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s 1o IHTRCDUCIION AND FREIIEINARIES

A VYERY RAPIBIY CCHEVEIGENT IYERATIVE METHOD FCR BARRILZY

et us consider a nxt nen singular matzix A, that caz ke
IBVERSION OF EATRICES
‘ : uritten as

B. CCDENCTTI and F. RCHEANI
' with the spectral radius ¢f P less than one. The patrix A can
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. . ke obtained frem a transforpation appiied te a pore general
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matrix A [esg. &5 in Jacobi or Gauss~Seidel o s [3:50w

In this papern, we present a very rapidly ccnvergent
RBSTHACT. & very fast iterative nethod is presented, for the

ipversion of gatrices of the form A=I-P, where P ig 2
suitable for parallel igplezentation.

ccnvergent patrix. The method is well suitable for pagaliel .
The convenient nuzpexr of iierations reguired by this methed
isplementation. . B
' is the logarithz cf the number of iterations required ky a ;

The convenient nuzker eof dteratiens reguired is  the

3

classicael iterative methods spp te  tbe splitting I-7 ©f A..
lcgarithn of the number of iterations reqguired Ly a classical
Fach iteration reguires ¢{log n} steps on n?® preoc E B
iterative pethed agpplied to the splitting I-F of the razrix, :
; 4 detailed ertor analysis a investigate the total :
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ksymptotically, the pethed reguires ¢({log n A{lcg p leg log n}} {
cewplexity for finite wvalues of n, and to derive relsticas ¢
steps on a? processors, where A{p) Is the coaplexity of the ;

apong the nuzter of siteps, the spectral radivs  and  the
carithmetic cperaticns with p digits. Further, a detailed study :

dimension cf the matrixe F¥ith o@numerical experipents,
of tke total conplexity £for finite values o¢f 1 shows the

gimuvlating the parallel environment, the theoretical erreor
relations among the nuunter of steps, the spectral =zadies and

. bound and the estisated avmber of iierations are¢ compared with
the dimension of the rattix.

the effective ones,

In the fellowing, tl.14 denotes the spectzal norm and

fliafopib) denctes the value of afopjhk, computed using a
KEY WCHDS. Matrix Inversion, Jierative Hetheds, Paralls)

flcating peoist arithmetic., JMoreover, logi{x} is the logaritks
Algorithes. '
’ ‘ to Lase 2 of x, while 1CCix) is the logariths te Lase 10 cf =z.




2. . THE ITERATIVE HMEIBCD \

let A = I-P Le a non singular patrix and assume that r{f)<i..

Hence

[~
-1 -1 ZE: k
A = {I-p) = P .
k=0

Let X be nxn matrices defined by tke fcllowing recurrence

i
relationss:
X =1, F =P,
¢ 0
12. 1) X =P X +X, .
: i1 i i i
i>0
2
P = P -
i+l i
It is easy to sece that
i
i-1 .k z =1 . i
s, 2 k -1 2
x= |l lwuaer )= P o= ZT-2 )
i k=0 - k=9
and the analytic error E [i) is Lounded as fcllous
A
i
-1 2 -1
{22) E (d) = |] X = A }} = 1P 41 A 1.
A i

FEMAERK.
The jterative method ({2, 1) is formally eguivalest to t%the

classical pethcd:

j‘wﬁﬁr
T =9,
0
(?.3) SN
¥ =27 + 1,
k+1 k
xith X o= ¥ .
k K

Hence the nuzber cof iterations required to gt a ¢iven ervcr

bound by [2.%1) is the logarithm to kase 2 ¢f the cne zeguired
By {Z.3). Each iteraticn cf {Z.1) has the ccst of twc rcatriz
meitiplicaticns and ocne matrix addition. The parallel
complexity of ope iteration is
4
2 NULIIELICATIONS
con n? FRCUCESSCES.

2 [2og nl+1  arpiTICHS

To estimate the total «complexity of <the methed, if is
necessary to deternine the convesient onumber of iteraticns and

2 nareful errcr apalysis is required.
%¢ restrict ocurselves to the case P = 2, that allous tc use
the eguality {{ P2 |1 =1 , k>0.

3. EEBGE AMNALYSIS

B
In thescase P = P, the relaticn {2.2) can be wmritten

i) £ r 112 1y . =r{t)a
2

5]

let us recall some basic results from error apalysis theory [¢].




LEBMA 3.1

let A,B be nxn matrices;let u he the

assuze n u < 0.1 . Then

11£1[aB)~-ABi]| = C1 u 1iafl dlER

{Fan~in algoeorithm),

and

11£1{A+B)~(A+B) 1|5 v <c JlA*E]]
2

1he proof fcllows from the results of { k] by using the

Z2-nore instead of the ecuclidean

EBCEGSITION 3.1

Let £11! B )} be the conmputed value of F

i+l

point arithmetic, and let 42
i

P - £f11P ).
i T i

It follows =

{1 d2 }j{ f¢c uw {2~ 1) ¢
i 1

i
Proof.

The following eguality holds:

relative conputer precision and

2
{ Of{n ) if the serial algorithm is used,
c = '

0{n log n) if parallel addition is perforrmed

te the absclute erxox

i+ 1 i i
i1
2 2
it jJj2 cu §]l?P }} s cur « . Hence
i 1 i
ap = 2 42 + dE P ¢+ H . and
i+ i i i i i
tijap P12 fip 1 1id2 1f o+ [1E 1t
i+l i i i
Assuwe that 2 =2 , J14P - 311=0Q . It Lolds :
0 g
i i
:ﬂ i-j .
jiare 11s /J {2 ! j TP 41 ) M 8 1l =
i+t L. k=341 b4 3
=0
i i b3
i-3j — 2
= 2 o b2y ey
k=j+1 ]
3=0
i i~ j+1 j+1
i-j {2 -1)2 2
£ 2 T cur
/ 1
320
i+l
iel z
= cu {2 ~1yr B a

PECPCSIEICY 3.2

R i

error in the flcating peoint computation of X ;

3

&

Eoliy= JIfL{X y-X |1 be the 2-ncrm of the absclute roundoff
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=§§z1+§)a+zilzzw\,)(dpx+amh)..
i 3+ 1 k=1 X ¢ k=j+1 k 43 3 3
’ i+1 2 2 3 3=1
-1 2 1-a 1-a 3 2
u J1A 1) {1+r ) lc + : (c 2 £ ¢cCl)a. Taking the Z-nore, we get
z 1=z de 1 1
2 i
=1 1-r . B
. R IR R AR R RIENIE
Proof. . ; pii . Z k=1 k 1
We have
) ‘ : i i ?
£1{X )={P +dP YEL{(X ) +£f1{X )*ut+¢A , where . T T : ‘
i+ i i i i i i : . * il é i (I+F )31 [HIGP §1 HIX §i+1i8R1isl1A 1i})a.
Lo ek 3 j 3 3
Higvi =0 , $3M° 11Sc u JEELL(P ) i) 11X i1, 130 3=t
0 i 1 i i .
and 18 JisSc v 1% 1. : ’ Cktserve that, fur >0 ’
i 2 i+l )
i-31
Hence , if d¥ = X - £1{X ), we abtain i 2 -1 3 is1 ]
i i i : : e k2 2 2 -1
: b ey = 0 P it = 1] (3P )(I-P ) i<
X +dX = P X + P dX + dp X # dP dX # X #4X & HTsp . k=j+1 K k=0
i+1 i+ i i i i i i i i i i i i
it 3
It is easy to see that 4¥ and 4P are of{u}); ther usirg the 2 2
’ i i < {1+ r Yy /(1= ).
2z . Freom the defiinition of a, ue get
{%2. 1) and dropping out ofu ) termns, we obtain
-1
- t1a 3t o= 1/7{i-a);
ax = {I+#P ) dX + dP X ¢ #% + a , vhere
is#1 i i i i i i 3 j
' 2 2 -1
1aEny=0 and PIBP IS c ou JEP 1 18X 11, 130 ItX 31 = {1=-a )/ (1-a) = {i-a ) {14 {};
0 i 1 Ci i . 3
For i>0, it holds the following egquality: 3 j+1
2 2
i i {t=a )} £ {1-a Ve
ax = ! (I+F )} [dP X ¢« BY+ B ) = Then,
i1 k=j+1l X i3 3 3 .
=0 ‘ .
-7 - - g -




i \ mhe total error F {i}) is the sum of the apalytic errer E (i}

2
+r T A
E {i+ < . . . : AP
Rtl 1) 2 u 02 ; {1+a) + and the roundoff error E {i). The best choice for i winizizes
1 -t e
. . F {i); namely E = gin E {i) # B [i -
i i1 ! amely oy T IR EE ) e B )
-1 “!2 5 23 2j 1
2 r ine
s u 1fA 1] c2r {1-a ) +c {1-a y = Let er,u.n) ke éefan»d as
q+1 1 2 i i
j=1 1-:2 : 2 2 .
ginp {r +u{ 1+ 1 } Z(n.r,i))
. i Je1 ' :
-1 21*1 1 32 ] 2 . 23‘ R and let I{x,u,n) be the value of i for which the npinimus is
- -2
= U LA L (T ) (e * fc2 x ¢+c})a. attsined . Then
2 1-r j+1 1 2 .
: 2 ...1
Froder . T £ eir,um) 143 11 .
GET
L]
7he values ¢f ef{r,u,n) and Ilr,u,n) caa be investigated by
CORCLIA . . . . ) - .
RY 341 puzerical computation. For the estinated number of iteratigms
Using fan-in algorithe for vector inner product, we get we get the empirical formula:
-1 21 I(r,u,n) = I¥{z,u) - 4, 0<#< 1, where
E (i) < u ‘ , . N
E( ) 1a 31 0+ ) Zin,r,i), where It{r,n) = r‘lcg log [1,su) =~log log ({1/r) } . The validity of
( i-1 5 this formula has been tested in the intervals
n1/2+ ) 3 2 1/2 8 -5 -S40 -1 -10
fnlogn2 r +n ), laj=r, i <n<i¢, -rcas<r, 1 Sus1 , 10 fr=1-10 .
3=1 Tn this dinterval I{r,u,n) is indepandent from a and slightly
Z{n,r,i =< . . . : :
Ror,1) i1 3 increases with the number of arithmetic digits. Table I showus
172 ’ . .
n i n lcg'n 2j IZ . n1/2 tte values c¢f the upper bound to I{r,u,m} togethexr vith the
+ ) . .
2 ; Je1 - ¢ al<e. . valves of ~1CG 1CG({1/r) for various values of r and u.
1-r 5 .
\ J=1 1 -




TABLE I \
I
r -1C6 1CG{1/r)
-5 -20 ~-50 =75
B u=10Q u=10 u= 10 u=10
-10
10 -1.000 1 1 3 3
0.1 0,0 3 5 6 7
0.2 0.156 3 5 7 7
0.3 0.282 4 [ 7 8
0.4 0.400 4 S 7 8
0.5 0.521 5 7 8 8
0.6 0.654 5 7 8 S
0.7 0.810 6 g g 9
0.8 1.014 ) 8 10 10
0.9 1.340 7 ¢ 11 11
0.5¢ 2.360 11 13 14 15
‘0. 959 3.362 14 16 17 18
0.9%99 4,362 17 19 21 21
0.99999 5.362 21 z3 24 25
0.5%%5¢9 54362 24 26 z7 28
D.9555999 7.362 27 28 31 31
0.S5559¢9% 3,362 31 33 cE 3=
0.9$9999999 »362 34 3€ 37 38
£.55589959999 10.362 37 39 41 41

The function LOG({elr,u,s)s/u) is an esticate of the number of
decimal digyits lost in the computed result; fig.1 plots this
function versus -L1GG 106G {1/r) for u=10*55, n=10 and n=1004,

with fa)=r and a=0.

4, IMWPLEKENTIATION CF THE METHCD

The implementation of [2.1) for parallel computaticn is
straightforvard.d sipple condition to termirate the iteratioss
is to check if, in the wused floating point arithaetic

P X =% o
i i i

This «conditicn is always reached in a finite number of

- 11 -

Fig,.4, Theoretical Error bounds,
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iterations I" if the patrix P is numerically convergent. All

the numerical experiments, described in the followirg section,
use‘this terrination condition. The value I* fi.e. the actual
number of iterations) has been computed and compared with the
estimated value I' {r,u). Takle II =shous the frequercies of the

difference I"-I' for U00 patrices with n=10 and u=16-%.

TABLE 1II
I~ I3 relative freguency
-1 . 0100
0 + 5375 .
1 » 8450
2 .0075

The good agreement between the real and the theoretical nunbher
of diterations allows to use the tbeozétical value I*{zr,u) as a
measure of the actual nupber of iterations. Hence, f£foxr the
parallel conplexity of the method, we get

r log log {1,u) - log log (i/r) ] { 2 f log n } + 3}
steps on n3 processors, provided that the walue of efr,u,n)

ensures the desired accuracy of the result.

. MNUHMEBICAL EXPERINENTS

The nethod has heen irplemented accerding  to the
considerations of section 4, using fan-in algoriths to compute
inner products, in order to simulate the numerical behaviour ef

a parallel isplementation.

The method has been tested with several kinds of sysmetric
pésitive definite matrices and compared. with a standard direct
method. Kamely, ¥e have used LINFACK routines for factorization
and solution of positive definite matrices [2].

Four types c¢f test patrices are considered:

1) Syzmetric tridiagonal Toeplitz matrices of the forem

1T 2 ¢ . - 0 .
x 1 x « - @ x >0,

3 % 1 x . O

« . s X . e s a=x =14 2x cos(IT / n¥1).
9 & = X

3 0 - .. x 1

2) Symmetric Zdceplitz matrices of the form

T X X o - X

x 1 % « - 2

x % 1 X - % x>0 ,

e e X e e .

e & o o e e a = X , r = {n-=1) X ..
e s e 1 0z

X X . . % 1

3) Bandom syumetric definite
4} Randor sysmetric definite

Fige2 plects the logarithm to

rositive patrices with a=z..
positive matrices with a<r. .

base 10 of the error divided by

the conputer relative rprecision versus =~LCG LGG{1/r)} in the

case n=10 and u=16—3, ‘together with thke correspording uppec

bcunds.

Fig.3 =shcws +the same function plotted versus r with a

Gifferent distribution of the instances of r.

Fig. U4 comrpares - these results

with the errcrs produced by
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N using LINPACRK routines with the sane precision. .

€. ASYHPTOIIC CCHPLEZIIY

' . It is interesting to study the asymptotic complexity of the

Let 1 £ r <1 be the spectral radius of P; our objective

e 0
N . N -5 is to get a relative exror bounded by e . This can be achieved ‘
- U=16 " % ' . 0
X = ITERATIVE o
a ith the cond 'nS 2
@ | . N=10 o = birgcT with the conditicns
{€- 1) e s e /2,
A 0
1£e2) e fe /2.
R 0

From {6.1), it fclloms

r < e /2 , that is trun: if

i< < [ log log {i/e ) - log log {1sr ) | = cfl)a
¢ 0 0

'f*)@ o>\), L ves
Nl D5 o
X x

o X x Further, the !6.2) is true if
A X X
7 X i

b 20
- X e =< u {i+ T } 2 {m,r ,i) Sulte s 2) 3% (n,x i) €
9 4 : : B 0 0 0 0 )
. X .
a0 3 i T H T H T H H 1 i
'slos X gleo o0 0.50 g g0 vian = eg /2 that is

R
U X e / ((2¢%e }Z{D,T ,1 )} T
' 4] 0 g 0

¥ow, from the COROLLARY 3.1, we get

Fig.4, Effective ervors of iterative and direct methods,




Z {n,r ,i) = 0f{n log n), \
0 0 :

and. the - {6. 2) holds with 1/u = Qf{n 1cg n}), i.e.
O(loé n leg log n) arithmetic digits have to be used.

. Let Alp) be the bit coaplexity of the aritheetic as a
function of the number of digits p, then the overall asymwptotic

ccmplexity of the method is

" ¢{log n Af{log n log log nj) bit operaticn=s.

BEEMAEK

The cendition 1/u = C{n log n) derives from the bound to
the roundoff errer produced by matrix multiplication. Bexnce, it
is common to all the algorithss usipg matrix zultirlications.
In particular, we can assume the asysptstic corplexity of
Csanky's algorithm [1] for parallel irversion of natrices to ke

2
C(log 1n A{log n log log n)).
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