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The algorithm, implemented in the finite element code NOSA [4, 5], is used to numerically
solve some equilibrium problems whose explicit solutions are known. Successively we study
the problem of a masonry spherical dome subjected to its own weight and a point load at the
crown which is progressively increased until collapse.

2. The constitutive equation

In this section we prove the main properties of the constitutive equation of masonry-like
materials and we determine the eigenvalues of the inelastic deformation and stress as
functions of the eigenvalues of the total deformation. Let us state some notation: let V' be a
three-dimensional linear space and Lin the space of all linear applications of V into V,

equipped with the inner product
A-B=tr (ATB), A, BelLin,

with AT the transpose of A. Let us indicate as Sym, Sym* and Sym- the subsets of Lin
constituted by symmetric, symmetric positive semi-definite and symmetric negative semi-
definite tensors, respectively. Finally, given an orthonormal basis {g;, g2, g3} of UV, ifue V,

u £ 0 (u 2 0) means that the components of u with respect to {g;, g2, g3} are non-positive
(non-negative).

Let us assume that the tensor of infinitesimal strain E is the sum of an elastic part E¢ and of
an inelastic part E3, positive semi-definite:

2.0 E =Ee¢ + E2, E2 Sym*,

and that the Cauchy stress tensor T depends linearly and isotropically on Ee,

(2.2) T =2uE® + A w(E®),

where the Lame' moduli of the material 1 and A satisfy the inequalities

(2.3) >0, 2u+3A>0.

Moreover, given a non-negative number G, let us suppose that

(2.4) T-0leSym, (T-ocI)-E2=0.

Now we prove that, by virtue of (2.1) and (2.4), tensors T and E=? are coaxial, a property that

will be useful later; to this end it is enough to prove that T and E2 commute. In fact because

of the symmetry of T and E?, there exist two orthonormal bases {g;, g2, g3} and {hy, hs, h3}
of U such that
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T=), 4h®y E*= ) ag®g,
i=1 i=1

where t1, t2, t3 and ay, ap, as are, respectively, the eigenvalues of T and E? satisfying, in view
of (2.1), and (2.4),, the inequalities

(2.5) <o, 3,20,1=1,2,3.

3
From (2.4), it follows that ), (- 0)a; (hjg)? =0 and, thus, in view of (2.5), we have
Lj=1

(2.6) (tj-o)ajhyg=0, i,j=1,2,3.

From (2.6) we get

3
TE*= ) (-0 (hyg)h®g) =0
ij=1

in a similar way we can prove that E2 T =0, that is T and E? commute, hence they are
coaxial.
By virtue of (2.3), relation (2.2) is invertible and we can write

2.7 E=LlT-— XA  @DI,
b 2u@p+3M)

therefore T and E¢ are also coaxial.

Now we are in a position to prove that, if conditions (2.3) hold, for every given strain E,
there are unique tensors T and E?2 which satisfy relations (2.1), (2.2) and (2.4). From (2.7) it
follows that the relations (2.1); and (2.2) are equivalent to

2.8) E-MI=—1-S-————L——(US)I+E“,

where S =T - ¢ L. Since tensors E, E3, T and S are coaxial, the constitutive equation (2.1)2,
(2.4) and (2.8) can be written with respect to the basis {g;, g2, g3} of the eigenvectors of E,
E2 and T. For this purpose, let {eq, €, €3}, {ay, a3, a3}, {t1, tz, t3} and {sy, s9, s3} , with s;1=
t1 - 0,8 =1t - G, s3=13- 0, be the eigenvalues of E, E2, T and S, respectively. It is easy to
prove that the relations (2.1), (2.4) and (2.8) are equivalent to the system



e=Ds+a

s<0
(2.9) 3

a0

s-a=0

where the symmetric matrix

A A
1 2n+N) 2 +N)
D= B+ A - __L__ 1 - _____L____
H2W + 3A) 2n+2A) 2 +2)
' LA A
2u+N) 2+ A) ! |

is definite positive by virtue of (2.3) and vectors s, a and € have components

S =(s1,82,83), a=(ag,az a3z),

k2

_G(u+?») . _c(u+k) e3_o(u+7u))

e=(e; ;€2 ;
21 + 30 21 + 37 2+ 3A

with respect to the basis {g;, g2, g3}. Now the expected result follows from the fact that the
system (2.9) is a linear problem of complementarity, whose solution exists and is unique [6].
Calculation of a;, a3 , a3 and ty, t3 , t3 as functions of e, €3 , e3 requires definition of the

following subsets of Sym:

Ry ={EeSym;2e; +a(rE)-e<0, 20+ (rE)-e<0 , 2e3+ o (r E)-€ <0 },

= . 2
Ry = { EeSym; 61———§-—2+3a },

R3={ EeSym; e < , 081 +2(1 +a)ey 201},

£
2+ 3

R4={EeSym; aey+2(1 +o)e;-€<0, ae; +2(1 + o)es -€ <0, a(rE) +2e3-€> 0} ,

where o = A/j, € = 6/l and the eigenvalues e1, e3, €3 are such that e; < e < e3. Since in the

applications we are interested in, A is non-negative, we assume o 2 0. For later use, we
observe that from the definition of ®3 and Ry, it clearly follows that in R3 and R4 we have e;

# e and e; # e3, respectively.



Solving system (2.9) with a procedure similar to that used in [7], we obtain that the principal
components of E2 can be calculated from the relations:

a; = 0,
(2.10) if Ee @,1, then a = 0,
az=0;

2+3q’
. e &
(2.10)2 if Ee R,, then a=e 3730,
—pq,. & .
B 3 30

a1 =0,

(2.10)3 if Ee Rj, then A =€)

[0 4 . £
T N Tk

a -
T TR

a3 =¢€3

a1 = O,
(2.10)4 if Ee R4, then ay =0,

=e3+ —%—(e; +e&p) - —E—.
83 =63 2+0L(1 2) 2+

When the principal components of E2 are known, from (2.9); it is possible to calculate the
principal stresses ty, t; and t3. In fact we obtain

t1 = (21 + Aer + A (e2 + €3),
2.11) if Ee R, then ty= (21 + ez + A (e +e3),

t3= (2L +A)es + A (ez +e1);



i =UE,
2.11), if Ee R, then th) = lL €,
t3 =HE,
t = K {2+3a)e; +og)
l+a ’
2.11)3 if Ee @,3, then tp=UE,
3=L&
t = o {41 +a)ey + 200ey + OLE)
2+0Q ’
211y if Ec R4, then iy = E’i’—l'd' (4(1 +0)ey + 208, + OLE),
3=UE.

Relations (2.10) and (2.12) give the desired solution of the system (2.9).

3. The derivative of T with respect to E

In order to calculate the derivative of T with respect to E, we have to express T as function of
E, that is to determine the non-linear function T = 'i‘(E).

Let us begin by observing that from the coaxiality of E and T and the fact that the
eigenvalues of T depend only on the eigenvalues of E, it follows that T = T(E) is an isotropic

function. By virtue of a well-known representation theorem, there exist three scalar functions
Bo, B1 and B of invariants of E,

L(E)=trE=¢e; +e; +e3,
LE)= E-E=¢}+ef+¢e?,

LE)=E-E2=¢}+e}+e3
such that

(3.1) T= Bol+p; E +By E2



Now we determine o, B; and B, as functions of the eigenvalues of E in the four regions R,
Ry R3 and R4.
In view of (2.11), we have

if Ee Ry, then Bo= AL, Bi=2u, PB2=0,

(3.2)
if Ee Ry, then B0= e, B1=O, B2=O.

In R3, the triple Bo, By, B2 is a solution of the linear system

Bo+Brei+Paef= 1—%—&— {2+3x)e; +ag)

A

Bo+Prex+Pref=He

Bo+Pres+Pred=pe,

therefore, if Ee R3, we have

= K ~ {e1eqe3 +
Po (€2-enez-en)

e(l+a) 5 i i o
S i3a [ef-e1e2 e1e3 + 1 e2esl},
(3.3)
- K e .
P G enles on @2t (5354 e
= K (e1- £ ),
(e2-e1)(es-e1) 2+3a
where K = Eg_;_g;}_). . Because in R3 we have e; < ey < e3, the solution given in (3.3) is

well-defined. In particular, if e < e3, this solution is also unique.
In R4 the triple Bo, B1, P2 is a solution of the linear system

Bo+[31€1+[32612= 51% {(4(1 + a)eq + 20, + 0LE}

{ Bo+PBrer+Paes = 5—%—({ (41 + a)eq + 20 + OLE}

Bo+PBires+Pref=pe,

therefore, if Ee R4, we have



§

B (e3-e1)(es - e2)

{- 2(2 + 3a)ejeqes +

Bo

2aferes(es - e1) +exez(es - ep)] -

eloes(e; +e2)-2(2 + ) ejesll,

(3.4)
_ § 2 2
P = (e3 - e1)(e3 - e2) (odef + e +ef) +
2e5 + (2 +3)ere; - eler +¢€2))
B, = & {oe] + eq +e3) +2e3 - €},

" (e3-en(es-e2)

2 . . . . .
where & = 5—;%. Because in R 4 we have e; < e < es, the solution given in (3.4) is well-

defined. In particular, if €; < e, this solution is also unique.
Now we have to express eigenvalues of E as functions of invariantes Iy, I and I3 of E. Since
€1, €3 and e3 are the roots of the characteristic polynomial

2
2. @AY + 5@712@ A - 2(E) - T3(E) + 3,(E) L(E) = 0,

we can write [8]

e = -%xcosw+%—h,

= 2 Tyl
3.5) es ﬁxcos(m+3)+311,
- 2 JEye L
€3 ﬂ_xcos(a) 3)4-311,
where
_ 33y 1w 1 23 - 2
(3.6) cos3co—~—2—x3—, 7-313-311124-271, X = 212 611.

From (3.3) and (3.4), by virtue of (3.5), we obtain the following expressions of Bo, B1, B2 for
Ee R3and Ee R4, respectively:
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K QL+ -3 T +e LT®

= 8 v2c0s2 @ -
x% (4cos? o - 1) 2+3a (318

2

g—zﬁxllcosw-%+l~g—— (—1— E%B_—xhcosw+%x2(4cos2m-3))]},
(3.7

- . < 2. e L, .2
By ~x2(4cos2(o_ D {(3 Il+V§XCOsw)(2+3a 3 B_xcosu))}

= K L 2 w-—E .
x2(4cos2co-1){3 g Reos -5y )

Bo = : 5 {-2(2+3a)(213+1§-31112)+

452 sin w(sin @ + Y3 cos )

2ax[%31%(cosco+f3"sin(o)+£1§x—(2»f3rcosmsinw-2cos2m+1)-
2 y2(cos @+ V3sin )] - e[ - 212 - % 42cos @(¥T sin @ - cos ) +
V3 91 3

EVZ?:—_II X (cos @ +V3—$in o) - 200 % sin (Y3 cos o + sin )]},

(3.8)

5 {olr + A1k
2%? sin @(sin @ + Y3 cos ) V3

Br =

(cos o + Y3sin W) +

%-I% + §x2 (3 - 2cos? © + 2¥3 cos wsin ©) + (2 + 30(){%1‘1" -

Chx

Wi (cosa)+V’3'sina))+2-x2cosm(‘f3—sinm-cos )] -

3
8{%—11 -%_—(coswﬂ/?sin(n)]},

& 24307, , 2X
=" { I + 2% (cos @ + V3 sin @) - €}
P2 2% sin w(sin ® + V3 cos m) 3 V3

Now, with the hélp of (3.1), (3.2), (3.7) and (3.8), we are able to calculate the derivative DgT
of T with respect to E. Differentiating (3.1) we get

(3.9) DgT=1I®DgBy + E®DgB; + E2®Dgfy + B1 1 + B E,
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where 1 is the fourth-order identity tensor and [E is the fourth-order tensor such that, for
He Sym, E[H] = EH + HE.
In particular, in view of (3.2),

(3.10) DET =201 +AI R I, Ee R,
and
(3.11) DT =0, Ee R,,

where O is the fourth-order null tensor.

Calculation of the derivative DgT in R3 and R4 is performed by observing that g, B; and B,
are functions of the invariants Iy, I I3 and using the expression of their derivatives with
respect to E,

(3.12) Deli(E) =1, DgL(E)=2E, Dgk(E)=3E2

In this way, we obtain

..aBO I aBO aBl
(3.13) I},:T—aIl ®I+2 812 I®E + -~ o E®I+

aBl aB2 2 aBO 2 8[32 2 2,
2aIZ E®E + o E ®I+3813 I®E +383 E-®E

3 B pgprey P2 E2QE+PB; 1+P, E
313 a

Since the material we are considering is hyperelastic, and its potential y(E)(1) is a function of
class C2 in the internal part of every region ®, Ry, ®R3 and R4, the fourth-order tensor DgT

must be symmetric. Therefore, from (3.13) we obtain

1 In fact, starting from relations (3.1) and (3.2), we can obtain the following expression of the potential

%—(ahz +2I), Ee®R,,
Y(E) = < %uelx, Ee®,,
;— (Boly + Bulz + Bala) , EeRj, Ry,

where By, B, and B, are given in (3.7) and (3.8) for E belonging to ®; and R, respectively.
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9Bo

(3.14) DET ==— I®I +2 9o
ol

A I®E+EQD+

2%?113@13 88%0(1®E2+E2®1)+3 BI(E®E2+E2®E)+
2 3

aﬁz

E2QE2+B; 1+B, E
83

dBo JPo 9Bo OB1 IP1 IP2
3, 3L’ 9Ly’ 9L, 9 ol O E€Rs and Ry are

The expressions of the derivatives

given explicitly in the Appendix.

4. The two-dimensional problem

In this section we calculate the explicit solution of the constitutive equation and the
derivative of the stress with respect to the total deformation for plane problems. These
calculations are a generalization of the results presented in [1] for materials which do not
react to tension. Since many results can be proved in a similar way to that used in [1], their
proof is omitted. First of all, we observe that if the eigenvalue e3 = g3+ Egs of E is zero, or in
other words, E is a plane strain, we can prove that the eigenvalue a3 of E2 s also null and that

t3 = (t; + t2), where a is equal to A/u, with A 2 0. Let us designate E and E2 as the

a
2(1 + o)
restrictions of E and E2 to the two-dimensional subspace of ¥, orthogonal to the vector g3.

. 0Q+o) o 1 a
For a plane strain, (2.8) becomes E —————-———2u(2 T30 I= m S - —-———————zu(z 300 (rS)I +E? and

system (2.9) reduces to

e=Ds+a
s<0
4.1) 1
a0
s-a=0

where the matrix

_ 1l+a 1 20+ o)

U2 + 30)

21+ o)

is positive definite and
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s=(s1,82), a=(a;,ay),

~ c(2+0) i c2+a)

€= e 3w 2 a3

The calculation of a; and ap which satisfy (4.1) requires the definition of the following
subsets of Sym:

1 ={EeSym; aer, + 2+ )e;-€<0, ae;+2+a)ey -£<0},

2, ={ EeSym; e, = }s

—& gy > .
2(1 + o) 2(1 +o)

— . € -
B3 ={ EeSym; ¢ < 10y aer+22+a)ey-£>01,

where we suppose the eigenvalues €; and e, are ordered in such a way thate; <e; , and we
set € = O/JL.
The principal components of E2 can be calculated from the relations

(4.2); if Ee &, then a; =0, ap=0;
4.2 if Ee 2,, th =gy - —8& =ey- —E
4.2)y if Ee &9, then a;=e T 4 =€) 20 +0)
i = = Q S
(4.2)3 if Ee 23, then a1 =0, am=ey+ o ey i o

By virtue of (4.1); and (4.2), the principal components t; and t; of stress tensor T(?) are:

(4.3); if Ee 21, then t; = i{2e; + ale; +e7)}, th={2ey+ aife; +e7)),
(4.3), if Ee R, then tj =l E, t) = U E,
. 3 LEQ _
(4.3)3 if Ee 23, then t1 = Qe; + o t)=UE,
_4p(l+o)
where o= W

Because of the isotropy of the non-linear function T = ’f‘(E), there exist two scalar functions
Bo and B, of invariants of E,

LE)=wE=¢; +e;, IL(E) =EE,

2 As for E and E3, T is used to indicate the restriction of the stress tensor to the two-dimensional
subspace of Y orthogonal to g;. '
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such that
(4.4) T=BI+BE.

In view of (4.3), we can prove [1] that:

(4.5 if Ee ,81, then B() = 7\.11, Bl =2 s
(4.5) if Ee ,82, then f)() = lLE , ﬁl = (;
B():?. I%_IZ + b a+1__L__
2 \op,-p 40+ ( «/212-1%)

(4.5)3 if Ee 83, then
L-V2L-1§ | Qe
2V2L- 17 2(1+ V2L - 17

Now, differentiating (4.4) with respect to E, we obtain the derivative of T in the three regions
1, 82 and 3 [1].

Bi=-0

(4.6), if Ee 3, DT =0;

LG3L-1)- &1

(4.6)3 ifEc 83 DgT=2 +0) " 1oy +
2 @I, - 13)32
b+ 1,
2048 [@E+E®D+

Q2L - I

L V2L -+ B

I - £
— l+a EQE +¢ l+a g

¢
QL - 2 2921, - 12

Let us suppose that t3 = g; - Tgs = 0, that is to say T is a plane stress. In view of (2.1) and
(2.2) we have

4.7 cap= G 61 -€);
4.7 €3-a3= oo (ap+ax-er-e7);

moreover aj is equal to zero, by virtue of (2.4),. From (2.2) and (4.7), it follows that
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- - a - Ka
(4.8) T=2p{(E E)+—q——2+a tr(E - E¥)I} .

Let us define the following subsets of Sym:

T1=(EeSym; 20e; + 4(1 +)eq - (2 +a) €0, 20e; +4(1 + a)e; - (2 + o)< 0},

To={ EeSym; e; 2 ¢ @+ oy , €2> E @+ o2
602+ 160 + 8 602+ 160 +8
Q2 +a)?

, 20e; +4(1 +a)ey-e(2 +a) >0},

T3={ EeSym; e; < €
602+ 160 + 8

withe; <ej.
Also in this case we can write T = o I + B; E, where

3 - _ZL - M
(4.9); if Ee 7y, then Bo S I, B =2
(4.9), if Ee T, then Bo= ue , B1=0;

Bo= QWD) ;e (3545 @ra)l
-2 2@F3e |\ 2 oLl

I -V2I,- 13 . 92+ o)

(4.9)3 if Ee T3, then

Bi=- ¢ ,
W2L-1F 2Q+30)V2L -1
. 2+30)
with ¢1 = LL'—(T:on—
The derivative of T is
(4.10), ifEeT;, DgT=2ul+ %A [®I,
2+
(4.10), if Ee 75, DeT =0,
LGL-B)- 25T
(4.10)3 if Ee 73, DT = -1 I®I +
2 QI - 1332
e +a)
-+ s —— 1
o1 20430 1@ E+E®D+

QL - 131
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[ -2+ L+ -1+ B2
. 2+3a E®E +¢ 2+3¢q 1.

Q2L - IH)? WL, - 12

We remark that for o = 0, the expressions of DgT given in (4.6) and (4.10) reduce to the
expressions calculated in [1] for materials which do not support tension.

5. Description of the algorithm

The algorithm described here for the reader's convenience, is wholly analogous to that
presented in [1], with the only difference that, here, the possibility of incrementally assigning
the load is considered. This possibility has revealed itself essential to the study of the
masonry dome analyzed in example 3 of the next section.

The matrix of the engineering components of the tensor DgT, necessary for calculation of the
tangent matrix, is explicitly calculated in the Appendix for three-dimensional and two-
dimensional problems. Now, we briefly recall the description of the algorithm implemented
in NOSA.

Let us consider the following quantities related to the i-th iteration of the j-th load increment:

u ) vector of nodal displacements,

D(u. ) matrix of the engineering components of DgT (see Appendix),

Kt ) tangent stiffness matrix,

£ 3 nodal equivalent of the assigned incremental loads if i = 0; nodal equivalent of
the residual loads ifi 2 1,

egtd vector of the engineering components of the total strain,

agd vector of the engineering components of inelastic strain ,

tgl- ) vector of the engineering components of stress,

where the subscript G indicates the Gauss point at which these quantities are calculated.

In the first iteration of the first load increment, u® D is null and D(u®© D) coincides with the
matrix of elastic moduli. Let us suppose that, during the j-th load increment, we have
calculated the displacement u(. ), the tangent stiffness matrix Kt )) and the nodal
equivalent loads f()) corresponding to the i - th iteration; we solve the linear system

(5.1) Kr(u@D)AuG@) =f£00

in order to determine the displacement ul + 1L i) = u@ ) + Au(t ) relative to the (i + 1) - th
iteration. '

Then for every Gauss point of every element we calculate the total strain egC + 1.J) associated
with the displacement ul +1.J), and its eigenvalues which are needed to calculate the inelastic
strain agl+1.7; then we calculate the stress tg(i + 1. ) using the constitutive relation (2.2). We
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observe that the stress is negative semi-definite because it is calculated by directly solving the
constitutive equation (2.1), (2.2), (2.4).

Moreover, using relations (A.1) for three-dimensional problems and (A.3) for two-
dimensional problems, we arrive at matrix D(u(i + 1. 1)) which, if necessary, may be used in the
next iteration or in the next load increment.

Finally, we calculate the vector of residual loads fi+1.)) and perform the convergence check

i+1,j)
(5.2) ;i—’s ¥
00
k=1

if convergence has not been reached, we repeat all operations beginning with the solution of
system (5.1).

6. Examples

In this Section we numerically solve two equilibrium problems and compare the results
obtained with their corresponding exact solutions. Successively, in example 3, we consider a
masonry spherical dome subjected to its own weight and to a point load applied on the
keystone; for this case we have no exact solution. In the following, v is the Poisson ratio and

E the Young modulus.

Example 1. Spherical container subjected to uniform radial loads.

Let us consider a spherical coordinate system {O, p, 6, ¢} and a spherical container whose
centre coincides with O, with inner radius a and outer radius b, subjected to uniform
pressures pe and p; acting respectively on the outer and inner surface [9]. We solve the
equilibrium problem for ¢ = 0, namely we consider a material not supporting tension. If ratio

pe/p;i belongs to the interval {i% 223+ b3

b , then a unique real root pg belonging to [a, b]

exists for the equation
(6.1) 2p; a2 po* - 3b%pe po? + pia?b3=0,

such that pg separates the region in which the inelastic deformation E2 is different from 0,
from the one in which E2 is null.
The stress field T, negative semi-definite and in equilibrium with pressures p. and p;, has
spherical components
2
- & pi, pe [a, pol,
P
(6.2); P =

2
-Di (a p30 + %), pe[po, bl;
3p 3pp .
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0, pe [a, pol,

3.2
Pi ( p30 - —32—2) pe [po, bl;
3p 3pg

(6.2), oe(p) = 4

(6.2) So(P) = Ta(P), Tpo (P)= Tee (P)= Tpe(p)= 0.

The radial displacement u is

ap (1 1-v)
B (p 50 ) pe [a, pol,
(6.3) u(p) = <
3
Pi a2 Po . .
3E o2 ((1+V) o2 +(2v l)p), pe [po, bl;

and the circumferential inelastic strain is

Lv @ gl 1), pe (2, pol,

(6.4) eg(p) = €3(p) =
O’ pe [pO’ b]

The numerical analysis has been performed using the following values of constants:

a = 1000 cm, b = 2000 cm,
pi = 1 Kg/cm?, pe = 0.305572 Kg/cm?2,
v=0.1, E = 50000 Kg/cm?2,

Using these values, from (6.1), we obtain pg = 1300 cm.

In the finite element analysis, for reasons of symmetry, only a quarter of the spherical
container was studied and it was discretized into twenty-seven brick elements with twenty
nodes and twenty-seven Gauss points. The tolerance & is equal to 10-6, the convergence was
reached in five iterations and the norm of residual forces is equal to 0.26 109 If®), Figures 1,
2, 3 and 4 show the radial stress, the circumferential stress, the circumferential inelastic strain
and the radial displacement; the continuous line represents the exact solution, the bold points

the numerical solution.
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Figure 1. Radial stress vs. p.
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Figure 2. Circumferential stress vs. p.
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Figure 3. Circumferential inelastic strain vs, p.
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Example 2. Cylindrical container subjected to uniform radial loads and its own weight.

In a cylindrical reference system {O, p, 0, z}, let us consider the cylindrical container Q
having inner radius a, outer radius b and height h, subjected to the radial pressures pe and p;
acting, respectively, on the outer and inner boundary and to its own weight - p j. The cylinder
is simply supported, that is the vertical displacement w(p, 0) is equal to zero. Moreover, let
us suppose that the Poisson ratio v is equal to zero and that the material is able to support a

) . . +0 24 h2 . .
tension o different fron zero. If the condition %S F;)—e;—c— < &——t%’—- is satisfied, then the
i 2b

stress field T, in equilibrium with the loads pe pi and - p j, such that T - ¢ I is negative semi-
definite, has the principal components

G- 'g— (px + 0)’ pe [a, PO],
opp)=
aPo . a_ :
- i + —_ + + c’ b b ¥
(pi +0) (2p2 200 ) pe [po, b]
o, pe [a, pol,
(6.5) og(p) =
a Po
pi+0) | — - 2| +, € [po, bl;
p )(sz Zpo) pe [po, b]
0x(z)=-p (h-2), ze [0, h];
where
. 2 2_a2¢(n: 2
(6.6) po = % b(pe + G) - Vb2 (pe + G) - a2(p; + O)

pitC

is the transition radius from the region in which E2  ( to the one in which E2 = 0.
The radial and vertical displacements u and w and the circumferential component of the
inelastic strain are univocally determined and have the expressions

é a(pi+0')hl(%0— + Gp}, pe [a, pol,
6.7) up)= A

1 L A(p P _Po .

E {Gp 2(p‘+°)( o P )} e [po. bl:

6.8) w(z)= -% h-z) ze [0, hl;
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aaé_ (pi+0)In {%)J, P& [a, pol,

(6.9) eg(p) =
0, pe[po, bl.

For the numerical calculation of the solution, the following values of the constants have been
used:

a=100cm, b =200 cm, h =200 cm,
pi = 10 Kg/cm?, pe = 5.5 Kg/cm?,
p=0.002Kg/cm?, ©=0.5Kg/cm?

v=0., E = 50000 Kg/cm?2,

With these values the transition radius pg is approximately 117.9 cm. In the finite element
analysis fifty axisymmetric elements with eight nodes and nine Gauss points have been used;
the tolerance &, is equal to 10-3, the convergence was reached in three iterations and the norm
of residual forces is equal to 0.68 10-12 1f0)],

Figures 5, 6, 7 and 8 show the behaviour of the radial stress, circumferential stress,
circumferential inelastic strain and radial displacement, none of which depends on z. Figures
9 and 10 show the behaviour of the axial displacement w and the axial stress, which also do
not depend on p.

A o, (kg/cm?)

‘10 T T
100 12Q

T oo

140 160 180 200 ¢ (cm)

Figure 5. Radial stress vs. p.
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Figure 7. Circumferential inelastic strain vs. p.
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Figure 8. Radial displacement vs. p.
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Figure 9. Axial displacement vs. z.
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Figure 10. Axial stress vs. z.

Example 3. Emispherical dome subjected to its own weight and to a point load at the crown.
We consider a hemispherical dome 2 having inner radius a and outer radius b, with specific
weight p, subjected to a point load placed at the crown A (Figure 11). Moreover, we suppose
that the springings are fixed, and that the material is not resistent to tension, i. e. we suppose
c=0.

The dome has been discretized into 440 isoparametric axisymmetric elements with four
nodes and four Gauss; the mesh is finer near the springings and the keystone. For the
numerical calculation of the solution, the following values of the constants have been used:

a =400 cm, b =440 cm,
p = 0.002 Kg/cm?3.

We have performed an incremental analysis; at the first load increment only the weight of the
dome has been assigned and, successively, incremental point loads, each equal to 50 Kg,
have been superimposed at the crown.

Under the action of the weight, inelastic deformations arise along the intrados, near the
keystone. Successively, as the point load increases, inelastic deformations arise along the
extrados, in proximity to the haunches. Collapse is reached after 218 load increments,
corresponding to the load fy = 10900 Kg. For the determination of the line of thrust, 100
equidistant normal sections have been considered. For each of them, the normal force N and
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the bending moment M have been calculated, by means of an integration composite
trapezoidal open rule, using 50 intervals. Then, the distance e of the line of thrust from the
mean line of the dome has been obtained from the well-known relation e = M/N. In Figures
12 and 13 the line of thrust is sketched, relative to the 1st and 219th load increment,
respectively. In the first case, when the dome is subjected to its own weight alone, the line of
thrust is almost entirely contained within the middle-third. In the second case, when the point
load reaches the value f;, the line of thrust is still contained within the dome, but it touches
the extrados at the crown and the springings, and the intrados at the haunches (8 = 48.8° and
0 = 131.2°). Figure 14 shows the behaviour of the distance e of the line of thrust from the
mean line as a function of the point load f for 6 = 48.8° and 6 = 131.2°.

The dome behaves (Figure 15) as a serie off "orange-slice"arches [10] and from Figure 14 it
can be seen the formation of a five-hinge mechanism. The positions of the hinges being so
determined, allow for precise determination of an upper bound value of the collapse load.
This upper bound f. may be easily determined considering each slice arch of arbitrary
thickness A@ as constituted by four rigid pieces internally and externally connected by hinges
and setting the virtual work of the external loads at the instant of collapse equal to zero [11].
Using this procedure, we obtain f. = 11508. Kg.

Figure 11. Hemispherical dome subjected to its own weight and to a point load.
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Figure 14, e vs, the point load f, for 6 =~ 48.8° and 6 = 131.2°.

Figure 15. Mechanism of collapse of the dome.
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Appendix

Starting from the expression of the derivative of the stress calculated in (3.10), (3.11) and
(3.14), we are able to calculate the symmetric matrix D of the engineering components of the
fourth-order tensor D = DT for three-dimensional problems; its components are

D11 =D, Di2 = Dy, Diz = D33,

Dy = D1112‘;D1121 , Dy = ID1113+21D1131 ’ Dy = D1123+2{Dn32

D2; = D2z, Dg3 = Dyg3s, Dy = D212 +2 D221
(A1) Dys= D2213 4-2D2é31 ’ Dye = D2223 4—2832232 , Dis = Dagas

Dy = D3312 +2{D3321 ’ Das = D313 ;D3331 , Dy = D333 4.2@3332 ,

+D
D« = D213 + D123t Dic = D1223 + D123z

Doy = Di212 + Dyay
44 =

2 ] 45 2 3 46 2 b
D +D D +D D +D
Dss = 1313 . 1331 ’ Dsg = 1323 . 1332 ’ Deg = 2323 . 832

The components of D are
(A2) [Dijkl =0 (I ®I)iﬂd + O (I ®E+ E®I)ijkl + 03 (E ®E)ijkl +

04 (I®E2+E2®Dijk1+ Ols (E ®E2+ E2®E)ijkl+ Olg (E2 ®E2)ijkl +

5] ﬂijkl + Olg {Eijkl
where
if Ee R, then o =A, 05=0,i#1,7, o7=2u;
if Ee R, then o;=0,i=1,8;
d 0 d
oy = Bo_ 1 _QQ_"_gOd.,BOn_B_O‘; ,
oly B(%d ol ol



_,9B0 2 [ 9Bon 9Bod
0‘2—2'—{2"——7 'gi;BOd‘BOn"a—IZ' )
Bod
591 _ 2 [Bwmg o OB
a3 =2 ol - B%d ol Bia - Bin ol, |’
if Ee ®R3 or Ee Ry, then oy =3 aBO —3—(8[3 BM-M%‘L),
813 B(%d ol3 ol3
e s (g )
9

o6 =3 %%-é(aﬁz“ﬁu Ban B”)

o7= B, og= Ba.

In the previous expressions quantities B;, and B;4, for i = 0, 1, 2, are numerators and
denominators of B;, respectively:

Bon = K{213+113-31112+e§1:3a) [&x cos? @ + ﬂ,xhcosm-%—+
—1——%—&-(2 3{3_x11cosco+ ¥% (4cos? @ - 3))1},

Boa = %2 (4cos? @ - 1),

Bin {(2-11+%xcos 0))( T30 %+%—xcos w)},

Bia= xz (4cos?2 - 1),

Bag = %2 (4cos? @ - 1)

if Ee Rs3; and

Bon=E{-2Q2+3)2L+13 -3 ) + zax[igir%@osm
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¥3'sin W) + (2\’3—cos wsin ® - 2cos?2 @ + 1) -

2 %2 (cos ® + ¥3sin @)] -e[-%lf- %‘X2COS o({3sin ® - cos ) +

3",3_ I; % (cos @ + ¥3sin w)] - 20 %2 sin (Y3 cos @ + sin w)]},

Boa = 4y2sin w(sin @ + Y3 cos m),

Bin=2&{al+ 43% (cos @ + Y3sin ) +

g-lf +%x2(3-2c082c0+2\f3—c0s msinm)+(2+3a)[él%-

- 3%((;03(0+{3—Sin ) +%xzcos ®(¥3sin o - cos w)] -

8[%-11' -%(cosmﬂf’fsinm)]),

Bia = 4%Z%sin w(sin ® + Y3 cos w),

Ban=-2& { ——"1—3—Q‘—Il+ﬂ,(cosm+1/3'sm0)) e},

Bag = 4%Zsin w(sin @ + Y3 cos w)

if Ee Rq.
The derivatives of Bin and Biq fori =0, 1, 2, with respect to I;, I; and I are calculated taking
into account the expressions of the derivatives of ¢ and ® with respect to I, I and Is:
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ang(l

0l 6X3

4 %8 '

The components of matrix D for two-dimensional problems, obtained starting from (4.6) and

(4.10), are

(A3)

Du = 0 +2a2 En + 03 El% + 04,

Diy= o1 + 09 (E11 + Egp) + 03 Efg Eag,

D13 = a3 Ejp + 03 Eq1 Er2,

Dyy= 0y +20p Eyp + 03 Ep3 + 0y,

Dy3 = 0 Ep + 03 Exz Ey2,

D33 = 03B + %

where E;; are the components of E with respect to the basis {g;, g2} and the scalar functions
oy, O, O3, g are

(Ad)n

(Ad),

(Ad)s

if Ee 1, then

if Ee 85, then

if Ee &3, then

oy =A, oy =03=0; oy =24,

=0y = o3=0y=0;

LGL-1)- —£ -1

o =® 1 +a)
2 @I, - 1332
) e
oo b+ save b
@I, - 1332
I - —&—

— l1+a
a’3 - (P 3
QI - 1332

L +V2L -+

1+

04=9 ,
2921 - 12
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for the plane strain, and

(A.5) if Ee Ty, then oy =202 + o), oy =03=0, 04=2y,;
(A.5), if Ee 75, then =0 = O3=04=0;
12y, EC+a)
o 2 L3Lx-1Y) 32+ 30) L)
2 QL - 12
e(2+0a)
AT
0 =@y

| QL - 12
(A.5)3 if Ee T3, then
I - e +a)
=g —243a
QL - 1532

L +V2L -1+ e2 + o)

2+30

£

04 =01
2V21,- 12

for the plane stress.
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