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THE GENERALIZED DISCRETE FOURIER TRANSFORM
FOR THE COMPUTATION OF THE DFT ON LARGE SETS OF DATA

P. Corsini G. Frosini

Italy

Abstract. In this paper we consider a generalized form of the Dis-
crete Fourier Transform (DFT), called Generalized Discrete Fourier
Transform (GFT). Two fast algorithms are given that allow us to
obtain a one-dimensional GFT by evaluating a proper multidimensional
GFT. It is proved that such two algorithms involve exactly the same
arithmetic operations on the same data, and that in the case of the
DFT the Algorithm I represents a form of the classical FFT algorithm
in mixed radix based on decimation in time. It is shown that the Algo-
rithm II is particularly advantageous for evaluating the DFT on

large sets of data.

1. INTRODUCTION

Let us consider the problem of evaluating the one-dimensional
Discrete Fourier Transform (DFT) of a vector E having a large num~
ber of elements. If the working memory of the available processor
is not sufficient to handle the vector as a whole, it is convenient
to fracture E into a matrix F2 and to process separately single
columns and single rows [1]. Unfortunately, the one-dimensional DFT
of E is not obtainable simply by evaluating the two-dimensional DFT
of Fz, but proper “"twiddle-factors" must be introduced between col-
umn -transforms and row- transforms [2]. Due to the presence of the
twiddle factors, such two-dimensional processing, even if each col-

umn DFT and each row DFT is evaluated by means of a fast algorithm
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(FFT algorithm), results more complex than an FFT algorithm applied
directly to the vector E.

In a previous work [3] the Generalized Discrete Fourier Transform
(GFT), that includes the DFT as particular case, has been introduced
and fast algorithms for the GFT computation have been given. It has
been shown that the one~dimensional DFT of a vector E can be ob-
tained simply by evaluating a two-dimensional GFT of matrix FZ,
and that, if each column GFT and each row GFT is computed by means
of a GFT fast algorithm, such a two-dimensional processing has the
same complexity than an FFT algorithm applied directly to the vec—
tor E.

In this work the relations between the fast algorithms for the
GFT and the classical FFT algorithms are further investigated, and

the following results are obtained.

1) An algoritﬁm (Algorithm I) is given that allows us to obtain
a one-dimensional GFT of a vector E by evaluating an o-dimen-
sional GFT of a proper o~dimensional array F*. It is shown
that, in the case of the DFT, this algorithm represents a form
of the classical FFT algorithm based on decimation in time. It
follows that such classical algorithm can also be viewed as a
proper multidimensional GFT.

2) Another algorithm (Algorithm II) is given that consists in re-
arranging the elements of E into an array F' (t<a) having
arbitrary dimensions, and by computing by means of the Algorithm
I successive one—-dimensional GFTs along every coordinate of FT.
It is shown that the Algorithm I and the Algorithm II involve

exactly the same arithmetic operations on the same data.

From points 1) and 2) it follows that the computation of the
DFT of a vector E by means of the Algorithm II involves exactly
the same arithmetic operations on the same data as an FFT algorithm,
but presents the advantage of handling a number of elements at a
time optimized with respect to the dimensions of the working area.
The proof of the Theorems presented in this paper are omitted

for the sake of brevity, and they can be found in [4] .~
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2. GENERALIZED DISCRETE FOURIER TRANSFORM

In this section the one-dimensional GFT and the multidimensional

GFT are precisely defined.

Definirtion 1. Let

£ o= {e} N

Tt
wnere n=0,1,...,8~1, and
G = {gk} .

where k=0,1,...,N~1, be two vectors of N complex numbers, and let
a and b be two constants. The vector G is said to be the one-dimen-

sional Generalized Discrete Fourier Transform (GFT) of the vector

E, with time parameter a and frequency parameter b (briefly, the

one-dimensional GFT of (E,a,b)), if

N-1

g, = L e
k n=0 n

W[N] (n+a) (k+b)

¥

where W[N]=exp(—2nV:T/N).

Note that, as a particular case, the one~dimensional GFT of E
with both parameters equal to zerc coincides with the one-—dimension

al DFT of E.

Definition 2. Let

ol o}
Fo= {f
nl,nz,...,nc
o o}
B = {h }
kl,kz,...,kov
o o_ g o o G g
4" = {a1=a1(n2,n3,...,no),a2=a2(kl,n3,...,nc),...,ac=ac(k1,k2,..
..,ko_l)}
o g_.a o.,0 0.0
¥ o= {bl=b1(n2,n3,...,nO),bznbz(kl,n3,,..,nc),...,bocb0<kl,k2,..

..,kg_l)}

(where ni,ki=0,l,...,Ni-1 for i=1,2,...,0) be, respectévely, two

o-dimensional arrays (having the same dimensions) of 'nlNi. complex
1‘



numbers, and two vectors of 0 functions of O-1 integers. The array

ag . . . . . s
H is said to be the O-dimensional GFT of the array Fc with time

parameter vector ¢° and frequency parameter vector‘?o(briefly the
O-dimensional GFT of (FO,¢0,WO)) if

. Nﬁgl N3;1 N3;1 5

h. = “os £

Ky skopoos K . ( ( - ( - M. fngess sl
172 0 ng 0 n, 0 ny 0 1272 a

(n,+a%) (k,+b0) (n,+a)) (k,+b3)
1 °1 1 "1 2 %2 2
wix,] )w ?

[Nz] )...)
(ng+ag) (e *y)
5 :

Note that the calculation of the O-dimensional GFT of (FG,QO,
WG), i.e. of the array HO, can be obtained in U steps, in the i-th
of which, i=1,2,...,0, a O-dimensional array D[i]O ig processed
(®[1]°=F°) and a o-dimensional array D[i+1]gis produced, in such a
way that Hg=D[G+1]0. To be precise, in the i-th step, for every
value combination of kl""’ki—l’ni+1""’no’ say kf,...,k?_l,n?+1,.

..,ng, it is evaluated the one-dimensional GFI of the vector

g
i =0,1,...,N;
la[i) k*,...,kf_l,ni,n§+l,...,n§} e L S

with parameters

g, %x S ¥ # T, 0% * * *
ai(kl""’ki—l’ni+l""’no)‘ bi(kl""’ki—l’ni+1""’no) .

so obtaining the vector

{afi+1)° =

1,...,1(’? *}; kiso,l,...,N.

*
1—1’ki’ni+l""’n0

is the (k

where d[p] sose _
L T I 1 u-1

element of D[u]c .
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3. TWO FAST ALGORITHMS FOR THE GFT COMPUTATION

From now on the following entities are considered

A }
Epatysennsty

g% = R !
A X

L L7 o
v

M

z L a, o . a_ o
o= {ai“alttz,tE,‘,.,ta),az—az(zl,t3,...,ta),...,aa-aa(zl,zz,..

"’Za-l)}

ya _ o0 a a_,a a_, o
{b1 bl(tZ’t3""’ta)’b bZ(zl't3”"’ta)”"’ba ba(zl’ZZ"'
"’Za—l)}

(where ts’ zS=O,1,...,TS-1 for s=1,2,...,0) will denote,respectivg

ly, two a-dimensional arrays (having the same dimensions) of sil Ts
complex numbers, and two parameter vectors of o functions of a-1
integers.

Likewise

FT - {fT }
PI’PZ""nPT

{n' }
ql’qz""’q-[

o
i}

(=]
i

= {al=al( eee D) aT=aT(q PasesesD. Voeee,ar=a(
1 1P2,P3:- #Py/ 923787 Q5P coPrlseesd qu)qZ)"

-.qT_l)}

-
"

T .,7T T..T T,7T
{blzbl(Pz ,P3, ces ’PT) :b2=b2(ql’P3:' .o ,PT) P -‘,bT=bT(ql,q2,- .

--.qT_l)}

(where P qr=0,1,...,Pr-l for r=1,2,...,7) will denote, respec~
tively, two T-dimensional arrays (having the same dimensioms) of
rﬁl P complex numbers, and two parameter vectors of T functions
of t-1 integers.

Moreover,Aaand A" will denote, respectively, the sets of inte~
gers {Tl’TZ""'Ta} and {PI’PZ""’PT}‘

In the following it is shown how the elements of a one-dimen-



sional GFT of a vector E, with given parameters a and b, can be
obtained by regarding the elements of E as reordered in a proper
multidimensional array, and by evaluating a multidimensional GFT

of such an array with proper parameter vectors.

Definition 3. The array r7 is the A%-horizontal rearrangment of
the vector E, where AO={N1,N2,...,N }, if N= ﬁ N. and
a i=1 1
)
nl‘“Z”"’ng

n= ] ( [ Nv) Ty

u=1 v=u+l

. . . [e] .
Likewise, the vector G is the A -vertical rearrangment of the ar-
g

ray B% if N= 11 N and
i=1
c
g, = h for
k kl’kz""’kg

g u-i
k=z<ﬂN)k

u=1 " v=1 M v

o ) g .
Definition 4. The parameter vectors ¢ and ¥~ are the A -projec-

g
tions of a and b if N= I _N. and
=101

5 o} if 1<u<o
a, = ’
a Lfu=0
u=l,2,...,0
u-1 x-1
) ( I1 Nv)kx+b
o] =1 v=1
bu =
u=-1
[1 v,
x=1

Theorem 1. Let us consider the vector E and the parameters & and
b, and let us suppose that N=T, Ty »oe Ty The vector G obtained
after the following Algorithm I is the one-dimensional GFT of (E,
a,b).
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Algorithm 1 on (E,a,b,0%).

. ) . ., . ] .
1} Recrder the elements of K in a g-dimensional array F‘, 1 such

R o .
a way that F~ is the L ~herizontal rearranguent of E.

. . . . (s B RN s ; .
2} Evaluate the g~dimensional GFT of (F 7,87 ,V7), where %7 and ¥

3 k3 . . . 12
are the A -prejections of a and b, so giviag a new y~dimensional
o
array H'.
3) Reorder the elements of U™ in a vactor G, in suel a wav thet G

. el . !
is the L -vertical rearrangment of H'.

The fellowing Theoram linke the Algorithm 1 with the classical

FET glgorithm in mixed radix based on decimation in time [5].

Theorem 2. Let us consider the vector E and let us suppose that
N=T1 Tz -«-Ta, The Algorithm I on (E,0,0,Aa) represents a form of
the classical FFT algorithm in wmixed radix based orn decimation in

rime.

«

From the algerithm I and from the Definition 2, the following

Algovithm !I arises.

Theorem 3. iet us consider the vecusr ¥ znd thz parameters a and

b and iet us suppoese that N:PE ?2 P and rhat P,“Tir*i Tgr$2--
e T =12 . - hare Ko =i K > R 3. The vector
T v=hidyen 7, whe Bymil, By 28 LW+1 3. The vector

G obtained atter

the ope-dimengional

GFT of (E,a,b).

1 A

Algorithm I on (E, a,b,A ,47).

1) Reorder the elementsofF ina t-dimensional array F'oin such a
way that F' is the A'-horizonral rearrangment of E,

2) Evaluate the t-dimensional GFT of (FT,@T,WT), where ¢ and '
are the AT—projections of a and b, by calculating the one-di-

mensional GFT of ({d{i]q* *},aT,bE)

% 3
1""’qi‘l’pi’pi+l""’pT 1
(see note of Definition 2), by means of the Algorithm I on

({d]i] = * al,bl {T T T
[ ]qu“"qi_l)Pi)P§+l)"'lp).:}, 1717 Bi+]—) Bi+2,"':

.

Bi+1

3) Reorder the elements of the T~dimensional array obtained after
point 2), say HT, in a vector G, in such a way that G is the

T . T
b6 -vertical rearrangment of H .



The following Theorem establishes an equivalence relation be-

tween the Algorithm I and the Algorithm IIL.

Theorem 4. In the hypothesis of Theorem 2, the Algorithm I on
(E,a,b,Aa) and the Algorithm II on (E,a,b,AT,Aa) involve exactly

the same arithmetic operations on the same data.

4, CONCLUDING REMARKS

In this work two fast algorithms for computing a one-dimensional
GFT are presented, that involve exactly the same aritmetic opera-~
tions on the same data. Moreover, it is proved that in the case of
the DFT of a vector, such algorithms involve exactly the same arith
metic operations on the same data as the classical FFT algorithm
in mixed radix based on decimation in time. In order to explain
the relevance of the Algorithm II, let us consider the problem of
evaluating the DFT of a vector E having a large number N of ele-
ments, in the hypothesis that N is a power of T. Moreover, let us
assume we have a structure (hardware or software) able to evaluate,
by utilizing the Algorithm I, a one-dimensional GFT on a vector
having at most P elements, where P is a power of T and N is a
power of P. In this case the best solution is to use the Algorithm
1T that consists in reordering the elements of E in an array F
having all the dimensions equal to P, and in evaluating by means
of the Algorithm I successive one-dimensional GFT (along every
coordinate of FT) of vectors having P elements each.

Note that for the GFT computation there exist also algorithms
that, in the case of the DFT,involve exactly the same arithmetic
operations on the same data as the classical FFT algorithm in
mixed radix based on decimation in frequency. Such algorithms are
not presented in this paper, and a more general discussion can be

found in [4] .
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