1-MPC) do not

correspond to increased damage, as shown in Figure 16 (it is noted again that mode ¢s was not

identified neither in RSw nor in DS1, hence the missing values for these scenarios).

Mode 1 (MAC = 1.00) Mode 2 MAC = 0.70)

Mode 4 MAC = 0.90)

Mode 6

Mode 7 (MAC = 0.67)

Figure 15. Mode shapes comparison between reference and last damaged scenarios (undeformed shape
in grey, RSw in blue and DS5 in green).
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Figure 16. MFC trend of the seven mode shapes estimated along the DSs. (For the interpretation of
colours in the figure legend, the reader is referred to the web version of this article).

4.3 Normalization and rotation of identified complex modes for experimental use

As stated in the previous sections, for non-proportionally damped systems the mode shapes are
in general complex, but part of this complexity is dummy and must be removed to exploit the
magnitude of their complex nature as a measure of structural damage. To this end, the arch
modes experimentally identified were normalized and rotated according to the procedure
recalled in the Section 2.2 so as to minimize their imaginary part and maximize the real one
[3].

Figure 17 and Figure 18 display the polar plots of the arch eigenmodes for the reference
scenarios (RS and RSw) before and after removing the fictitious complexity. Note that both
horizontal (x direction — blue colour) and vertical (z direction — red colour) modal components
are represented onto the complex plane. It is observed that, after the normalization and rotation,
all modal vectors estimated for RS (with the exception of mode ¢7) become real and coincide
with the real ones that would be obtained for zero damping, meaning that the system in its
initial reference configuration is proportionally damped. Conversely, by replicating the same
operation for RSw, the mode shapes do not turn into real-valued monophase vectors (likely
because of the mass loading effects resulting from the addition of two lime bags on the arch
spandrels), which means that only part of the mode complexity is fictitious, hence the system
is non-proportionally damped even if not yet damaged. This confirms that undamaged
structures do not necessarily meet the assumption of proportional damping and that the modal
complexity cannot be univocally linked to structural damage.

Interesting considerations also emerge by inspecting the polar plots of the vibration modes of

the arch — after normalization and rotation — for two representative damage scenarios, i.e. DS3



and DS5 (Figure 19). Concerning DS5, except for the higher frequency modes (i.e. ¢, ¢, and

¢,), all main natural modes of the arch lie almost completely on the real axis, even though a

much higher complexity of the in-plane modes would be expected for this last scenario. By

contrast, when observing the polar representation of the modal components of the arch for DS3

(less severe than DS5), one can notice that only the fundamental mode of the structure lies

completely on the real axis. This outcome corroborates the difficulties in establishing a direct

relationship between damage extent and modal complexity in dynamic systems.
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Figure 17. Mode shape components of the arch (a) before and (b) after normalization & rotation for
Reference Scenario RS; x components in blue and z components in red. (For the interpretation of colours
in the figure legend, the reader is referred to the web version of this article).



Reference Scenario with applied load (RSw)
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Figure 18. Mode shape components of the arch (a) before and (b) after normalization & rotation for
Reference Scenario RSw; x components in blue and z components in red. (For the interpretation of the
references to colour in the figure legend, the reader is referred to the web version of this article).
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Figure 19. Mode shape components of the arch after normalization & rotation for (a) Damage Scenario
DS3 and (b) Damage Scenario DS5; x components in blue and z components in red. (For the
interpretation of colours in the figure legend, the reader is referred to the web version of this article).

The aspects referred above are further explored by resorting to the complexity indices for
damage detection proposed in the literature and applied in the numerical examples described
in Section 3, namely: Modal Phase Collinearity (MPC), Modal Imaginary Ratio (MIR), Modal
Dispersity (MD), Modal Phase Differences (MPD) and Modal Polygonal Area (MPA). The
results obtained from these measurable indices across the different damage scenarios of the
arch are displayed in Figure 20 along with the conventional Modal Complexity Factor (MCF).

Since the damage caused to the masonry arch mainly affected its longitudinal and bending



behaviour, only the in-plane vibration modes are taken into consideration, namely ¢,, ¢, and
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Figure 20. Evolution of MCF, MPC, MIR, MD, MPD and MPA for the in-plane mode shapes of the
arch with progressive DSs. (For the interpretation of colours in the figure legend, the reader is referred
to the web version of this article).

Although differently scaled in magnitude, the first four indices do share the same trend (Figure
20, a-b-c-d): in fact, the imaginary content of the modes (MIR) is proportionally linked to their
complexity (MCF) and dispersity (MD), and inversely proportional to the modal phase



collinearity (MPC). The last two indices show instead a very different sensitivity (Figure 20,
e-f). However, none of the indicators show consistency between their magnitude and the
increasing degree of damage across the different scenarios nor provide for a unique solution.
For instance, with regard to the initial undamaged configuration (RS), only two out of six
indicators provide the correct outcome (MCF = 0 and MPC = 1) while the others slightly
deviate from the expected theoretical value (according to their formulation, MIR, MD, MPD
and MPA should provide a zero value for undamaged and proportionally damped systems). In
what concerns the reference scenario with applied load (RSw), most of the indices fail to
address the right nature of the damping, thus the error between their actual and expected values
sensibly differs. Focusing on the remaining scenarios (DSs), since the position of crack hinges
remains unchanged throughout the development of the kinematic configuration [40] and
considering the non-recoverability of the damage (no closure of cracks), a coherent increase of
the indicators among successive DSs would be expected within each single mode. In this case,
the results from MDP and MPA appear as the most inconclusive, while the others are deemed

acceptable to a certain extent only for damage detection but fail in quantifying the damage (for
example, the complexity index for mode ¢, is always very low, despite the remarkable stiffness

loss experimentally observed). The major limit is that none of the analysed indicators provide
information about the damage position, thereby resulting unsuitable to address higher-level
damage identification problems (e.g. damage localization), which today represent one of the

main challenges in structural heath monitoring.

4.4 Pointwise damage analysis through relative variation of complex-valued modal
vectors

In order to overcome the limitations of literature indices and enhance the damage investigation
procedure moving from a global to a local damage identification, the complex-valued
eigenvectors describing the in-plane experimental modes of the masonry arch are thoroughly
analysed and a pointwise damage indicator is proposed therefrom.

It is widely accepted that the real part of the vibration modes of a structure holds most of the
information about its dynamic characteristics. Still, when local damage phenomena occur,
structures are prone to experience unsynchronized movements among the different nodes, thus
the real part of the modal vectors, being related to the in-phase components of the structural
response, can provide only limited information about the damage position with respect to its
imaginary counterpart. As a result, depending on the origin and location of the damage, indices



relying on direct changes of real mode shapes and/or modal curvatures might lead to false
negatives when the deflection characteristics of the analysed structure are not much affected
by the damage [16]. By contrast, the imaginary content of the modal vectors is related to the
out-of-phase components of the structural response and can be profitably exploited as a
measure of damage, as shown in Section 3. In theory, the direct comparison of the magnitude
of the imaginary parts is enough to quantify the degree of scatter of complex modal vectors
between subsequent damage scenarios and consequently locate the damage; in reality, the
process might be subtle and can lead to false alarms. As an example, Figure 21 shows the
pointwise comparison of the imaginary part featured by the in-plane eigenmodes of the arch in
both horizontal (x) and vertical (z) directions when passing from reference scenario RSw to
damage scenarios DS3 (intermediate damage) and DS5 (severe damage). Although the shifts
observed in the complex eigenvectors allow to detect the presence of anomalous changes, it is

not possible to identify the exact location of the experimental cracks.
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Figure 21. Pointwise comparison of the imaginary part featured by the in-plane eigenmodes of the arch
along x (left) and z (right) directions from RSW to DS3 and DS5. (For the interpretation of colours in
the figure legend, the reader is referred to the web version of this article).



In light of the findings emerged from the numerical and experimental investigations discussed
hitherto, the following damage index has been defined to appropriately compare and weigh the
changes in the imaginary content of complex eigenvectors caused by evolutionary damage

scenarios:

Im(¢;") = Im(¢;")| "
EZL Im ((I)iju ) f

i
n

Alij(fj):

(1.22)

where Im(-) is the imaginary part of the mode shape; ¢; is the i'" component of the j™ natural

mode shape ¢;; n is the total number of imaginary elements contained in the mode shape; fj is

the eigenfrequency associated with the j mode, and the upper scripts u and d stand for
undamaged and damaged scenarios. Basically, Al is a damage indicator that measures the
pointwise difference between benchmark and current magnitude of the imaginary part of a
modal vector and relates this variation to its initial average imaginary content. The obtained
value is then weighted by the ratio between the initial and current eigenfrequency values
estimated for that mode, thus assigning higher importance to the eigenmodes suffering a
significant decrease in vibration energy because of the progressive stiffness loss. If no damage
occurs in the structure, the amount of changes in the imaginary content of complex-valued

vectors between scenarios will be equal to zero for any i and j, thus Al; (fj) = 0. On the contrary,

if damage occurs, the index in Eq. (1.22) will be different than zero for all the modes ¢; (j = 1,

2, ..., m) affected by that particular damage scenario and will result into a DOF-dependent
eigenvector of scalar components featuring higher peaks nearby or in correspondence of the
damaged nodes, thus enabling both damage localization and quantification; each scalar is
associated with a specific DOF and the dimension of the vector equals the number of
experimentally measured DOFs. If data from multiple damage scenarios are available, a
relative index can be computed to track the progression of damage up to the last DS. It is
stressed that the interpretation of this weighted imaginary variation is univocal and insensitive
to problems of modal density and data incompleteness.

The effectiveness of the proposed index is verified by comparing the results obtained from its
application to the complex eigenmodes of the arch against the crack pattern experimentally
observed. Given the different impact that the damage had on the in-plane deflection
characteristics of the structure as well as on its longitudinal and bending stiffness (see Section

4.2), horizontal (x) and vertical (z) direction have been considered separately, according to their



relevance in terms of damage effects. The results of the pointwise damage analysis are shown
in Figure 22 for the modes that suffered the most significant frequency drop (i.e. ¢, and ¢,).

As it can be observed, the imaginary content variation between corresponding eigenvectors
over progressive scenarios (DS3 vs RSw and DS5 vs RSw) proves to be the highest in the nodes
close to the position of the actual cracks. Particularly, the index allows to correctly localize the

damage since the intermediate scenario (DS3 vs RSw), featuring major peaks in the vicinity of

cracks ¢z and cs for mode ¢, i.e. the mode influenced by the formation of crack hinges at the

supports, and in correspondence of crack c1 for mode ¢, , i.e. the mode mainly affected by the

crack hinge occurred near the keystone.

Finally, the index is computed by considering the relative imaginary variation of all in-plane
complex vectors, each one weighted by the respective frequency ratio, in both horizontal and
vertical direction. The outcome of this step is reported in Figure 23. It is shown that, in absolute
terms, the comparison of both DSs with the RSw allows to identify as damaged DOFs only the
nodes close to crack ci, whereas the relative comparison between progressive DSs enables to

catch the three damage locations as well as the experimental crack sequence.
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Figure 22. Results of the pointwise damage analysis through the proposed index Al based on single
mode contribution: localization and quantification of damage over progressive scenarios along the front
and back edges of the arch in x (left) and z (right) direction. (For the interpretation of colours in the
figure legend, the reader is referred to the web version of this article).
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contribution: localization and quantification of damage over progressive scenarios along the front and
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reader is referred to the web version of this article).

As backward validation, the index is applied to the numerical examples discussed in Section 3.
The results obtained by comparing the imaginary content variation of the fundamental vibration
mode of each structure, under progressive damage scenarios and with different damage
locations, are displayed in Figure 24. It is worth stressing that, due to the Rayleigh damping
assumption for the reference scenarios of the numerical case studies, the mode shapes are
always real-valued vectors for the undamaged condition, hence the first damage scenario (DS1)
of each structure is assumed as reference configuration for the pointwise damage analysis. The

visual inspection of the graphs does not reveal highly accurate results but proves the index



fairly effective in localizing and tracking the damage evolution in the numerical cases,
reporting higher peaks in (or nearby) most of the locations where stiffness penalty factors were

applied in the form of Young’s modulus reductions to simulate the structural damage.
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Figure 24. Backward validation of the proposed index through numerical examples: (a) pinned beam
with central damage, (b) pinned beam with lateral damage, (c)-(d) clamped arch with multiple damages.

5. Conclusions

This paper investigates the role and evolution of complex mode shapes in damaged systems
featuring nonproportional damping from a numerical and experimental points of view. For this
purpose, two numerical examples were analysed as a first step: a pinned beam and a segmental
arch on fixed supports, both subjected to increasing damage scenarios. In either case, all state-
of-the-art modal complexity indices employed for damage detection — except for the modal
phase difference (MPD) — proved to be very sensitive, particularly for higher-order mode
shapes. They increased monotonically with the damage evolution, but they were unable to
furnish information about the damage location. The close analysis of both the real and
imaginary parts of the complex mode shapes over the different scenarios showed that damage-
induced shifts were almost undetectable in the real part. In contrast, the imaginary component



resulted very sensitive to structural damage, increasing with the damage severity, and reaching
its maximum value near the affected areas. Afterwards, the relationship between damage and
complex-valued modal vectors was further investigated, using the experimental data from a
real physical system, i.e. a reduced-scale arch specimen subjected to progressive settlement-
induced damage scenarios. The analyses allowed uncovering the numerous challenges
associated with the modal identification of real structures as well as the difficulties that arise
in identifying the damage when available state-of-the-art formulations based on modal
complexity are applied. Hence, to overcome the limitations that literature indices exhibit for
experimental use, a pointwise index relying on the imaginary content variation of measured
complex modes is proposed and applied to the tested arch for both localization and assessment
of structural damage. In many years of publications about modal complexity, it has been shown
that no index could be considered universally effective for damage detection using complex
modes. However, this study demonstrated that tracking the variation of complex mode shapes
enables detecting the presence of damage, and allows localizing, quantifying, and following its
evolution, which is of crucial importance for the monitoring and assessment of strategic
structures and infrastructure systems. The results obtained via the proposed damage index
proved to be in agreement with the experimental evidence, showing its potential suitability as
a damage identification tool for complex and nonhomogeneous real-world structures featuring
nonproportional damping. Still, given the difficulty of the subject, further numerical and

experimental research is needed to generalize the conclusions.
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