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ABSTRACT

The prediction of complex dynamics remains an open problem across many domains of physics, where nonlinearities and multiscale interac-
tions severely limit the reliability of conventional forecasting methods. Quantum Reservoir Computing has emerged as a promising paradigm
for information processing by exploiting the nonlinear dynamical evolution of quantum systems to generate expressive feature represen-
tations of input signals. Here, we introduce a hybrid quantum-classical reservoir architecture capable of handling multivariate time series
through quantum evolution combined with classical memory enhancement. Our model employs a five-qubit transverse-field Ising Hamilto-
nian with input-modulated dynamics and temporal multiplexing. We apply this framework to two paradigmatic models of chaotic behavior
in fluid dynamics, where multiscale dynamics and nonlinearities play a dominant role: a low-dimensional truncation of the two-dimensional
Navier-Stokes equations and the Lorenz-63 system. By systematically scanning the quantum system’s parameter space, we identify regions
that maximize forecasting performance. The observed robustness and reliable performances for both dynamical systems suggest that this
hybrid quantum approach offers a flexible platform for modeling complex nonlinear time series.

© 2026 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0334540
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Forecasting chaotic systems is fundamentally challenging because
small uncertainties can grow rapidly, limiting predictive accu-
racy in nonlinear phenomena ranging from turbulence to climate
dynamics. Here, we show that a hybrid quantum-classical reser-
voir can improve the prediction of such complex behavior by
combining the expressive dynamics of a quantum system with
a classical memory layer. We assess the method on two canoni-
cal benchmarks of chaos, a low-dimensional model of turbulence
derived from the Navier-Stokes equations and the Lorenz-63
system, and show that temporally multiplexed measurements of
the quantum dynamics substantially enhance forecasting perfor-
mance. We also identify parameter regimes that remain effective
across both benchmarks, suggesting a degree of universality in
the proposed approach. In addition, the hybrid architecture is

well-suited to quantum hardware with a small number of qubits,
because it naturally enables the parallel encoding of multiple
input signals. Together, these results highlight hybrid quantum
reservoir computing as a promising strategy for modeling and
predicting nonlinear dynamical systems.

I. INTRODUCTION

Accurately forecasting the behavior of chaotic systems remains
a fundamental challenge across a wide range of disciplines, from
fluid dynamics and meteorology to astrophysics and finance."
These systems exhibit sensitive dependence on initial conditions
and nonlinear interactions across multiple scales,”* which limit the
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\begin {equation}\label {d1} \hat {H}_k = \sum _{\substack {i,j=1 \\ i<j}}^N J_{ij} \hat {\sigma }_i^x \hat {\sigma }_j^x + h \sum _{i=1}^N \hat {\sigma }_i^z + \sum _{i=1}^N h_k^{i} \hat {\sigma }_i^x,\end {equation}
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$u_{-\mathbf {k}}(t) = u_\mathbf {k}^\star (t)$
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${\rm Re} = 1$
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$\relax _{\kern -\mathsurround \mathrm {\textit {R}}\kern -\mathsurround }$


$=$


$u^\star _k = u_k$


$u_k\in \mathbb {R}_N$


$F\in \mathbb {R}$


$\tau $


$\relax _{\kern -\mathsurround \mathrm {\textit {k}}\kern -\mathsurround }$


$\relax ^{\kern -\mathsurround \mathrm {{\xmlminus }10}\kern -\mathsurround }$
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reliability of traditional prediction methods. In recent years, Reser-
voir Computing (RC) has emerged as an efficient and lightweight
framework for modeling and predicting such complex dynam-
ics.”” Inspired by recurrent neural networks, RC employs a fixed,
high-dimensional dynamical system—the reservoir—that trans-
forms time-dependent inputs into a rich feature space. A simple
linear readout is then trained to extract relevant patterns from the
reservoir’s response, making RC particularly well-suited for time
series prediction and control tasks.*’

The advent of quantum computing'’~’ has opened new per-
spectives for the development of RC schemes. Quantum Reservoir
Computing (QRC) exploits the dynamical evolution of quantum
systems to construct quantum reservoirs capable of processing
information with high expressiveness. The initial concept of QRC,
introduced by Fujii and Nakajima,”" employs the space of quan-
tum density matrices to store and process information by encoding
input data into the state of a single qubit within a fully connected
qubit network. Since the introduction of the QRC paradigm, a
broad range of physical platforms has been investigated, each offer-
ing unique advantages depending on the context.”>”> Among these,
spin chains have attracted particular interest and have been widely
applied to tasks such as time series forecasting and Extreme Learn-
ing Machines.”** Other explored platforms include fermionic and
bosonic systems, which have been proposed as alternative reser-
voirs,”~** as well as quantum oscillators.”” Beyond these platforms,
considerable effort has recently been devoted to identifying suit-
able hardware platforms and efficient information encoding strate-
gies for quantum reservoir computing. Scalable photonic reservoirs
have been proposed for real-time quantum information processing
and machine learning applications,** while experimental control of
memory properties has recently been demonstrated in continuous-
variable optical quantum reservoirs.” In parallel, QRC has also been
successfully applied to quantum-information tasks such as photonic
entanglement witnessing.” More recently, Rydberg atom arrays
have been considered for their strong and tunable dipole-dipole
interactions, offering a flexible platform for implementing com-
plex dynamics.”»*¥ Gate-based quantum platforms have also been
investigated for QRC implementations due to their universality and
fine control capabilities.”**~>* Several studies have demonstrated the
potential of QRC to outperform classical reservoirs in tasks such as
time-series prediction, signal classification, and system identifica-
tion, especially in low-data or noisy regimes.”**

While the exponential scaling of Hilbert-space dimension is
often regarded as a key resource for QRC, practical implementations
on near-term devices typically involve relatively small quantum sys-
tems. In this regime, the motivation for using quantum reservoirs
is not necessarily associated with large-scale quantum computation,
but rather with the ability of quantum many-body dynamics to gen-
erate nonlinear, high-dimensional embeddings of input signals via
coherent evolution and multi-observable measurements.

In this work, we introduce a hybrid quantum-classical reservoir
computing architecture designed to handle multivariate time series.
The model allows for the simultaneous injection of multidimen-
sional input data into the quantum reservoir, enabling efficient pro-
cessing of complex high-dimensional dynamical signals. Memory
is incorporated through classical post-processing of quantum mea-
surements, following the scheme originally introduced in Ref. 57.
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An important aspect of this hybrid architecture is that tem-
poral information is retained through the classical recurrent layer
rather than through the intrinsic persistence of the quantum state
itself.

This choice avoids relying on the preservation of quantum-
state memory across successive inputs and reduces the impact
of measurement-induced state collapse. In this sense, the present
approach differs from the original QRC framework introduced by
Fujii and Nakajima,’' where the reservoir state itself carries temporal
information, and measurements may directly perturb the ongoing
quantum dynamics. Several recent works have addressed this issue
through alternative strategies. Weak-measurement protocols have
been proposed to continuously extract information while minimiz-
ing measurement back-action and preserving the memory stored in
the quantum reservoir.”® Other approaches employ restricted mea-
surement schemes, where only a subset of the reservoir observables
is monitored in order to reduce the disturbance induced by the
measurement process.” More recently, feedback-driven reservoir
architectures have been introduced, where measurement outcomes
are fed back into the quantum dynamics to recover fading-memory
properties despite the use of projective measurements.”>' In con-
trast, the present protocol follows a different strategy: the quantum
subsystem is primarily used as a nonlinear feature generator, while
temporal memory is delegated to a classical recurrent structure. This
separation of roles naturally mitigates measurement-back-action
issues and avoids the need for explicitly preserving memory within
the quantum state.

The resulting architecture can be viewed as a Quantum
Extreme Learning Machine equipped with a continuously tunable”
or discrete® classical memory. Its capability is further enhanced by
incorporating a temporal multiplexing mechanism® to increase the
information content extracted from quantum evolutions at different
timescales. The proposed hybrid QRC model is applied to a five-
mode Galerkin truncation of the two-dimensional Navier—Stokes
equations,”** providing a physically grounded and challenging
setting for low-dimensional turbulence forecasting. For compar-
ison, we also evaluate the model on the Lorenz-63 system,” a
well-established benchmark for deterministic chaos. Moreover, we
explore the dependence of prediction performance on the Hamilto-
nian parameters and evolution times, and we find that the optimal
region coincides for both benchmarks, suggesting a potential gener-
ality of the proposed scheme. Compared with the lower-dimensional
benchmarks previously considered in related hybrid-QRC studies,
the Navier-Stokes and Lorenz-63 systems exhibit stronger nonlin-
ear couplings, increased sensitivity to initial conditions, and more
demanding long-term forecasting behavior. This increased dynami-
cal complexity provides a more stringent benchmark for evaluating
the robustness and predictive capability of the proposed architec-
ture.

The article is structured as follows: in Sec. 11, we introduce our
hybrid-QRC model for multivariate data and implement the tempo-
ral multiplexing scheme; In Sec. I11, we apply the algorithm to a five-
mode Galerkin truncation of the two-dimensional Navier—Stokes
equations and to the Lorenz-63 model, identifying the regions in
the Hamiltonian parameter space and the evolution times that
yield the highest predictive performance; Sec. IV summarizes our
conclusions.
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Il. METHOD

We present a QRC model, in which the input was embedded
into the system through modulation of a Hamiltonian parameter.
Our model uses a Hamiltonian similar to the one proposed by
Fujii and Nakajima, namely, a transverse-field Ising model with an
additional input-dependent local longitudinal magnetic field,

N N N
He=Y )66 +hYy 67+ Y hsf, )
ij=1 i=1 i=1
<y

where Jj; are the coupling constants, 6%, 6% are Pauli matrices, h is
a static transverse magnetic field, and h} = ) i ﬂ,-Ci,-sJ’F is an input-
dependent vector that encodes the input s, € R at time step k into
the quantum system, through a constant f; and a matrix C e RN,
Given an initial pure state |1/4) = |0)®Y, the quantum system evolves
under the input-dependent Hamiltonian H; for different evolution
times {At}-_, leading to a set of L quantum states,

[Yi(An)) = e At y). )

Hamiltonian-based input encoding has been widely employed in
quantum reservoir computing and related quantum machine learn-
ing architectures, where external inputs modulate either local fields
or interaction terms of the system Hamiltonian.”*>*" In the present
work, multidimensional inputs are simultaneously encoded through
input-dependent longitudinal fields acting on different qubits.
After each evolution, a set of observables is measured, produc-
ing L measurement vectors m¥,. The final measurement vector m*

(ON
is constructed by concatenating all of the L measurements,

k k k
m‘ =m,...,mg;. 3)

The set of measured observables consists of

AEX,),Z
miy = ((6 )3 w {erar)) @
that are the expected values of the three spin components and the
two-qubit Pauli correlations, along each axis and for every possible
choice of qubit(s). This method implements a temporal multiplex-
ing scheme that enhances the encoding of the kth input by probing
the quantum dynamics at different time scales. As shown in Fig. 1,
this results in a richer and more informative measurement vector,
effectively increasing the expressive power of the reservoir.” For
a system of N qubits, the total number of measured observables
for a single evolution time is Ny, = 3N + 3%, corresponding,
respectively, to all single-qubit Pauli expectation values and all pair-
wise Pauli correlations along the three spatial directions. (For N=>5,
this gives N,p; = 45.) When temporal multiplexing with L evolution
times is employed, the measurement vectors obtained at different
times are concatenated, leading to a total feature-space dimension
Npear =L - Nops. In the present work, we used L=2, resulting in
Npeat = 90.
To retain memory of previous inputs despite the time-local
Hamiltonian, we construct a classical reservoir state inspired by the
architecture of classical recurrent neural networks. The reservoir
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Prediction wi = (RTR+AI) "' RTy'

FIG. 1. Schematic representation of the proposed hybrid QRC method. At each
step k, the d-dimensional input s is encoded into the quantum reservoir by modu-
lating some parameters of the Hamiltonian Hy, which generates the dynamics of a
quantum spin system. The system evolves for L different time intervals At), giving
rise to the quantum states |y (Af))), which depend on the input. After the time
evolution, the output is obtained by concatenating the L sets of measurements
m’(‘,), which carry information about the input data. These measurements are fur-
ther processed classically to construct a reservoir state ry that retains the memory
of previous inputs. A ridge linear regression is then applied to the reservoir state
to produce the predicted output.

state r; € RY evolves according to

e = ¥yt + (1 — y)B,mF, (5)

N

where y €[0, 1] is a memory retention parameter, S,¢ is a cyclic
permutation operator that acts as [Sns]ij = O(i4ng) mod I,,j> Where &
denotes the Kronecker delta, shifting the vector elements by ng steps
forward, if ng is positive, or backward, if n is negative, and B, is a
linear operator that maps the concatenated measurement vector m*
into a vector of length I, by interleaving zeros, equally distributed,
between its entries.”” During the training phase, the reservoir states
generated from N, input steps are collected, and a linear readout is

trained. The predicted values ¥} at step k are given by
Ji=wlr, with w =(R'R+21) Ry, (6)

where R is the matrix of stacked reservoir vectors, y' is the vec-
tor of target values, and A is the ridge regularization parameter.”’
Here, the index i runs over the dataset. To identify the optimal
combination of the quantum system and reservoir parameters that
maximizes prediction performance, we conducted an extensive grid
search over the relevant hyperparameters. Specifically, we scanned
across values of the reservoir memory parameter y, the Hamilto-
nian coupling strength J (with the J; randomly generated from a
uniform distribution in [ — J, J]), the transverse magnetic field /, and
the two evolution times At; and At,, having fixed L = 2. The opti-
mal configuration was selected based on the highest average Valid
Prediction Time, defined in Sec. III B and obtained across multiple
realizations of Hy. In the present work, a system of N =5 qubits has
been used. The dimension of the classical reservoir state was set to
I, =90 and the memory parameter to y =0.25. A washout period
of N,,, =200 time steps was employed to remove the influence of
the initial reservoir state. In the following discussion, for each fixed
i=1...d, the sequence s} is normalized to the range [0, 1], ;=1
and Cj; = §;; for j < d, 0 otherwise. This choice consequently sets the
units of energy and time. During the training phase, the target out-
put corresponds to the next time step of the multivariate time series,
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i.e., the model is trained to learn the one-step forward prediction.
In the testing phase, the model operates in an autonomous regime:
the predicted output at time step k is fed back as input for step
k+ 1. This recursive procedure allows us to evaluate the long-term
predictive capability of the reservoir.

Ill. FORECASTING OF CHAOTIC DYNAMICS: A
LOW-DIMENSIONAL TRUNCATION OF THE 2D
NAVIER-STOKES EQUATIONS AND LORENZ-63
SYSTEM

In this section, we evaluate the performance of our hybrid QRC
model by applying it to a prediction task based on a low-dimensional
truncation of the two-dimensional Navier-Stokes (NS) equations
[Eq. (9)] for two distinct values of the forcing F, corresponding
to physical scenarios with different degrees of dynamical com-
plexity and to the Lorenz-63 system [Eq. (10)], a well-established
benchmark for chaotic dynamics.

A. Model
1. Navier-Stokes

The non-dimensional Navier-Stokes (NS) system describes
incompressible fluid dynamics in a two-dimensional periodic
domain 0 <(x, y) <L=2x. It is obtained from the projection of
the momentum equations [Eq. (7)] onto the coordinate axes and the
continuity equation [Eq. (8)]. To account for the inverse energy cas-
cade typical of 2D turbulence, a Rayleigh-type friction term —Azu
is included, modeling unresolved dissipative effects such as bottom
friction or sub-grid scale contributions. The governing equations
read

Jdu

o +(u-V)u=—-VP+Re'VZu— Azu+F )

V-u=0. (8)

Here, u= [u,, u,] is the velocity field, P is the normalized pres-
sure, Re is the Reynolds number, and F is an external forcing. The
derivation of the reduced dynamical representation follows standard
procedures in Galerkin truncation of incompressible flows and is not
repeated here for brevity (see Appendix for technical details).

After truncation and restriction to the real invariant subspace,
the dynamics reduce to a five-mode Lorenz-like system LLs (1), which
captures the essential nonlinear interactions responsible for energy
transfer among modes.

The resulting truncated Navier-Stokes model is given by

u; = 3usu, — uy,

i = —4uzuy + 4ul — 2u,,

il3 = Uy — 5”3, (9)
Uy = 7usuy; — 5uy + F,

l;ls = 3142114 — 9145.
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FIG. 2. Bifurcation map obtained from kinetic energy Ej in a range of kinetic
Reynolds number F € [22, 35], spanning the entire dynamical behavior of the 2D
truncated Navier-Stokes equations. The red vertical dashed line indicates the
forcing values used in the analysis.

Here, F is the external forcing and time is expressed in units of
the intrinsic nonlinear timescale of each mode. The system is inte-
grated using an explicit Runge-Kutta-Dormand-Prince method
with tolerance 10719

In the following discussion, the forcing values are set to F=33
and F=28.718. These two values were chosen because they iden-
tify the onset of transition to the turbulent regime (F=28.718),
where multiple bifurcations begin to open,* and a stage of “fully
developed” turbulence (F = 33).

Figure 2 reports the bifurcation map obtained from the numer-
ical integration of system of Eq. (A4), as a function of the kinetic
Reynolds number F. For low values of F, the system is destabilized
by a pitchfork bifurcation, and subsequently, at F &~ 23, the system is
driven into a state of periodic oscillations, passing, this time, through
an Hopf bifurcation.”” Finally, as F increases, the system undergoes
an infinite sequence of period-doubling Hopf bifurcations, ulti-
mately leading to a fully turbulent regime with a Feigenbaum-type
transition to chaos.” To construct a bifurcation map, the system was
integrated over a range of increasing kinetic Reynolds numbers. For
each value of F, the local maxima and minima of the kinetic energy
Ej were recorded once the system reached a steady state or attractor,
illustrating the system’s response to an external energy injection.

Figure 3 reports the evolution of the phase space trajectories,
projected onto the Ex—dE;/dt plane, for two different values of F. As
the forcing is increased from the onset of turbulence F=28.718 (the
left panel of Fig. 3) to the strongly turbulent case F=33 (the right
panel of Fig. 3), the dynamics evolve through the opening of multiple
quasiperiodic oscillations, characterized by multiple orbits that sub-
sequently close on a periodic solution. This formation of new orbits
is characteristic of the period-doubling route to chaos, specifically a
Feigenbaum-type transition.
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—F=33

-50
dEy/dt

FIG. 3. Evolution of the phase space trajectories, projected on the plane
Ey—dE/dt, for the two forcing values used in the analysis. Left panel: onset of
chaotic region F = 28.718. Right panel: strange attractor observed for F = 33, in
strong turbulence regime.

2. Lorenz-63

The Lorenz-63 model is a simplification of Saltzman’s model
for Rayleigh-Bénard convection. In addition, such model is par-
ticularly interesting because it shares a key feature with the
Navier-Stokes equations: it exhibits a transition to chaos via a
Feigenbaum-type period-doubling cascade.”’ This shared character-
istic makes the Lorenz system a valuable tool for understanding
complex dynamics, even in more intricate fluid flows.

Saltzman’s original formulation describes thermal convection
in a fluid layer heated from below, capturing the complex fluid
and temperature dynamics through an infinite set of modes. Lorenz
reduced this system by truncating it to only three dominant modes,

4
1034 A A *
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. -¥- no multiplexing
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& 102; At;=0.5
+ At =1
=~ ® L=2
Q
S A b0=5 *
1] B *
100 - . i
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0.5 1.0 2.0 5.0 10.0 20.0

Aty

FIG. 4. Temporal multiplexing. Comparison of the algorithm performance (VPT)
as a function of the quantum system evolution times At;, At,. Red markers rep-
resent the VPT in the absence of time multiplexing (i.e., using a single evolution
time At,). Temporal multiplexing improves the reservoir's ability to capture the
system’s dynamics by combining intermediate evolution times At; and At,. The
coupling J and the transverse magnetic field h are setto 0.01 and 0.1, respectively.
VPT is reported in discrete time steps.
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FIG. 5. Analysis of parameters. Variation of the VPT, for NS system with a forcing
value set to F = 33, as a function of the transverse magnetic field h and the cou-
pling J for fixed times At; =1 and At, =5. The value of the VPT is normalized
with respect to the longest nonlinear time T, among the five oscillation modes of

the system and averaged over 30 realizations of A

leading to the well-known three-equation system [Eq. (10)]. It was
introduced by Edward Lorenz in 1963 and is one of the most
well-known chaotic systems. The equations are often used as a pro-
totype for studying chaotic dynamics, including phenomena such
as sensitivity to initial conditions and deterministic chaos. The sys-
tem is defined by the following set of three non-linear differential
equations:

dx

e
dy

pCAN —2) — 10
y x(p—2) -y (10)
dz

ik s

where x, y, and z represent the state variables of the system (typically
associated with the temperature, the intensity of convection, and
the vertical temperature variation, respectively), while o, p, and g
are system parameters, often referred to as the Prandtl number (o),
the Rayleigh number (p), and the aspect ratio of the convection cell
(B). The Lorenz-63 system is known for its chaotic behavior, which
arises when the parameters are set to certain values, such as o = 10,
o0 =28, and B =8/3. Under these conditions, the system exhibits a
strange attractor, where trajectories in the phase space do not set-
tle into periodic behavior, but instead exhibit sensitive dependence
on initial conditions. Small differences in initial conditions lead to
vastly different trajectories over time, a hallmark of chaotic systems.

B. Results

To evaluate the performance of our reservoir model, we employ
the Valid Prediction Time (VPT),”” defined as the maximum time T
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FIG. 6. Performance of algorithm. Top: Algorithm performance as a function of
the quantum system evolution times At;, At,. The coupling J and the transverse
magnetic field h are set to 1 and 0.01, respectively. Bottom: Relative error €. of
the VPT. The coupling J and the transverse field h are set to 1 and 0.01, respec-
tively. The results correspond to the NS system with a forcing value set to F = 33,

obtained over 30 realizations of I:lk.

for which the predicted trajectory y;(¢) remains within an acceptable
error range from the corresponding reference trajectory y;(t). This
can be expressed mathematically as

d A 2
1 yi()) — yi (1)

VPT=max | T:Vt<T, |- — ) <e|, (11
=T | g ( - < (1)

where € = 0.3 is a predefined error threshold and o; is the stan-

dard deviation of the time series for each component; the VPT,

thus, quantifies the overall deviation across all dimensions of a

vector-valued time series.
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FIG. 7. Comparison of performance. Results of the algorithm’s performance as
a function of the time parameters At;, At, ¢ and the spatial parameters J and

h (bottom), obtained over 30 realizations of Fi. The results correspond to the NS
system with a forcing value set to F = 28.718. The coupling J and the transverse
magnetic field h are set to 0.01 and 0.1 (top) and Aty =2, At, =1 (bottom).

In the following, we present the results of the application of
the algorithm to NS system [Eq. (9)] and to the Lorenz-63 system
[Eq. (10)].

1. Forecasting task and data preparation

The forecasting task considered in this work is formulated as
a discrete-time multivariate prediction problem. Starting from the
continuous-time dynamical systems, numerical trajectories are gen-
erated through time integration and subsequently sampled at regular
intervals 7. The resulting discrete sequence s, =x(kt) is used as
input to the reservoir, where x(kt) denotes the state vector of the
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FIG. 8. Error analysis. Relative error ¢ of VPT as a function of the time param-
eters Aty, At, (top) and the spatial parameters J and h (bottom). The results
correspond to the NS system with a forcing value set to F = 28.718. The coupling
J and the transverse magnetic field h are set to 0.01 and 0.1 (top) and Aty =2,
At, =1 (bottom).

dynamical system sampled at the discrete time step kz. At each dis-
crete step k, the reservoir receives the current system state s and is
trained to predict the next state si,. Therefore, the model performs
one-step-ahead prediction during training. During the testing phase,
autonomous forecasting is performed recursively by feeding the pre-
dicted output back into the reservoir input. For the Navier-Stokes
model, the input vector corresponds to the five-mode amplitudes
s = (13, Uy, U3, Uy, Us), while for the Lorenz-63 system s, = (x, , 2).
The sampling interval 7 used to discretize the trajectories was set
to T =0.015 for the NS system and to t =0.01 for the Lorenz-63
system.
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FIG.9. Prediction Results. The figure shows the evolution of the oscillation modes
of the input signal of NS time series (u(f)) compared to those predicted by the
algorithm (uy (t)). The time axis is normalized by the nonlinear time of each mode
uk. We have predicted up to approximately 2500 time steps, corresponding to the
VPT value indicated by the dashed red line. The length of the training period was
set to Ny, = 4500 time steps.

2. Navier-Stokes

In a preliminary testing phase, the model was applied without
exploiting the time multiplexing. In this case, the vector m* of Eq. (3)
consisted of the measurements performed on the initial state |yo)
evolved over a single time At. However, when assessing the pre-
dictive performance of the algorithm for a range of values of At,
it appears that the VPT reaches a peak slightly above 10 time steps,
as illustrated in Fig. 4 (red markers). This corresponds to a duration
significantly shorter than the characteristic time of the NS dynamics.
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FIG. 10. Noise analysis. VPT for the NS series prediction as a function of the
noise strength ». For each point, the mean value and the standard deviation of

the mean are shown, based on 100 different realizations of Flk and random noise.
The vertical dashed line indicates zero-noise simulation. The value of the VPT is
normalized with respect to the longest nonlinear time Ty, with F = 33.

On the other hand, the temporal multiplexing approach leads
to a substantial improvement in prediction performance: the VPT
increases by two orders of magnitude for the majority of choices for
the evolution times At;, At,. This suggests that with the proposed
strategy of concatenating two measurement vectors, each obtained
after evolving the state under a distinct time interval, the quantum
system is able to extract a richer representation of the underly-
ing NS dynamics. The VPT drops dramatically when At; = At,,
which essentially corresponds to the absence of time multiplexing,
as reported in Fig. 6. The same figure also clearly shows that the
algorithm is invariant under the exchange of At; and At,, as the
performance remains unchanged when the two time parameters are
swapped.

Further investigating the properties of the quantum system to
analyze the performance of our algorithm, we focused on two key
parameters of the Hamiltonian Hy: the transverse magnetic field
and the coupling constant J. To achieve this, we selected the pair
of intermediate times At; and At, that maximize the performance
for each pair of h and J. From the analysis shown in Fig. 5, it
emerges that the best performance is achieved for small values of
J. It is evident that the performance of the algorithm deteriorates
when the transverse magnetic field 4 is significantly larger than the
input-dependent term h;. This is because a strong transverse mag-
netic field reduces the influence of the input-dependent magnetic
field on the system’s dynamics. For the same reason, the algorithm’s
performance also starts to decrease when J becomes comparable in
magnitude to the input-dependent magnetic field.

The analysis of the heatmap in Fig. 6 (top) reveals the existence
of preferential time scales for which the predictive performance is
significantly enhanced. As expected, the results of the performances
are almost symmetric under exchange of the two time parameters
At; and At,. The value of the VPT for At; = At, further con-
firms that a single evolution time is insufficient to fully capture the
underlying dynamics of the system. Moreover, there exists a region
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FIG. 11. Performance. Top: Average value of the VPT (expressed in LT), com-

puted over 30 realizations of Flk. Predictions were carried out up to 500 time steps,
corresponding to about 13 LT. Bottom: Relative error ¢ of the VPT. The coupling
J and the transverse field h are set to 0.001 and 0.001, respectively. Cells with

missing numerical values correspond to realizations of A for which VPT is zero.

in the parameter space where the predictive performance deterio-
rates substantially. This happens when one evolution time is much
larger than a certain threshold, Af; 2 10 in units of the inverse of
the maximum input-dependent magnetic field. In this region, the
performance of the algorithm is poorly dependent on the specific
values of Af;. As shown in Fig. 6 (bottom), the relative error high-
lights that, in the temporal regions where the VPT is high, it is also
robust with respect to different realizations of H,. (The relative error
reported throughout the paper is defined as the ratio between the
standard deviation of the VPT, computed over different realizations
of the Hamiltonian parameters, and the corresponding average VPT
value. Explicitly, we define €,,=0 ypr/(VPT) where o ypr and (VPT)
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denote, respectively, the standard deviation of the VPT distribution
and its average value.)

As shown in Fig. 7, by reducing the dynamical forcing to
F=28.718, the algorithm’s performance improves both in the time
domain (top) and in the parameter space of the coupling strength J
and the transverse field k& (bottom). The relative error of VPT o ypr
(Fig. 8, top) is negligible precisely in the region of time parameters
that maximize the prediction performance of the algorithm. In Fig. 8
(bottom), we observe that o ypr remains negligible for small values
of ], but increases as J grows. This behavior is explained by the fact
that the stochasticity of the Hamiltonian H; is introduced entirely
through the random couplings J;. Increasing the global coupling
parameter ] amplifies the effect of these random fluctuations on the
system dynamics, thereby leading to greater variability in prediction
performance.

Once the optimal set of parameters has been identified, which
maximizes the prediction performance, we present in Fig. 9 a com-
parative plot between the original signal numerically generated as a
solution of the NS equations truncated via a five-mode Galerkin pro-
jection and a selected sample of the signal obtained using our QRC
algorithm. Predictions extend to 2500 time steps, corresponding to a
VPT of approximately 38 nonlinear times for the slowest oscillation
mode and 370 nonlinear times for the fastest mode.

a. Noise analysis. To assess the robustness of the proposed
framework against experimental imperfections, we investigated the
impact of measurement noise on the reservoir observables. To
this end, at each time step, the expectation values were perturbed
according to:

(0)) — (0) + 8,

where §; is sampled from a uniform distribution in the interval
[ —n/2, n/2], with n controlling the noise amplitude. This simple
additive noise model is intended to mimic generic measurement
fluctuations that may occur in practical quantum hardware imple-
mentations. Figure 10 reports the resulting VPT as a function of
the noise strength 7. As the noise amplitude increases, the predic-
tion accuracy progressively deteriorates, resulting in a reduction of
the VPT. Overall, these results indicate that the proposed hybrid
quantum reservoir computing architecture exhibits a significant
degree of robustness against moderate measurement noise, main-
taining meaningful forecasting capabilities in the low-noise regime.
The additive noise model adopted here provides a phenomenologi-
cal description of uncertainties affecting the measured expectation
values. In practical quantum hardware, a major source of such
uncertainty originates from the finite number of measurement shots
used to estimate expectation values. In this case, the statistical error
decreases as 1/+/Nghots> Where Nyors denotes the number of repeated
measurements.” Therefore, the noise amplitude 7 considered in
our simulations can be interpreted as an effective measure of the
uncertainty associated with finite sampling.

3. Lorenz-63

In order to validate the effectiveness of our model against
established benchmarks in the scientific literature, we apply the
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proposed hybrid QRC model to the Lorenz-63° system, a widely
studied prototype for deterministic chaos and nonlinear dynamics.
The dynamics of chaotic systems can be quantitatively character-
ized by the leading Lyapunov exponent Ay, which quantifies the
average exponential divergence of initially close trajectories. This
exponent sets a fundamental time scale for chaos, determining the
temporal horizon beyond which accurate predictions become unre-
liable. Consequently, we have rescaled the VPT in units of Lyapunov
time (LT), defined as 1/A;. Compared to the performance observed
with the Navier-Stokes model, the Lorenz-63 system exhibits a sig-
nificantly narrower region of optimal algorithm functioning with
respect to the evolution times At#; and At,. As shown in Fig. 11
(top), for the pair (J, h) that maximizes performance, there is one
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about 13 LT, indicated by the dashed red line. The length of the training period
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pair of evolution times that allows for sufficiently long prediction
horizons relative to the intrinsic timescales of the system. Compar-
ing Fig. 12 (top) with Figs. 5 and 7 (bottom), we can observe that
the dynamics of the quantum reservoir that allows a long-term pre-
diction is independent of the specific time series. In other words,
the optimal region in the parameter space (J, h) for the Lorenz-63
prediction task corresponds to the one for the Navier-Stokes time
series. The same considerations made for the Navier-Stokes sys-
tem apply to the relative error analysis shown in Figs. 11 and 12
(bottom).

Our QRC algorithm is capable of providing relatively long-
term predictions (Figs. 12 and 13) compared to those reported in the
literature.””* It can be observed that the z-component of the signal
allows for more robust predictions than the other two components.

IV. CONCLUSIONS

In this work, we have developed and tested a hybrid quan-
tum reservoir computing algorithm for multidimensional data that
integrates quantum dynamical evolution with classical memory
enhancement. The model has been evaluated on two represen-
tative chaotic systems: a five-mode Galerkin truncation of the
Navier-Stokes equations and the Lorenz-63 system.

Our results show that the QRC algorithm is capable of captur-
ing complex nonlinear dynamics and achieving competitive predic-
tion performance in terms of the Valid Prediction Time, provided
one uses temporal multiplexing with (at least) two different time
evolutions of the quantum system. Our analysis reveals that the
algorithm performs optimally for specific ranges of the evolution
times Af; and At,, and when the Hamiltonian parameters of the

ARTICLE pubs.aip.org/aip/cha

quantum system—coupling J and transverse field h—are appropri-
ately tuned with respect to the scale of the encoded input signal. Fur-
thermore, the observed consistency in optimal parameter regions
across different dynamical regimes and for both chaotic systems we
investigated points to a form of robustness of the quantum encoding
scheme, which could prove valuable for a wider class of dynamical
systems without extensive re-optimization.

Opverall, these findings indicate that hybrid quantum reservoir
computing may provide an effective framework for modeling com-
plex nonlinear dynamics using relatively small quantum systems. In
the present approach, the role of the quantum reservoir is not simply
tied to the asymptotic growth of Hilbert-space dimension, but rather
to its ability to generate rich nonlinear dynamical feature maps
through coherent many-body evolution and multi-observable mea-
surements. The classical memory layer complements the quantum
dynamics by enhancing temporal information retention.

Beyond the specific forecasting tasks considered here, our
results suggest a more general perspective on hybrid quantum reser-
voir computing. The quantum dynamical evolution acts as a high-
dimensional nonlinear feature generator whose characteristic time
scales determine the effective representation of the input dynamics.
When these intrinsic time scales become commensurate with those
governing the target system, the reservoir naturally develops a rep-
resentation capable of capturing the underlying chaotic attractor.
From this viewpoint, the predictive capability of the hybrid archi-
tecture may not be entirely tied to a specific model, but rather on a
dynamical resonance between the quantum evolution and the char-
acteristic scales of the input process. This observation hints at a
possible universality in the design of quantum reservoirs for non-
linear dynamical systems, where suitable regimes of the quantum
dynamics may provide generic embeddings for classes of chaotic
signals.

An additional relevant aspect of the proposed architecture is its
compatibility with near-term quantum hardware. Since the method
relies on fixed quantum dynamics and does not require the varia-
tional optimization of quantum gates, the quantum subsystem can
operate as a passive nonlinear feature generator. Moreover, the use
of a small number of qubits together with the classical memory layer
substantially reduces the quantum hardware requirements. The pro-
tocol could in principle be implemented on several current quantum
computing platforms, including superconducting circuits, trapped
ions, neutral atoms, and photonic processors, where measurements
of local observables and short-time coherent dynamics are exper-
imentally accessible. In this context, temporal multiplexing may
provide an effective strategy to enhance the expressive power of
small-scale quantum devices without increasing the physical system
size.

Future work will focus on scaling the approach to higher-
dimensional reservoirs and exploring alternative quantum architec-
tures to enhance expressivity and resilience. Additionally, extend-
ing the framework to include training of quantum parameters, or
adaptive control of temporal multiplexing strategies, could fur-
ther improve prediction capabilities and generalization. Moreover,
a deeper theoretical understanding of the interplay between quan-
tum dynamics, temporal multiplexing, and memory capacity would
further strengthen the foundation of quantum reservoir computing
as a viable tool in the study and prediction of non-linear phenomena.
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APPENDIX: A LOW-DIMENSIONAL TRUNCATION OF
THE 2D NAVIER-STOKES EQUATIONS

The non-dimensional Navier-Stokes (NS) system describes the
dynamics of incompressible fluids within a two-dimensional peri-
odic domain, defined by 0 < (x, ) <L =2mx. It is based on the pro-
jections of the momentum equations [Eq. (A1)] onto the coordinate
axes and the continuity equation [Eq. (A2)].

Given that in fully developed 2D turbulence energy is not only
dissipated by viscosity but rather cascades inversely to larger scales,’*
a Rayleigh-type friction term (—Xgu) is usually introduced into the
NS system. This term acts as a sink, dissipating large-scale energy
and effectively representing physical processes that the model does
not explicitly resolve, such as friction at the bottom of a fluid layer
or the aggregated influence of sub-grid scale features.

Within this framework, the NS equations are expressed as

du 12
5+(u-V)u:—VP+Re V‘u — Azu+F, (A1)

V.ou=0, (A2)

where u represents the velocity vector, P is the kinetic pressure
normalized by the fluid density po, Re is the Reynolds number
(incorporating kinematic viscosity), and F denotes an external forc-
ing term. In 2D, the fields possess only components in the plane: u(r,
1) = [uc(x, y, t)su,(x, y, t)] and P(x, t) = p(x, t)/ po.

In wave-vector space, the velocity field u(r, f) is expanded in
terms of Fourier coefficients as Y, u(k, f)e~** where k=27n/L,
withn € Z? being a pair of integers. Due to the divergenceless nature
of the fields, the Fourier coefficients u(k, t) can be defined through
a unit polarization vector e(k), which is perpendicular to the wave-
vector (i.e., k- e(k) =0). Thus, u(k, t) = uk(t)e(k). This unit vector
satisfies e(k) = e*(—k) and e(k) - e*(k) = 1, and can be explicitly
written as e(k) =i k™" (k,, — k), where k, and k, are the components
of k in the plane and k = |k|.

When projected onto Fourier space, the NS equations trans-
form into an infinite set of ordinary differential equations for the
complex amplitudes uk(t), which evolve in a 2 x N-dimensional
space,(’*"")’“"’

du(t 4’
;t( ) = 2 Z‘sk,pﬂ Cipa[1p (D11 (1)]
X1

— [Re™'K* + Ar] ux(t) + F. (A3)

where Cipq =1/2 [Mipq £ Migp] are the coupling coefficients of
nonlinear terms, with My,q = [—ik - e(q)][e*(p) - e(q)]. Finally, the
external forcing term Fk (deterministic and constant in time) is
introduced, which eventually acts on the system, and the sum in the
nonlinear term ) Sip+q is extended to all triads of wave-vectors
satisfying the triangular condition k=p +q.

In the absence of forcing, dissipation, and drag, the number of
wavevectors involved in the nonlinear couplings is infinite. In this
inviscid and unforced limit, the system possesses two rugged invari-
ants that survive each single triad of interacting wavevectors:”’~"”
the total kinetic energy Ex = 1/2 [, |u|* dA and the enstrophy Q =
1/2 fA ®? dA, where A=[0, 2] x [0, 27] is the computational
domain.
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As these rugged invariants are preserved under any Galerkin
truncation of the infinite system [Eq. (A3)], a finite Lorenz-like low-
order model Ly (u) can be derived. This model effectively retains all
global characteristics of the complete system by considering only a
finite sequence of N interacting modes k, (n = 1,2,...,N). These
modes must satisfy the triangular condition k, =Kk, = K,, where
[n+r| <Nand |n+s| <N, with (r,s) € Z.

Furthermore, an analysis of the structure of equations
[Eq. (A3)] reveals that the dynamics of a truncated low-dimensional
system Ly(u), regardless of its order N, can be decomposed into two
subsystems: Ly(#) = Ry(u) U Iy(u). This property is particularly
significant as it allows the entire system to be reduced to a purely
real system, where Iy(u) = @. Such a property defines an invariant
subspace for the system’s dynamics, meaning that the system evolves
exclusively within the real subspace Ry (u). This effectively reduces
the dimensionality of the system to an 1 x N dimensional space.

Here, a five-mode truncated model, Ls(#) (in a purely real
subspace), has been numerically investigated. The selected wave-
vectors are k; =(0, 1), k,=(1, 1), ks=(1, 2), ky=(2,—1), and
ks = (3, 0), which satisfy triangular relations such as k; = k; — k;
and k, =ks; —k,. By exploiting the complex conjugate condition
u_i(t) = up(t) (introduced above) and by explicitly expanding the
sums in the nonlinear terms, the dimensionless NS model is reduced
to a 5-dimensional autonomous dynamical system. This system
describes the dynamics of two interacting triads, which contain
both local and non-local interactions.”’ In particular, the forcing
was applied in a way that ensures an efficient transfer of energy
between various modes, favoring the development of the classical
bi-directional cascade."

Upon explicitly calculating the coupling coefficients Cy,q and
for simplicity setting Re = 1, A =0, the truncated NS model can be
written as

l:ll = 3”31/{; — U,

i, = —4uzu] + 4usulr — 2uy,

Uy — Sus, (A4)

i3
uy = 7usuy — 5us + F,

1-45 = 3u2u4 — 9U5.

Here, dotted variables represent time derivatives, u; = u, due to the
reality condition u; € Ry, and F, hereafter referred to as the kinetic
Reynolds number, is the forcing. The condition F € R is applied to
ensure that the dynamics remain in the real subspace. Throughout
this article, time is given in units of the intrinsic nonlinear timescale
Ty, which characterizes each oscillation mode of the truncated NS
system.

The autonomous system was numerically integrated using an
explicit Runge-Kutta-Dormand-Prince method,** with an error
tolerance set at 107!°, The invariants of the inviscid and unforced
system were conserved within this specified error tolerance.
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