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A B S T R A C T

Photon Number Resolving Detectors (PNRDs) are devices capable of measuring the number of photons present
in an incident optical beam, enabling light sources to be measured and characterized at the quantum level. In
this paper, we explore the performance and design considerations of a linearly multiplexed photon number-
resolving single-photon detector array, integrated on a single mode waveguide. Our investigation focus on
defining and analyzing the fidelity of such an array under various conditions and proposing practical designs for
its implementation. Through theoretical analysis and numerical simulations, we show how propagation losses
and dark counts may have a strong impact on the performance of the system and highlight the importance of
mitigating these effects in practical implementations.
1. Introduction

Photon Number Resolving Detectors (PNRDs) are devices capable
of measuring the number of quanta of energy present in an incident
optical field, enabling light sources to be measured and characterized
at the quantum level [1–3]. PNRDs have a pivotal role in various
optical applications and quantum technologies. In quantum key distri-
bution [4], PNRDs can be used in specific protocols [5] to guarantee
secure transmission of information. In quantum imaging, they enable
high-resolution by precisely counting the photons emitted or scattered
by objects of interest [6]. Moreover, they can be used in other ap-
plications such as quantum state preparation [7,8], photon-counting
Lidar [9], quantum metrology [10], and quantum tomography [11].

Photon Number Resolving Detectors can be realized with different
technologies, each one with its characteristics, operating principles,
and limitations. For instance, schemes with photomultiplier tubes [12]
and Geiger-mode avalanche photodiodes (GAPDs) [13] have shown
photon number resolution with few photons. Visible light photon coun-
ters [14] have a high dark count rate and slow operational rate, while
transition edge sensors (TES) can discriminate the number of photons
with high efficiency (98%) [15] and low noise at telecommunication
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wavelengths, but their performance is limited by the low count rates
and high time jitter [16,17].

Superconducting Nanowire single photon detector (SNSPD) [18] is
considered one of the most promising platform for overcoming the
limitations of the detector platforms mentioned above, thanks to its
high efficiency [19], negligible dark count rate [20], jitter time in
the picosecond region, [21] and short recovery time [22]. However,
single SNSPD detectors do not have intrinsic photon number resolution
capability like TES detectors. Here we show how this limit can be
addressed with a multiplexed scheme on an optical waveguide to
enable photon number resolution and optimized fidelity.

Integration of SNSPD detectors on optical waveguide chips has been
demonstrated, showing how these devices maintain their outstanding
properties for a diverse range of materials [23]. Integration with com-
plex photonic waveguide networks has shown the possibility of creating
a combined platform which contains both capabilities of SNSPDS and
PNRDs with great scalability potential [24–28] and applications in
quantum communication [29], characterization of quantum photon
statistics [25] and quantum sensing [30].
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Fig. 1. Photon-number resolving detector array geometry: Photons travel from left to
ight through a series of 𝑁 single-photon detectors, indexed from 𝑁 to 1.

Here we propose a design for a linearly multiplexed PNRD based
on SNSPD, integrated on a single optical waveguide. First, keeping
enerality, we show the theoretical calculations of each element ef-
iciency to maximize the fidelity, accounting for waveguide losses
nd dark counts. Then, a design is proposed, showing a guideline to
btain optimized parameters considering fabrication constraints. For
ur design we focus on silicon nitride strip loaded waveguide on a
hin film lithium niobate (TFLN) substrate [31] as photonic platform
ecause it offers the great potential of TFLN in terms of nonlinearity
nd electrooptical reconfigurability, but it is more agile to fabricate
s it exploits the well established manufacturing techniques for silicon
itride leaving the hard-to-process LN film intact.

This proposal aims at the integration of PNR capability in a photonic
integrated circuit (PIC) that, thanks to TFLN properties, can exploit
the nonlinear properties of lithium niobate to generate and manipulate
quantum states of light [32] on a single chip. Moreover, due to its
inearity, our design can be considered modular in the sense that SPD

elements can be added to the detector array incrementally.
The manuscript is structured as follows: In Section 2 we will discuss

a general approach for the geometry of an array of SNSPDs on a linear
waveguide and calculate the relevant merit factors in the case of ideal
waveguide and detectors. Then, non-idealities such as propagation
losses and detector dark counts will be discussed and estimated. In
Section 3 an actual design for the implementation of the waveguide
PNRD will be proposed and discussed. Simulations will be used to
calculate the relevant parameters for the proposed device so that the
final merit factors can be calculated using the theory developed in
Section 2. In Section 4 we will summarize the results and draw our
onclusions.

2. A multiplexed SNSPDs on a single waveguide

2.1. Lossless waveguide and detector

First, we consider the ideal case of an array of 𝑁 single-photon
etectors (SPDs) coupled to a lossless waveguide, with no dark counts,

and schematically shown in Fig. 1. Each element of the array works in
the Geiger mode and can only discriminate between light and no light,
generating the same signal for any number of absorbed photons. The
etectors are numbered so that the first element to be illuminated has
ndex 𝑁 and the last is element 1. The fidelity 𝐹 in this ideal system
s a function of the number of incoming photons 𝑚 and the number of
PDs 𝑁 is given by the probability of correctly detecting all of the 𝑚
ncoming photons, expressed as

𝐹 = 𝑝(detected = 𝑚|incoming = 𝑚). (1)

The probability in Eq. (1) can be reinterpreted as the probability that
ach element of our array absorbs and detects either zero or one photon
nd no photon is lost at the end of the array.

To derive its expression, consider 𝑁 SPDs arranged linearly as
epicted in Fig. 1 and let  = {𝑖}𝑖=𝑁𝑖=1 denote the ordered set of detector

indices with the value 𝑁 associated to the first detector illuminated
and 1 to the last. Define  ⊂ ℘ () as the family of sets containing 𝑚
elements in the power set of , representing all possible combinations
2 
of 𝑚 different detectors detecting the 𝑚 incoming photons. Recall that
the power set of  is the set of all subsets of , namely
℘ () =

{

 |

|

|

 ⊆ 
}

=

=
{

∅, {1}, {2},… , {𝑁}, {1, 2}, {1, 3},… ,

{𝑁 − 1, 𝑁},… , {1, 2,… , 𝑁}
}

and that |℘ () | = 2𝑁 is the number of elements inside ℘ ().
Hence,  can be expressed as

 =
{

 ∈ ℘ () |

|

|

|| = 𝑚
}

=

=
{

{1, 2,… , 𝑚 − 1, 𝑚}, {1, 2,… , 𝑚 − 1, 𝑚 + 1},… ,

{𝑁 − 𝑚, 𝑁 − 𝑚 + 1,… , 𝑁}
}

which contains
(𝑁
𝑚

)

= 𝑁!
𝑚!(𝑁−𝑚)! elements, or 𝑚-dimensional vectors

enoted as 𝑘⃗ equivalently, identifying every possible choice of 𝑚 indices
out of the total 𝑁 of detectors. It is important to notice that  contains
every possible list of SPDs that have detected one photon with the
onstraint of both no photon losses and at most one photon per SPD.

Now, denote 𝜂𝑖 as the efficiency of the 𝑖th detector to click when
lluminated with a single photon, we can write the probability of a

photon being absorbed by the 𝑖th element of the array as

𝑝𝑖 = 𝜂𝑖
𝑁+1
∏

𝑗=𝑖+1

(

1 − 𝜂𝑗
)

(2)

where 𝜂𝑁+1 = 0, representing free propagation before entering the
rray, and the product ∏𝑁+1

𝑗=𝑖+1
(

1 − 𝜂𝑗
)

indicates the probability of a
hoton not being absorbed before the 𝑖th detector.

Under these assumptions, the probability of distributing at most one
of the 𝑚 incoming photons over the 𝑁 SPDs, or equivalently the fidelity
of the PNR detector, is given by

𝐹 (𝑚, 𝑁) =
∑

𝑘⃗∈

𝑚!
∏

𝑘𝑖∈𝑘⃗

𝜂𝑘𝑖

𝑁+1
∏

𝑗=𝑘𝑖+1
(1 − 𝜂𝑗 ) (3)

where 𝑚! accounts for all permutations of the photons inside each 𝑘⃗
ector.

When there are 𝑚 incoming photons, the maximum fidelity is ob-
ained when the probability of absorbing a single photon is uniform
cross each element of the array [33] and is given by

𝑝𝑖 =
1
𝑁

∀𝑖 ∈ [1, 𝑁]. (4)

Substituting Eq. (4) in Eq. (2), the efficiency of the 𝑖th element of the
rray is given by

𝜂𝑖 =
1
𝑖

with 1 ≤ 𝑖 ≤ 𝑁 (5)

Eq. (5) implies that the first detector of the array will have the smallest
fficiency of 1∕𝑁 while the last one requires total absorption (𝜂 = 1) for
reventing light from escaping the array, corresponding to a nanowire
f infinite length. Combining this result with Eq. (3), we obtain a

maximum fidelity for the detection of 𝑚 photons with an array of 𝑁
etectors of

𝐹 (𝑚, 𝑁) = 𝑚!
(

𝑁
𝑚

)

1
𝑁𝑚 . (6)

It is worth to note that the same result is obtained in [34] by starting
from the same assumptions. The fidelity of Eq. (6) is shown in Fig. 2
for an array of 𝑁 = 120 elements, and it represents the ideal case in
which we considered only dichotomous events of photons being either
absorbed or not.

2.2. Propagation losses and fidelity

All real waveguides suffer from propagation losses, and in this
situation Eq. (6) is not valid. In this case the ratio between the losses
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Fig. 2. Fidelity versus the number of incoming photons 𝑚 (blue points) with 𝑁 = 120
ingle-photon detectors. This plot was obtained by a second order Stirling expansion
f Eq. (6).

introduced by the waveguides and the absorption of the SPDs plays a
undamental role for the calculation of the fidelity.

Consider a waveguide with a loss coefficient 𝛼𝑤, and a supercon-
ucting nanowire with absorption coefficient 𝛼𝑐 . As the mechanisms
re the same for both the elements, the probability of a photon being
bsorbed or not over a distance 𝐿 is given by:

 = 1 − 𝑒−𝛼 𝐿,  = 1 − = 𝑒−𝛼 𝐿 (7)

where  and  are, respectively, the absorption and the transmission
robabilities, both governed by the coefficient 𝛼. For the 𝑖th element of
he array Eq. (5) holds and we have 𝑖 = 𝜂𝑖 = 1∕𝑖, from where we can

extract the length of the element by inverting the first of Eq. (7) with
bsorption coefficient 𝛼𝑐 , namely

𝐿𝑖 =
1
𝛼𝑐

ln
(

1
1 −𝑖

)

= 1
𝛼𝑐

ln
( 𝑖
𝑖 − 1

)

. (8)

To incorporate propagation losses into the fidelity computation, we
modify Eq. (2) for the probability of a photon being absorbed by the
𝑖th detector as follows

𝑝𝑖 = (nw)
𝑖

𝑁+1
∏

𝑗=𝑖+1
 (nw)
𝑗  (wg)

𝑗 (9)

where we assume photons to survive both the waveguides (wg) and the
nanowires (nw) until before the 𝑖th element and being absorbed by it.

Substituting Eq. (9) into Eq. (3), and leveraging Eqs. (7) and (8), we
derive the following loss-perturbed fidelity expression

𝐹 (𝑚, 𝑁 , 𝑟) = 𝑚!
( 1
𝑁

)𝑚(𝑟+1)
∑

𝑘⃗∈

∏

𝑘𝑖∈𝑘⃗

𝑘𝑟𝑖 (10)

where 𝑟 = 𝛼𝑤∕𝛼𝑐 represents the ratio of the absorption coefficients of
he waveguide and the nanowire detector.

Fig. 3 shows how fidelity changes with respect to 𝑟 when we send
 photons into an array of 120 detectors, each with length given by
q. (8).

2.3. Detector with dark counts

Next we introduce detectors dark counts in our calculation assuming
 dark count rate (DCR) per unit time proportional to the length of the
anowire [35]. For an array of 𝑁 detectors where the length of each

element is given by Eq. (8), the total length 𝐿tot is

𝐿tot = 𝐿1 +
𝑁
∑

𝐿𝑖 = 𝐿1 +
1 ln𝑁 , (11)
𝑖=2 𝛼𝑐 e

3 
Fig. 3. Fidelity with propagation losses versus the ratio 𝑟 = 𝛼𝑤∕𝛼𝑐 (blue points —
Lossy) with 𝑁 = 120 single-photon detectors and 𝑚 = 5 incoming photons. For an
ncreasing 𝑟 the fidelity drops from the lossless of 0.9191 (black dashed line) to zero
n a monotonic and continuous way.

where we isolated the divergent term for 𝑖 = 1 because in the ideal case
the last detector absorbs 100% of the photons and have infinite length.

We assume a DCR = 𝐿tot𝛾, where 𝛾 is a coefficient that depends
n the properties of the superconducting nanowire. The probability
f having 𝑘 dark counts in a time interval 𝛥𝑡 follows the Poisson
istribution

𝑝 (𝑘, 𝛥𝑡) =
(

𝐿tot𝛾 𝛥𝑡
)𝑘

𝑘!
𝑒−(𝐿tot𝛾 𝛥𝑡) (12)

The probability of having no dark counts for the measurement time
𝛥𝑡 is given by 𝑝(0, 𝛥𝑡), and hence we can multiply it to Eq. (10) to obtain
the loss-DCR-perturbed fidelity
𝐹 (𝑚, 𝑁 ,𝑟, 𝛾 𝛥𝑡) =

𝑚!
( 1
𝑁

)𝑚(𝑟+1)
𝑁− 𝛾 𝛥𝑡

𝛼𝑐 𝑒−𝛾 𝛥𝑡𝐿1
∑

𝑘⃗∈

∏

𝑘𝑖∈𝑘⃗

𝑘𝑟𝑖
(13)

For state of the art SNSPDs this correction is usually quite small
since the dark count rate can go down to few tens of Hz and the
measurement time is of the order of ns [26].

3. Design of the detector array on a strip-loaded waveguide on
TFLN

The relations for the fidelity derived in the previous sections can
e applied to any material platform for either the waveguide and the
anowire detectors. Now we consider a device fabricated on a lithium

niobate on insulator (LNOI) substrate loaded with a Silicon Nitride
(Si3N4 or SiN) waveguide strip and coupled to a series of Niobium
Nitride (NbN) SNSPDs, with the geometry sketched in Fig. 4a. All
simulations assume a working wavelength of 1550 nm. The PNRD is
fabricated on a LNOI substrate made by a 300 nm lithium niobate layer
on a 3 μm silicon dioxide (SiO2) insulator. On the LNOI film, a ridge
in SiN is patterned with a nominal a width of 1.2 μm and a thickness
of 200 nm, defining the waveguide channel. The SNSPDs are then
atterned on top of the SiN ridge with a fixed thickness of 6 nm and

a width of 80 nm. Such series of SNSPDs can be realized on top of
he strip-loaded LNOI photonic circuit thanks to the following fabri-
ation steps. A SiO2 cladding layer is deposited by Plasma-Enhanced
hemical Vapor Deposition, and a planarization step is performed
y Chemical Mechanical Polishing (CMP). The NbN superconducting
ilm is deposited using DC Magnetron Sputtering, and the different
anowire patterns are realized by Electron Beam Lithography followed
y dry etching. AuPd resistors, placed in parallel to each nanowire

lement, and Au contact pads are fabricated via lift-off. Such fabrication
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Fig. 4. Cross sections of the photon-number resolving detector: starting from the
bottom there are a crystalline silicon (𝑐-Si) layer, a silicon oxide (SiO2) layer, a lithium
niobate (LiNbO3) layer, a silicon nitride (SiN𝑥) waveguide surrounded by an SiO2 layer,
and finally the niobium nitride (NbN) layer. The detailed dimensions are reported in
Table 1.

Table 1
List of parameters used for the FEM simulations. Both SiO2 and SiN refractive index
are obtained by Variable Angle Spectroscopic Ellipsometry measurements on fabricated
samples. LiNbO3 and NbN refractive index are respectively reported in [37,38].
𝜆 = 1.55 μm SiO2 LiNbO3 Si3N4 NbN

Refractive index 𝑛 1.44
2.21(𝑜)

2.14(𝑒)
1.88

5.23+

𝑖5.82

Thickness ℎ (μm) 3.00 0.3 0.2 0.006
Width (μm) slab slab 1.20 0.08

procedure is the same employed in [36], except for the CMP step that
allows to position both the contact pads and AuPd parallel resistors
on the cladding layer. In addition, such step grants optimal surface
roughness prior the SNSPD fabrication.

Such a structure is simulated using the finite elements method
(FEM) with the parameters summarized in Table 1.

3.1. Straight and curved propagation

Initially, to estimate the propagation losses in passive structures,
and determine 𝛼𝑤, FEM simulations were conducted for strip-loaded
waveguides, excluding the NbN layer, for both straight and curved
configurations.

For the first part of simulations, we performed a parametric sweep
varying both the SiN waveguide width and height to take into account
different fabrication scenarios. The waveguide height ranged from 180
to 220 nm, while the width varied between 1 μm and 1.4 μm. For a
thickness of 200 nm and a width of 1.2 μm, we obtained a single mode
waveguide with an effective refractive index 𝑛eff = 1.8066 at 1550 nm.

After determining the single mode 𝑛eff under ideal conditions, we
looked at the stability of such waveguides with respect to slab leak-
ages. The latter can be characterized by the difference in the effective
refractive index between strip-loaded and slab modes [39], denoted as
𝛥𝑛 = 𝑛(strip)eff − 𝑛(slab)

eff . Following the last reference, a simple way to see
whether or not lateral leakage occurs, is to study the sign of 𝛥𝑛. Indeed,
strip-loaded waveguides suffer from strong lateral leakage when 𝛥𝑛 < 0.

For this purpose, we modified the simulation setup by removing
the SiN waveguide layer, leaving only the LN slab with an additional
oxide layer on top. To ensure comparability with previous results, we
conducted a parametric sweep on the thickness of the oxide layer
using the same values as in the strip-loaded waveguide simulations. In
our scenario, both TE and TM polarizations of the slab modes exhibit
effective refractive indices (𝑛(slab,TE)

eff = 1.7714 and 𝑛(slab,TM)
eff = 1.6070

respectively) lower than that of the strip-loaded TE mode, thus provid-
ing robust mode isolation during straight propagation with respect to
lateral leakages.

In curved waveguides, radiative leakage rises sharply when the
bending radius 𝑅 is sufficiently small. To assess this possibility and
determine the critical bending radius 𝑅 at which radiative losses
crit

4 
Fig. 5. Log-scale plot of the quality factor of the simulated ring resonator as a function
of the radius. The blue points represent the simulation results, while the black lines are
the fit for both horizontal behaviors, that saturates at 𝑄∞ = 6.11⋅108, and the slope. The
latter has a value of 1.66 ⋅ 10−1 dB/μm and it indicates how much the quality factor’s
order of magnitude changes with respect to the bending radius. The intersection of the
fits is at 𝑅 = 434 μm, representing the radius under which the bending radiative losses
are the dominating factor.

become significant, we conducted FEM simulations of a strip-loaded
ring resonator. Maintaining constant waveguide thickness and width,
we evaluated the quality factor of the ring as a function of its radius,
ranging from 40 μm to 1 mm. These results are shown in Fig. 5
which exhibits two distinct regions. First, for small radii, there is an
exponential decay of the ring quality factor with decreasing radii which
indicates that radiative losses dominate over other loss mechanisms.
In the second region, for larger radii, we see a saturation of the
ring quality factor to a value of 6.11 ⋅ 108 which suggests that bend-
related radiative losses become negligible beyond a certain radius. The
remaining sources of losses could be either physical, such as substrate
losses or scattering due to the waveguide roughness, or non-physical,
for example due to artifacts of the simulation such as the finite size of
the simulation window.

From the intersection of the linear fits (on the y-log scale) of the
data in Fig. 5, we estimate a critical radius 𝑅crit = 434 μm. Below 𝑅crit
where radiative losses dominate, the slope of the fit is 0.166 dB

μm and
indicates the quality factor’s order of magnitude variation with respect
to the variation of the bending radius.

3.2. Tuning SPDs efficiency

The geometry of NbN nanowires along the waveguide is a key aspect
for designing a good PNRD. Fig. 6 reports a summary of the geometry
we investigated. Advantages and drawbacks of each configuration are
discussed in this section.

As stated in the previous sections, the absorption efficiency of a
nanowire can be tuned by its interaction length with the mode of the
waveguide. For such a purpose, disposing the nanowire parallel to the
waveguide, as showed in Fig. 6a, could be the best solution for the
fabrication of efficiency-tunable NbN SPDs. Indeed, our simulations
show that a nanowire in such a configuration absorbs 𝛼𝑐 = 422 dB

cm ,
while SiN strip-loaded LNOI waveguides can reach propagation losses
as low as 𝛼𝑤 = 0.3 dB

cm [40]. This number translates into a ratio
𝑟 < 10−3 and a fidelity close to the ideal case as shown in Fig. 3.
Additionally, one can estimate the probability of having zero dark
counts per measurement (Eq. (12)) as follows: suppose 𝑁 = 120 SPDs
in the array, the worst scenario reported in [26] suggests considering
DCR = 30𝑘 Hz for a 60 μm nanowire, the measurement time can be
taken as 𝑡 = 10 ns as it shall not be less than the latching time of
SNSPDs [41], and we chose to have the last SPD in the array — the
one indexed 𝑖 = 1 — to be 50% absorptive as the second-last so that
𝐿1 = 𝐿2 = 1

𝛼𝑐
ln 2. With such hypothesis we obtain a probability of

having no dark counts per measurement in the worst DCR scenario of
𝑝(0, 10 ns) ≃ 0.9972.
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Fig. 6. Different disposition of the NbN nanowire along the waveguide with highlighted
active and dead parts respectively in orange and green colors. Panel (a) shows the
ongitudinal configuration, characterized by having the detecting NbN nanowire parallel

to the waveguide, and the detection efficiency can be continuously tuned by varying
the nanowire’s length 𝐿𝑖. Panel (b) shows the meander configuration, characterizing
by the detecting nanowire being perpendicular to the waveguide. Here the efficiency is
iscretized, and can be selected only among multiples of the single-element efficiency

𝜂se. Panel (c) shows the wavy wall configuration, being characterized by having the
active part of the nanowire in a periodic and uniform–curvature shape. Specifically,
each SPD is formed by circumference arcs with fixed radius.

Despite its flexibility, this configuration poses challenges in bending
the nanowires over the waveguide. Indeed, curved nanowires often lead
o current crowding issues [42], making straight sections practically

ineffective. To mitigate this occurrence, widening the nanowire in
urved sections is a potential solution, but it introduces absorptive
ead zones atop the waveguide, as noticeable in Fig. 4b, significantly
mpacting the fidelity.

An alternative approach involves arranging the nanowires transver-
sally to the waveguide in a meander structure, as showed in Fig. 6b.
This arrangement places the curved parts of the nanowires farther
rom the waveguide, significantly reducing the absorption of the dead

sections. On the other hand, as the SPD-waveguide interaction now
occurs over a discrete number of nanowire elements (only those being
transversal to the waveguide), the coupling coefficients of the SPDs
can only be selected on a discretized grid composed by multiples of the
single-element efficiency 𝜂se, being defined as the absorption given by
2 active sections. We neglect the absorption of the dead sections as they
can be optimized to be negligible, as we will show in the following.

On the basis of pros and cons of longitudinal and meander config-
urations, and given the results obtained by [42] with a similar device,

e want to discuss a third geometry. As showed in Fig. 6c, one can fab-
ricate the NbN SPD with a curvature maintaining shape, only changing
periodically the rotation orientation like a wavy wall. In such a way,
one can in principle eliminate the current crowding issue, as here the
whole nanowire has the same curvature and consequently eliminating
dead sections, and still being able to tune the efficiency of each NbN in a
continuous way. On the other hand, the wavy wall nanowire fabrication
feasibility could be limited due to resolution constraints and longer
processing times, it could be beneficial for a better tuning of SPDs
efficiencies.

Due to the better ease of the fabrication process, we opt to proceed
ur study with a PNRD composed of meander SPDs. To evaluate 𝜂se, we
onducted FEM simulations of both active and passive regions, sweeping
oth waveguide height and NbN nanowire transversal length. The
atter parameter is the defined as the joint length of active and passive
arts of the nanowire meander, hence comprising a straight section
 𝐹

5 
Fig. 7. FEM simulation of the absorption as a function of the nanowire length. The
latter takes into account both active (transversal straight) and passive (block for the
curve) of a NbN nanowire of fixed 6 nm thickness and 80 nm width. The parametric
sweep was performed on three waveguide heights and with nanowire transversal length
ranging from 1 μm to 8 μm with 0.25 μm steps.

and the curve. The simulation results of this study are represented in
Fig. 7 as absorption percentages versus the transversal length. Notably,
both regions saturate their absorption over a length of approximately
 μm, with the active portion reaching saturation between 2.5 and
.5%, depending on the SiN thickness, while the dead zone exhibits
bsorption below 6 ⋅ 10−3%.

As previously mentioned, the dead section of the nanowire can be
onsidered to have negligible absorbance, resulting in a single-element
PD efficiency for a 200 nm thick SiN waveguide of 𝜂se = 2.957%. To
etermine the index of the smallest feasible element in the array, we
an invert Eq. (5) and solve for 𝑁 , given by:

𝑁 = ⌊1∕𝜂se⌋ (14)

where ⌊⋅⌋ denotes the floor function, representing the integer part of
the expression. In our implementation, this calculation yields to 𝑁 = 33
PDs for the PNRD.

The efficiency of the 𝑖th SPD can be discretized using the following
equation:

𝜂𝑖 = 1 − (

1 − 𝜂se
)𝑢𝑖 (15)

where 𝑢𝑖 denotes the number of units required to achieve the effi-
ciency 𝜂𝑖 using 𝜂se. The corresponding 𝑢𝑖 values for each SPD can be
determined by inverting Eq. (15)

𝑢𝑖 = r ound
log

(

1 − 1
𝑖

)

log
(

1 − 𝜂se
) (16)

where the round operator is employed because 𝑢𝑖 must be an integer.
The values obtained for each 𝑖 between 1 and 33 are reported in

Table 2.
Using these data and the methodologies discussed in Section 2 and

the worst dark counts scenario in [26] we evaluate the performance of a
PNRD composed by 𝑁 = 33 meander SPDs in different regimes: ideal,
lossy and lossy plus DC. We then compare these results to the non-
iscretized ideal scenario by examining the fidelity ratio 𝐹disc∕𝐹ideal, as
hown in Fig. 8: remarkably, the introduction of losses did not change

significantly the performance of such PNRD, which the introduction of
dark counts did instead.

Finally, we explicitly report the fidelities from 1 to 4 photons of such
 detector considering both losses and dark counts: 𝐹 (1, 33) = 98.95%,
(2, 33) = 94.87%, 𝐹 (3, 33) = 88.04% and 𝐹 (4, 33) = 79.00%.
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Table 2
List of 𝑢𝑖 meanders of each SPD.

index 𝑖 𝑢𝑖 index 𝑖 𝑢𝑖 index 𝑖 𝑢𝑖
33 1 22 2 11 3
32 1 21 2 10 4
31 1 20 2 9 4
30 1 19 2 8 4
29 1 18 2 7 5
28 1 17 2 6 6
27 1 16 2 5 7
26 1 15 2 4 10
25 1 14 2 3 14
24 1 13 3 2 23
23 1 12 3 1 77

Fig. 8. Performance of the discretized array obtained as the discretized fidelity
ormalized with the ideal fidelity. The three lines represent the different regimes:
iscretized only (blue line), discretized with propagation losses (orange line) and
iscretized with both propagation losses and dark count (green line) all considering
3 SPDs in the PNRD. The DC contribution is 𝑝 (0, 10 ns) = 98.17%.

4. Discussion and conclusions

Performance and design considerations of a linearly multiplexed
hoton number-resolving single-photon detector array have been dis-
ussed. Our investigation focused on analyzing the fidelity of the PNR
n detecting 𝑚 incident photons under various conditions and proposing
 practical design for its implementation.

We began by deriving expressions for the fidelity of the SNSPD
rray, starting from the ideal case and then considering perturbation
actors such as propagation losses and dark counts. Through theoretical

analysis and numerical simulations, we demonstrated how these factors
ffect the fidelity of the system.

Moving on to the design aspect, we proposed a strip-loaded waveg-
ide design for the SNSPD array, utilizing LNOI as the platform mate-

rial. By conducting FEM simulations, we evaluated the performance of a
00 μm thick SiN strip loading a 300 μm LN slab layer, including straight
nd curved propagation losses, the latter to understand the limitations
f curved designs. We also discussed how to prevent slab-mode leakage
n strip-loaded waveguides and showed that it is not an eventuality in
ur design.

Our investigation revealed important insights into the trade-offs in-
olved in the design of the SNSPD array. We briefly mentioned current
rowding in curved nanowires and suggested two different solutions:
he longitudinal and the discretized ones. We also studied the efficiency
f the superconducting NbN nanowire detectors for different lengths
nd nitride thicknesses. We conclude that the absorption of both active
nd passive sections of the nanowires reach their plateau value after
bout 5 μm of length. Additionally, we would like to propose another

nanowire configuration, that we called wavy wall: here, every SPD is

formed by a nanowire that continuously curve along the waveguide,

6 
periodically changing the curvature orientation like a sinusoid centered
n the waveguide. The advantage of such a configuration is that, in
rinciple, it would not suffer by current crowding as it is formed by a
niform curve.

In conclusion, our study provides valuable insight into the per-
formance and design of linearly multiplexed photon number-resolving
single-photon detector arrays. By addressing key challenges and propos-
ing practical solutions, we aim to contribute to the advancement of
quantum technologies relying on photon detection and quantum state
engineering.
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