|

Consiglio Nazionale delleRicezche

ISTITUTO DI ELABORAZIONE
DELLA INFORMAZIONE

PISA

INTERPOLATORY INTEGRATION FORMULAS

FOR OPTIMAL COMPOSITION

F.Favati, G. Lotti, F. Romani
Nota interna B0O4-15

Maggio 1987
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Abstract. 4 set of summetric, cloged, interpolatory integration

formulas on the interval [-1.1] is investi

ated. These formulas,

lI_'Z!

called recursive monotone, have the property that higher order or
compound rules cen be applied without westing pre'-."iz:u.\xs: computed
functional values. An exhaustive search shows the existence of 27
ramilies of recursive monotone formulas with positive weights and
increasing degree of  precisio stemming from  the simple
trapeznidal rule. The nurrzerical beheviour of the formulas is

exparimeanted.

L Introduction. & common practice in numerical integration is to
estimate the error of an integration formula by using a e accurate one. A
generslization of this procedure lesds to define & family IV, . ™ of

ttegration formulas with increasing precision to be used in sequence. The
spplication of the formula 1% does not waste the functional values

praviously computed for 110 g only i the nodes of Tk are a subsel of the

nmj

u’)

of 1% Eg. this property holds for Gauss-Kronrod and Clenshaw-Curtis
another tool Lo improve the error bounds {(esper Hu uteful when the

itegrand function has low continuity degree) is the use of compound rules

s




In this cese the functional values are wasted unless the nodes of the
formulas have special geametric properties. This happens for Mewton-Cotes
rules and Romberg schemata but not for Gauss-Eronrod, Clenshawe-Curtis
ghd Gauss rules.
In this work we study famities IV, 1™ of integration formulas with

the following properties: |

3) the nodes of 1%V are a subset of the nodes of 1%,

by composition does not i n‘mu ,,m‘ﬂnq of functional values,

¢) the degres of precision of 1% is greater enough than the one of 1%,

d} the distence between nodes is shorter near the boundary of the
interval;

g) all the formulas stem from the simple trapezoidal formula (ie. I
iz the 2-point Newton-Cotes formulal;

1 81l the formulas in the family sre numerically stsble, ie. sl the

fh section 2 the families of integration formulas lcalled recersive
mageiass ) owith properties (aj-(e) are studied, a compsct notation to

describe the position of the nodes is presented and it is shown how 1o
generate algorithmically all these families.

In section 2 the algebraic properties of recursive monolane fuT’mu] 0% 8{9

gtudied and an exhaustive search shaws that only 27 farmilies exist 'n‘-‘hhih
satisfy property Of). Moreower theoreticsl estimates for ttw truncation

arror are given.

In section 4 numerical experiments allow estimating the behaviour of the

neyy formi H iy




2. Geometric properties of the nodes. Since we are dealing with
interpolatory formulas, symmetric in the interval [-1,1], & formula is
completely determined once given the set of nodes in the interval [0,10
Herceforth Tormulas will be represented by the set of their nodes in [0,11.
et O ={ 10w ¢« <% <1} represent  the formula under
s:m'féiderszs?,mﬂ. We define
L ={uelluctial,
Ry ={wel w2t/2}

moreover i 00 R+ R iz areal function, then we define
gy ={gix)luwed} "

7% denotes the set of nonnegative integers,
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Seffgitiay 200 Given a Tormula O the Zsiée
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Let [{xd=2x-1 and et 210 = B0 BRC = 00N,

Pefinitice 2.2 A formula O s called recwrsive i 0 = {1} or the

following properties hold:

.I‘CJ
[

(220 1-2L0)c FO)

(2.3} F(Oy isrecursive;
{24y Fimc

Let 0 he recursive and consider the class of formulas F4 0y, ke M, then
property (2.4) guarantees that the nodes of FYO) are re-usable for P Q).

Moreover, let n o= 2 denote the compound formula which arizes when the

T




interval [-1,1] 15 subdivided into n perts and the Z formula is spplied to each
subinterval. Then property (2.2) and Definition 2.1 guarantee that the

compound formulas 2«0 and 2=F(0) make use of all the nodes of Q. More

i

generally if O is recursive the 2%« FYOY, i= 0,1, k, formulas ¢ rrgke use of all

the nodes of O Mote that for any recursive formula =1,

L= W T i=1,2,.,m=-1 -«
Thern a formula O 15 called sasaions 1f £y 2 A far all the A which are

[ x}
L
b
~

—
~

T
e

£X5 ;’u 2.1 The integration rule 2, 344, 11 is recursive and
monatone. Indeed from Definition 2.1 1L Tallaws that
FIOy = 40,172, 1},
F400) = i, 13,
Fimy =41}, k3,
and properties (2.2), (2.3), (2.4) can be easily verified. Note that FIQ), F2(Q)
and F(0) are the Newton-Cotes formulas on [-1,1] with 5,3, and 2 points,
respectively.
In the following some theorems will be given in order to characterize the
Fecursive and monotone Tormulas.
THEOREM 2.1 isd O fig & recirsive oyl Lt well, Jel kel fe such
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Froa?, fese (a): w e LU, e k=1 From property 2.2 and Definition 2.1 it
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), i kr1 From the definition of F¥ N0 it follows that




Pty e LO PO and, as in case {a), we have u = -8 w1 e PRl
Moreover the point zeR(0) such that | z}=!:| 5 symmetric to x with respect
to 1-27% O

)J)LJ-’L I.L)) R Jl)Li)

OREM 2.2 fsf D - Ty Ty B o CU o H b o
THEQOF 2258l 0 He & reswyrsive - A R § S -,

w=man { ¥ =l b 1:” & Fed WeZ' sucd Mhed -0 w c-2h Taes

(i) wo=l-q. 27" ezt
1) &2 0
(v) s=27"% p ef"

Froa? (1) We can ses that ¥ has to be equal to 1= 1f w=0 then h=0 and
this fact is trivial, otherwize, if x=1-2"then from Theorem 2.1 a point zell
guists, for which z=1, 2xx. Moreover, from Definition 2.1 and property 12.4),
a1l the points 4 = -2t j=0,1,.,h, result to belong to O, end Ug = 0= Ky
(i1} we prove by induction the following assertion:

Alkd O (-2 (3o fu= 120§ 2Zh )

1™

For k=0, fraom the definition of b, O a { 1-2" 1) =@ and ALY is true
Azsume Alk) then, from Theorem 2.1, Alk) implies a{k+1). Hence alh) is true
and the property (i) follows.

(111} Suppose & 28, From (1) it follows that an integer k exists such

2% ¢ &, s 1-27 1 Then, because the formuls is monotone, the

distance between two consecutive nodes of O in the set [1-27%1 4] s

sirictly 1ess than L":sif‘E. From Definition 2.1 and property (2.4) we

it

Onl=-2% 11 o Frnl-27% 1] MoaD-27%1 1]




hence the distance between two consecutive nodes of O in the set [I;:E‘"‘, 1]
iz strictly less than &i and this leads to deduce &i 4 L' which iz a

contradiction.

(vl It follows directly from (1), (1) end (1) since, i &> i, then

So=20 [

=TSy

Theorem 2.1 allows introducing a compact notation to describe recursive

monotone formulas, Indeed, the set of differences between consecutive

nodes {"33} ompletely characterizes 8 monotone formuls 0. Moreowver if 0 is

recursive monatane, 0% {1}, the lengths of the intervals Luoare powers of

142 and the formule con tn-' determined by counting the number of intervals

of tength 1, 172, 174, . 2% respectively.

COROLLARY 2.1 Ay sacursive Fordmefs U=}, cav fe
rapresanted fy & arrai (g, LR E‘:hj e O cZ¥ gasgiss e numbear
hi
af interysis af Jenglh 270, and Z oo, 270 =10
i=0
CORCOLLARY 2.2, 7@ a008s 07 & FECUFRIVE Fotial Goe T ae i s !rL,_ L c(h'\
STE MECIRE HERGETE G & Dinsry sritiimalio wilh &1 Jessl & Sils Ta L

Mote that with our notation monotone non-recursive formules can be
denoted as well.

Fxsmpie 220 The array 0,1,2) repres entw the recursive monotone
integration rule O = {0, 172, 374, 1} The array (0,0,1,2.8) represents a
monotone integration rule which is not recursive.

THEDREM 2.3, fef 0 Se &recursive monalone formeds 0= {11 0= {0, 1L




et L= (& [1=12, kb Than 4, ¢4

Frocs Since the formuls 15 monotone we have &, < 4 ¢ & Moreaver,
from Definition 21 and property (2.4 it follows A&, <2 4 ., then
fe2 b O

From Theorems 2.2 and 2.3 it follows that in a recursive monotone

formula the distances

U‘i

between consaculive points belonging fto LIOY cen
asaume only two different values,
Sefiaiiiay 2.4 Given a recursive monotone farmula O the set 00 of
the "zons” of Qis defined as

80 = {ZFiZy=0, 7 is recursive monotone},
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THEDREM 2.4 fef 0 S & recuraive menaians Farimiis. el T u(u+
Iias (1) 2 = 8007, |
(i ¥ £ 807 implies 2 CY.
Froed (1) from the definition of 2 it follows that F{Z) = 0, then Z is 8
recursive monotone formuls since 1- 20020 = 1 - 2L(0) c F{Q) < 0.

) from O = MCRMY and 0 = B R(Z)) we have RBIY) = R(Z), moreover

Livy O

LiZi=Li) and O < ¥ imply that L(Z)

-
x

Theorem 23 and 2.4 allow us to generate algorithmically a1 the

families of recursive monotone formules starting from O

€5}

{1} . Indeed the
set 800} consists of 2 and all the formulas oblained from ¢ by helving the

longest intervals in LEZ) according to Theorem 2.3 and Definition 2.3,

fegmpde 230 Let Q=000 31,20, e =0, 174, 1/2, /4, 7/8, 18416, 1}

Then 80y ={2, ¥, ¥} with  Z2=1(0,02371,2) ¥y= 10,015,120 and

gty R
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3. Error estimstes. The set of the weights of an interpolatory
formula O can be obtained by =olyving an appropriate Yinear sysiem 1, pp.76)
Hois well known that formulas having both positive and negative weights are
less fevorable for what concerns the roundoff error in the numericsl

amputation of the integral. (T all the weights are positive the roundoff

error can growve, at worst, as the number of nodes [V, pp.276] This fact
suggests the following definition

Lariadtio 300 & recursive monotone formuls O iz called siss/e if Q={1}
or both the following properties hold:
{21y all the weights of O are positive;
(Z.2)  F(Q) is stable.
Al the recursive monotong stable formulss stemming from O={1}

thenceforth denoted as EMS formulas) have heen generated by exhaustive

zearch. They form a finite tree with 74 elements and 27 Teaves. Table I lists
all these formulas. RMS formulas are identified by a symbolic name given by
the number of the nodes of the formula in [-1,1] followed by & letter when
Lwo formulas with the ssme number of nodes exist. The tree of the symbaolic

ngmes 15 plotted in Fig.l.

Definition 32, Let fix) e 0™-1.1] and let I {f} be the linear functional

N
Lifh = E wy flsy), the druwesiiosarror of 10 is the linear functional
=1
. . .1 . - e
ELT) = | flabdu - 1(F)
-1
'L is well known fram the theory that if n is odd and I 12 & symmetric

interpolatory formula then E (pj = 0 for all the polynomials pix} of degree
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less than n+l. &ssume m=n and f’:"‘”ji::{i' mecewize continuous, in this case,
from the Feano's Thearem [1, pp. 285-292] the truncation error can be

bounded as follows

e

[E (1] ¢ max |GG

T ~12 x4

IR S0l

!:ﬂ‘*'1 = i:‘ﬂ-’r'l} ! —"——j—_——— - E "l"'l"’i ':,:"‘:] - t."]Fl ‘jt
-1 i+ x>t

This error estimsete is the best possible one in the sense that there
exists @ function fix) for which the equality sign halds. The computation of
which depend only on the imtegretion formuls is a hard
task fram the numerical point of view. |

The weights of BMS formulas have been computed with extended precision

arithmetic (28 hexadecimal digits mantissa) and the resulting sccuracy has

been chacked, achieving at least 25 ewact decimal digits for el formules
except the last one (249 points) for which only 19 decimal digits resulied to
be exact. The computation of the constands ¢

ep GO0 be carried out only for

the farmulas with no more than 47 points. In fig.2 the values of -Jog o .,
for BMS formulas, Clenshaw-Curtis and Mewton-Cotes formulas, are plotied
YErsus ninods)

The behaviour of constents © . suggests an sliernative approach 1o

pLa

select among recursive monotone formulas, Let O be o recursive monotone

formuls with n nodes and et HB} denate the sssociste constant o ., we

define the tlaes of formulas showing the fastes

et
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Fig. . Treeof RIMS formulas stemming from simple trepeziold rule.
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Fig. 2. Velues of -10g, €4y for RMS, Clenshew-Curtis end Newton-Cotes

formulas, plotied versusn.
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& recursive monotone formuls O iz called socwrsie  if
2={t} or both the following properties hold:

£

ol

2%y ol = min {oiZ) ) 2 recursive monotone having no more points than Q)
{24y FU iz accurate

A1 the recursive monotone accurste formulss stemming from O={1}
having no more than 47 nodes have been generated by exhaustive search. They
forma tree with 16 elements snd 4 leaves. Table II lists all these formulas,
it iz interesting to note that all accurate formulas have positive weights

and are steble. Table III prezents the statistic of formulas having no more

than 42 nodes.

4. Numerical experiments. 410 the BMS formulas were tested with six

problems:

1

| fiiudde, k=12, .6

0
were 1., ., 1o are smooth func tions, namely

fo= /0257, = enplSal, fz= 172510 w7,
and 1, fe, T, are non-smooth ones:

=R
S ¥ R A SR
34 Y : 75 Il df‘. 7 TE’ I “'l RLN

{Functions 1,2,4,5,6 were used for numerical experiments in [Z];. For each
formula Dﬁ snd for each funclion f;- the absolute and relative ervaors sre

computed using system [BM /370 double precision arithmetic {4 = machine

precision = 1673 & 222 107

- i -




Table 1

name formula name formula

Z Memton-Cotes Z-point rule 14 o0 1,5, 1

5 71 -,U u'u,? 1,253

= et 'T.D)U,GA,E,:-,E?'

5 27 (0,0,0.5,5,1,2)

a . (0,0,0,4,7,1,20

11 23 xn’u;u 3,8,3,8

12 41 o, 0,0, 4, 11,5, 1,22
1= 43 rn SO0, 0, 13,501, 20

Tabie 111

Stetistics of formulas having no more than 43 nodes

FM iRecursive Monotone farmulas) GG
RMF (Recursive Monotone formulas having positive weight 29
RMS (Recursive Monotone stable formulas) 23

RIA (Recyrsive Monotone acourate formulas) 16

Mote: : RiA < EMES C RMP < BRI




A - .
E.abgh,un.-fk) = j~ le-:d.) ‘jn‘:". - I’T—'Dl’t'&p!ﬂn?d . EI"E!] "'ul'l-'fk} = E ahe ‘ { ’ fL‘,:",::] (j}::) '
U
We define the guantities
Moy = Mas Cu, Min (1, €, (0 1,01)

and compute the mean logarithmic error:

[ 3}

Elny = (1/A] - 1004y Mo

k=1

Eing i plotted in Fig3 for all RMS formules and some Clenshaw Curtis

formulas

o

tnorder to test how BMS formulas can be suiteble fm‘ sutomatic adeptive

quadrature, the family of EMS formulas with 2, 3,5, 7,9, 13,19, 27, 41, 57,
B300g, 17Lh), 181a), 249 nodes, respectively, was used inio a pre mnmaru

varsion of an automatic guadrature routine called QIC (Quadrature
interpolstory and Compound). OIC uses essentialy the same strategy of OAGS
(@], the main difference consists in trying to use as long as possible high

precizion local quadrature formules before splitting subirdervals To avoid

bix]

wasting of functionsl evaluations an hashing technigue 1= used as suggesied
in 4] QIC, CADRE [2] and QAGS were tested for the same function 1/(1+c+w)
used in [6] to compare SOUAKNE [S], SOUAGE [6], CADRE ﬂnd AIHD[T] Figda

shows the logarithmm of the number Woof functional evaluations far various

values of ©, Fig 4b shows Tog M for =101 and various values of the aDE:UMté

tolerance &g

5 By comparing the results with those of [6], it 15 self evident

‘ln

that for this example QIS autparforms all the ather quadrature routines.
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Fig. 3. Velues of E{n) for RMS and Clehshow-Curtis formules, plotted

versus n.
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and QAGS, plotied versus ~log,, &p5, for ¢ =0.01.
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