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1. Introduction

This work is part of the literature studying random neural networks (NNs for short), that is, NNs whose biases
and weights are random variables. In the context of modern deep learning, the interest in these types of networks
is twofold; on the one hand, they naturally constitute a prior in a Bayesian approach, and on the other hand they
may represent the initialization of gradient flows in empirical risk minimization. See Roberts et al. (2022) for a
general reference on the subject.

Within the boundaries of this topic, many contributions in the literature have been handling the asymptotic
Gaussianity of random NN, as the number of neurons in the hidden layers tends to infinity. A seminal paper is
Neal (1996), where the output of a shallow (i.e., having a single hidden layer) random NN, viewed as a stochastic
process on the sphere, is shown to converge to a Gaussian process, as the number of neurons in the hidden layer
grows large. From that point onward, many sophisticated results have been published for deep (i.e., having
more than one hidden layer) random NNs at the large width limit. Early contributions in this direction were
from Lee et al. (2018), Matthews et al. (2018), Yaida (2019), and Yang (2019). These achievements were extended
in Hanin (2023), where it was proved that the output of a deep random NN, with Gaussian biases and weights,
viewed as a random element on the space of continuous functions on a compact set, converges to a Gaussian pro-
cess as the number of neurons in all the hidden layers tends to infinity. Large and moderate deviations of the out-
put of a deep random NN, with Gaussian biases and weights, were studied in Macci et al. (2024).

Recently, the problem of the quantitative Gaussian approximation of the output of a random NN has received
a lot of attention. For instance, Eldan et al. (2021), exploiting Wasserstein distances, provided quantitative ver-
sions of the results in Neal (1996) when the activation function was polynomial, ReLU, and hyperbolic tangent.
We emphasize that the shallow random NN model considered in Neal (1996) and Eldan et al. (2021) has weights
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on the outer layer given by Rademacher random variables and weights on the inner layer distributed according
to the Gaussian law (see Remark 3.4). Slightly different models were investigated in Klukowski (2022) and Cam-
marota et al. (2024). Indeed, as the number of neurons on the hidden layer grew large, Klukowski (2022) pro-
vided a quantitative functional central limit theorem for a shallow random NN model with input variables still
on the sphere and weights on the outer layer still given by Rademacher random variables but weights on the
inner layer uniformly distributed on the sphere, whereas as the number of neurons on the hidden layer grew
large, Cammarota et al. (2024) gave quantitative functional central limit theorems for a shallow random NN
model with weights on outer and inner layers distributed according to the Gaussian law and again input vari-
ables on the sphere. A quantitative functional central limit theorem for deep random NNs, with input variables
on the sphere and Lipschitz continuous activation functions, was proved in Balasubramanian et al. (2024); this
paper shares with our work the idea to apply Stein’s method for the Gaussian approximation in the context of
deep NN, albeit in a different mathematical setting.

A significant achievement is provided in Basteri and Trevisan (2024), where, for the first time in the literature,
a quantitative proof of the Gaussian behavior of the output of a deep random Gaussian NN (i.e., a random NN
whose biases and weights are Gaussian distributed) with a Lipschitz continuous activation function was given;
in Basteri and Trevisan (2024), the distance from Gaussianity was measured by means of the 2-Wasserstein met-
ric, which comes from the Monge-Kantorovich problem with quadratic cost. As far as shallow random Gaussian
NNs with univariate output is concerned, we mention Bordino et al. (2024), which provided quantitative bounds
on the Kolmogorov, the total variation and the 1-Wasserstein distances between the output and a Gaussian ran-
dom variable, when the activation function was sufficiently smooth and had a sub-polynomial growth. A special
mention is deserved for the independently written paper Favaro et al. (2023), where Stein’s method was used to
obtain tight probabilistic bounds for various distances between the output (and its derivatives) of a deep random
Gaussian NN and a Gaussian random vector. We refer the reader to Remarks 4.2, 6.2, and 6.4 for comparisons
between our results and the corresponding achievements in Favaro et al. (2023).

The main contribution of our paper concerns the Gaussian approximation of the output of deep random
Gaussian NNs in the convex and 1-Wasserstein distances under mild assumptions on the activation function
(which, differently from Basteri and Trevisan (2024), can be non-Lipschitz). A specialization of these results
clearly provides approximations for shallow random Gaussian NN with single input and real valued (i.e., uni-
variate) output. However, in this specific case we furnish direct proofs, which (for various technical reasons)
give the same rates under more general assumptions on the activation function.

For shallow random Gaussian NNs with univariate output, combining the Stein method for the Gaussian
approximation with the integration by parts formula for the Gaussian law, we provide explicit bounds for the
Kolmogorov, the total variation and the 1-Wasserstein distances between the output and a Gaussian random var-
iable, under a minimal assumption on the activation function (see Theorem 4.1). Remarkably, we obtain the
same rate of convergence as in Bordino et al. (2024) as the number of neurons in the hidden layer grows large,
our constants being presumably better than the ones in Bordino et al. (2024) (see Table 1). For deep random
Gaussian NN, the novelty of our results is that we measure the error in the Gaussian approximation of the out-
put in terms of the convex distance (see Theorem 6.1) and of the 1-Wasserstein distance (see Theorem 6.3) for a
class of activation functions that strictly includes the family of Lipschitz continuous functions if either the biases
are non null or the activation function vanishes at 0 (see Proposition 5.2). Remarkably, for both the convex and
the 1-Wasserstein distances the rate of convergence that we obtain is of the same order as the one in Basteri and
Trevisan (2024) because the number of neurons in all the hidden layers tend to infinity. The proofs of Theorems
6.1 and 6.3 are based on the Stein method for the multivariate Gaussian approximation and the integration by
parts formula for the multivariate Gaussian law. The presence of more than one hidden layer complicates the
derivations of the bounds, which rely on a key estimate for the L*-distance between the so-called collective obser-
vables and their limiting values (see Theorem 5.1). We emphasize that, when considering the convex distance, an
expedient tool is provided by a smoothing lemma that we borrow from Schulte and Yukich (2019).

Table 1. Values of the Constants Given in Theorems 3.1 and 4.1

dTV(Z(Z)/z) dK(Z(Z)/Z) dw, (Z(Z)/Z)
Theorem 3.1 5.05 2.52 2.01
Theorem 4.1 1.68 0.84 0.67

Note. Here,o(x)=x%,7=3,r=1,11=6,L=1,C,=Cy=1,andx=1.
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It is well known that localizing the output of a random NN, that is, having a control over the probability that
the output lies in a region of the space (belonging to a large class of measurable sets), is of valuable interest for
practitioners. From a theorist’s point of view, the output distribution of a NN is often analytically untractable,
and computing the probability that the output belongs to some measurable set results in performing a “heroic”
mathematical integration (see, e.g., Roberts et al. 2022, p. 49). Our Theorems 4.1(ii) and 6.1 offer some insights
into the localization problem in a simple and efficient way for both the univariate output of a shallow random
Gaussian NN and the output of a deep random Gaussian NN, respectively. We refer the reader to Section 7 for
some numerical illustrations of this issue.

The paper is organized as follows. In Section 2, we introduce our toolkit such as the integral probability
metrics considered in the paper and some preliminaries on the Stein method. In Section 3, first we introduce all
of the NNs considered in this work and then give a brief overview of the main results in Basteri and Trevisan
(2024) and Bordino et al. (2024), comparing them with our achievements. In Section 4, we give upper bounds for
the Kolmogorov, the total variation and the 1-Wasserstein distances between the (univariate) output of a shallow
random Gaussian NN and a Gaussian random variable. In Section 5, we prove the aforementioned key estimate
on the L*-distance between the collective observables and their limiting values. In Section 6, we furnish explicit
upper bounds on the convex and the 1-Wasserstein distances between the output of a deep random Gaussian
NN and a Gaussian random vector. Finally, in Section 7, we present some numerical illustrations concerning the
above-mentioned issue of the output localization.

2. Preliminaries
In the present section, we introduce some notation, and we recall some results that will be of use throughout the

paper.

2.1. Distances Between Probability Measures

In this paper, we consider various distances between probability measures on RY deN:= {1,2,...}: the total var-
iation distance, the convex distance, the Komogorov distance, and the p-Wasserstein distances. Hereon, the sym-
bol || - ||; denotes the Euclidean norm on R,

Definition 2.1. The total variation distance between the laws of two R%-valued random vectors X and Y, written
drv(X,Y), is given by
dry(X,Y):= sup |P(XeB)—-P(YeB),
BeB(RY)
where B(RY) denotes the Borel o-field on R
Definition 2.2. The convex distance between the laws of two R?-valued random vectors X and Y, written d.(X,Y),
is given by

d.(X,Y) :=sup |P(XeC)-P(Ye )|,
CeCy

where C; denotes the collection of all Borel convex sets in R”.

Definition 2.3. The Kolmogorov distance between the laws of two R%-valued random vectors X = (X1,...,X4) and
Y =(Yy,...,Y,), written dx(X,Y), is given by
dk(X,Y) == sup IP(X1 <y1,..., Xa Sya) —P(Y1 <y, Ya Syl
Y=(y1/ .. '/]/d)ERd

Definition 2.4. For p € [1, + o), the p-Wasserstein distance between the laws of two R?-valued random vectors X
and Y, written dy, (X,Y), is given by
dw,(X,Y):= inf E[|JU- V][],
WX Y):= it E[IU-VI]]

where Cx v is the family of all the couplings of X and Y, that is, the family of all random vectors (U, V) such that
U is distributed as X and V is distributed as Y.

Clearly, by Jensen’s inequality, dw, < dw,, and it follows directly by the definitions that dx < d. < dry. Further-
more, for all s =TV,c,K,W,, if ds(Y,,Y) — 0, as n — +oo, where Y;,, n € N, and Y are random vectors with values
in R?, then Y, converges in law to Y, as n — +oo (see, e.g., Villani 2009 and Nourdin and Peccati 2012).
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In view of the Kantorovich-Rubinstein duality (see theorem 5.10 and equation (5.11) in Villani 2009), the
1-Wasserstein distance between the laws of two R%-valued random vectors X and Y such that max{E||X]| +ElY|l;} <
oo satisfies the relation

dw,(X,Y) = sup [E[g(X)] —E[gY)]], M
§€L4(1)
where £;(1) is the collection of Lipschitz continuous functions with Lipschitz constant less than or equal to 1.

Because d, is defined by testing against indicator functions of Borel convex sets rather than arbitrary Borel sets,
the convex distance can be expected to be estimated more easily than the total variation distance; moreover, the
convex distance looks more flexible than the Kolmogorov distance; for example, it enjoys a number of invariance
properties not satisfied by dx (see Benktus 2003).

As for the relation between the convex distance and the optimal transport metric dy,, it turns out that the con-
vex distance to a fixed centered Gaussian law is bounded from above by a multiple of the square root of the
1-Wasserstein distance. More precisely, one has the following Proposition 2.5, which is proved in Nourdin et al.
(2022).

Here and henceforth, we denote by Ny = ((Nx)y,...,(Nx)y), d €N, a centered Gaussian vector with invertible
covariance matrix £ = (L) < j<g-

Proposition 2.5. For any d-dimensional random vector Y, we have
d(Y,Ng) < 2V2I(5)"dw, (Y, N)'?,
where T'(X) is the constant defined by

H(E) = sup FNE€Q) ~F(Nz €Q)
Q,e>0 €

@

where Q ranges over all the Borel measurable convex subsets of R?, and Q° denotes the set of all elements of R? whose
Euclidean distance from Q does not exceed €.

We note that I'(X) is an isoperimetric constant that satisfies the following relation (see Nazarov 2004):

eid/* < T(X) < (2m) idV/*. 6)

2.2. The One-Dimensional Stein Equation
Throughout this paper, we denote by A(u,n) the one-dimensional Gaussian law with mean p € R and variance
n>0andlet Z~N(0,1).

The celebrated Stein equation for the one-dimensional Normal approximation Stein (1972) is given by

8(w) —Eg(Z) = fg (w) — wfe(w), 4)

where ¢:R — R is a measurable function such that E|g(Z)| < oo, and f, : R — R is unknown. The following
lemma holds; see, for example, proposition 3.2.2, theorem 3.3.1, theorem 3.4.2, and proposition 3.5.1 in Nourdin
and Peccati (2012). See Chen et al. (2011) for an introduction on the Stein method.

Hereon, for a Lipschitz continuous function g : R? — R, we denote by Lip(g) the Lipschitz constant of g, and

for a function f : R? — R we denote by ||f|., the supremum norm of f.

Lemma 2.6. The following claims hold:
i. Foranyy € R, the Stein Equation (4) with g(w) := 1(_a, ,1(w) has a unique solution fo and ||f{||., < 1.
ii. Let g:R —[0,1] be a measurable function. Then, there exists a unique solution f, of the Stein Equation (4) and

Il < 2.
iii. Let g: R — R be a Lipschitz continuous function. Then, there exists a unique solution f, of the Stein Equation (4) and

Iffllee < Lip(g)y/2/m.

2.3. The Multidimensional Stein Equation
Throughout this paper, given a sufficiently smooth function f : RY — R, we define

1 Py
aililu'i”f(x1,. . .,.Xd) = m(?(l,. . .,Xd).
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Let Myx4(R), d € N, be the set of d x d real matrices. For a function f € C2(R?), we denote by Hess f(y) € Mxa(R)
the Hessian matrix of fat y € RY and by |- ||Op the operator norm on M., (R), that is, for any I' € M;,(R), ||1"||0P
= sup,, |\y||d:1||ry||d- We consider the Hilbert-Schmidt inner product and the Hilbert-Schmidt norm on M 4(R),
which are defined, respectively, by

d
(TW)ys,:=Tr(TPT) = > TyW; and [[Tllyys = /(T s,
i,j=1

for every pair of matrices T = ([);; ;<; and W = (W), ; ;<4 where the symbols Tr(I') and T denote, respec-
tively, the trace and the transpose of the matrix I'.
The Stein equation for multivariate Normal approximation is defined as

g(y) — E[g(Nx)] = (y, V(y))s — (= Hess fo(y))ns, yeR! (5)

where g: R? > R is given, f, is unknown, X is the (invertible) covariance matrix of the centered Gaussian vector
Ny, and the symbol (-, - ), denotes the inner product in R”.
The following lemmas provide solutions to Stein’s Equation (5) under different assumptions on g.

Lemma 2.7. Let g € L£4(1). Then, the function
fely) := / E[g(Nx) —g(e’ty +V1—e%Ny)]dt, ye R?
0

is such that f, € C2(RY), f¢ solves (5), f, satisfies
loifello <1, foranyi=1,...,d, (6)

and

sup [[Hess fo(y)ll5.s. < ‘/EHEAHDPHZH%%
yE]Rd

Lemma 2.8. For ¢ : R? — R measurable and bounded, define the smoothed function

gi(y) =E[g(VINy + V1 —ty)], yeR?, )

where t € (0,1) is a smoothing parameter. Then:
i. Foranyt € (0,1), the function

1
fog(y) = % /t %E[g(\/;Nz +V1—sy)—g(Ny)|ds, yeR?

is such that f; ; € C2(RY), f;, ¢ solves (5) with g, in place of g, and

T—td~ .
194 ¢lleo < Ilgllw\/TZ(Z V2)in/Zj, foranyi=1,...,d. 8)
j=1

ii. For any d-dimensional random vector Y, it holds

sup E[[Hess(f, oY) s < 177, (d*(log t)*dc(Y,Ny) +530d"7/%),  for any t € (0,1).
8€Zy

See proposition 4.3.2 in Nourdin and Peccati (2012) for Lemma 2.7; in particular, in Nourdin and Peccati (2012) it
is noticed that

dify) = —/O e 'E[dige 'y + V1 —e2Ny)|dt, i=1,...,d

which, combined with the fact that g € £4(1), gives the bound (6); see Schulte and Yukich (2019) p. 12, and propo-
sition 2.3 for lemma 2.8 and lemma 3.6(ii) in Torrisi (2023) for the bound (8).
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2.4. The Smoothing Lemma and the Integration by Parts Formula for Gaussian Random Vectors

We state a remarkable smoothing lemma for the convex distance proved in Schulte and Yukich (2019); see lemma
2.2 therein. It plays a crucial role in the proof of the Normal approximation of the output of a deep random
Gaussian NN in the metric d.; see Theorem 6.1.

Lemma 2.9. Let Y be a d-dimensional random vector. Then, for any t € (0,1),

4 20d 't
d.(Y,Ng) < 35up |P(ViNg + V1 — tY € C) — P(VINy + V1 — Ny € O)| +\/§1‘[t,
CeCy -

where Cy is given in Definition 2.2.

We recall the Gaussian integration by parts formula (we refer the reader to exercise 3.1.4 in Nourdin and Pec-
cati (2012) for the Part (i) of Lemma 2.10 and to exercise 3.1.5 in Nourdin and Peccati (2012) for the Part (ii) of
Lemma 2.10).

Lemma 2.10. The following claims hold:
i. N~N(u,n),n>0, if and only if, for any differentiable function g:R — R such that E|g’ (N)| < co, we have

E(N — p)g(N) = nEg'(N).
ii. Let g € C'(RY) with bounded first partial derivatives. Then,

d
E[(Nx)ig(Ny)] = > ZE[d,g(N)], foranyi=1,...,d.
=1

This relation holds true even if L. is not positive definite.

3. Random Neural Networks

We let L € N, we take L + 2 positive integers ny, ..., n.4+1 €N, and we fix a function 0 : R — R. A fully connected
NN of depth L with input dimension #y, output dimension r;,1, hidden layer widths 74, ...,n;, and nonlinearity
0 is a mapping

xX:= (X1, ..., %) € R - 20 (x) = (2 (x), . .., 2ED(x))) € R

N

that is defined by a recursive relation of the form

1o
zgl)(x) = bgl) + ZW};%, i=1,...,m
=1

neq
sz)(x) = bgf) + ngf)o(z]@*l)(x)), i=1,...,n,€=2,...,L+1
=1

where the parameters b,@ €Rand Wl(-g) € R are called network biases and weights, respectively. The quantities L
and ny, ..., np 41 constitute the so-called network architecture. The function o is usually called activation function.
NN of this kind will be denoted by

NN(L/ nO/ nL+1/nL/ G, X,b,W) 7
where n; :=(nq,...,n.),b:= (bl(f)) and W := (Wff)).

We say that the neural network NN(L, ng, 141, n1,0,%x,b, W) is a (fully connected and) deep random Gaussian
neural network denoted by

GNN(L/ no,Np+1,01,0,X, b,W) 7
if 0: R — R is measurable and bl(»[), ng), i=1,...,n,j=1,...,n.9,{=1,...,L+1, are independent random vari-
ables with

B ~N(©0,Cp) and W ~N(O,Cw/ne1), €=1,...,L+1

for constants C, > 0 and Cy > 0.

NNs of depth L = 1 are called shallow NNs. We will denote shallow NNs (respectively, shallow random
Gaussian NNs) by NN(1, 19, 112, 11, 0, %, b, W) (respectively, by GNN(1, ng, 112,11, 0,x, b, W)).

Throughout this paper, we will also consider NNs with univariate output, that is, NNs with n; 1 = 1.
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Consider a deep random Gaussian neural network GNN(L, ng, 141,11, 0,%, b, W). It turns out that the random
variables zfl) = zgl)(x), i=1,...,m, are independent and identically distributed with

M Cwy™~ .2
z; "~ N 0, Ch + n—o Zl x]-
]:

For¢(=1,...,L, let F; be the o-field generated by the random variables

wPWD, =1, =1, e, k=1, 0

1

By construction, for any fixed €€ {2,...,L+1}, given F;_;, the random variables zz(o = zgf)(x), i=1,...,n, are

independent and Gaussian (as linear combination of independent Gaussian random variables). A straightforward
computation yields

E[z0|F;1]1=0, i=1,...,n

and
02 Cw 2 -1y2
E[|z"| |f€71]=cb+m§ lo(z)I%, i=1,...,n. )
145

Setting n; = (n1,...,1¢), £ =1,...,L, we define the quantities

1 &
o0 .=~ O r=1,... L
3ot

ne

j=1
and
09 :=Fo(s; 12)°, s2,:=Cp+CwOY, ¢=1,... L (10)
where
00 .= lf}& and Z~N(0,1). (11)
Mo 4 /

The random variable (’)ff? is often referred to as collective observable at layer ; see, for example, Roberts et al.
(2022) and Hanin (2023).

3.1. Some Related Literature

Consider the output z+D .= (szH),...,zquLf]l)) of a deep random Gaussian neural network GNN(L, 19, n1p41, 1y,
o;x;b, W), and let

z:=(21,..,2Zn.,)
be a centered 7 ,;-dimensional Gaussian random vector with covariance matrix
—2 2. L
T = 520d,,,, 7= Cy+ CwOD, (12)

where Id,, ., is the identity matrix of M,  xn.,(R). Here and henceforth, we suppose that the quantities
Cp, |Ix]l, 0(0), where x is the input of the network, are not all simultaneously equal to zero. This causes no loss of
generality, because otherwise z*) = z = 0 almost surely.

It follows from theorem 1.2 in Hanin (2023) (which indeed, more generally, establishes a functional weak con-
vergence) that, if o is continuous and polynomially bounded, then,

Z8Y >z inlaw, as min{ny,...,n.} — +oo. (13)

The following result for shallow random Gaussian NNs was proved in Bordino et al. (2024); see theorem 3.2
therein.

Theorem 3.1. Let GNN(1,n9,1,n1,0,x,b, W) be a shallow random Gaussian NN with univariate output. If

o € C3(R) and max{|o(x)|, |0’ (x)|, |6” ()|} < r1 + 12 |x|”, xR (14)
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for some 11,12,y > 0, then

1
d(z?,2) < cillr +rals0Z| |17 \/50 +53(2+ 1 /3(1 + 255 +357)) X ——

Vi’

where s =TV ,K, Wy and

2 1
CTVy 2=—2, CK,= 7 Cw, = — 8/7'(
97 %] S$1

In Section 4, we will give bounds on the quantities dy(z?,z),s =TV,K, Wi, of order 1/ /11, as n; — oo, under a
minimal assumption on the activation function (note that Condition (14) excludes the important case of the
ReLU function, that is, o(x) := x1{x > 0}); see Theorem 4.1. In Section 6, we will give two general bounds on
d.(z"Y, z) and dy, (z1Y, z) for deep random Gaussian NNs; see Theorems 6.1 and 6.3. When specialized to shal-
low random Gaussian neural networks GNN(1,ng,12,11,0,x,b,W), they provide computable bounds, respec-
tively, on d.(z?,z) and dy, (z?,z) of order 1/ \/n,, as ny — oo, see theorem 3.3 in Bordino et al. (2024) for a related
result.

The first result in the literature that quantifies the convergence in distribution (13) with L > 2 is given in Basteri
and Trevisan (2024), where the following theorem has been proven.

Theorem 3.2. Let GNN(L, 19, n141,n1,0,x,b, W) be a deep random Gaussian NN, and suppose that the activation func-
tion o is Lipschitz continuous. Then,

L i . L—i

Ci*D[Lip(0)VC
B (Y, 2) < iy APV
i=1 !

where, for anyi=1,...,L, C™*V are explicitly known positive constants, depending upon o, x, C, and Cyy.

(15)

The next corollary is an immediate consequence of Theorem 3.2, the fact that dw, < dy,, Proposition 2.5, and (3).

Corollary 3.3. Let the assumptions and notation of Theorem 3.2 prevail. Then,

~ CD[Lip(o)VCu ]

dw, 24V, 2) < Vg (16)
1 + ; \/n—z
and
v s ([ LipoyCul )
de(zY,z) < 25l Z (17)
= Vit

Theorems 6.1 and 6.3 will provide, under alternate assumptions on o (see by Proposition 5.2(ii)), explicit bounds,
respectively, on d.(z"*V,z) and dy, (z'*V), z) that are of the same order of the bound in (16), as 1y, ...,n; — c0. In
particular, the bound on the convex distance of Theorem 6.1 considerably improves the one in (17). We empha-
size that to compare the results in Basteri and Trevisan (2024) with our achievements, we specialized those
results to the case of a single input x € R™. In fact, the bound (15) was proven in Basteri and Trevisan (2024) for
multiple inputs, and consequently the bound (17) can be stated for multiple inputs too.

Remark 3.4. Although not strictly related to our results, the pioneering papers Eldan et al. (2021) and Neal (1996)
deserve a special mention. In Neal (1996) the author con51dered a random shallow NN(1,ng,1,11,0,%,0, W) with
univariate output, b(l) =0, for all i= N1, b =0, ijl), i=1,...,n,j=1,...,np, independent with law

N(0,1) and W(Z), j=1,...,n, mdependent 1dent1cally distributed w1th law JP’(W(Z) =*1/4/n1)=1/2 and inde-
pendent of the random Varlables W W 1t was proven in Neal (1996) that there ex1sts a Gaussian process G on
S™~1 (the unit sphere in R™) such that the process {2 )(x)}x sno-1 converges in distribution to G, as 117 — 0. Quan-
titative versions of this result (for various Wasserstein metrics and some specific choices of o) are provided in

Eldan et al. (2021).

4. Normal Approximation of Shallow Random Gaussian NNs with Univariate Output
The following theorem holds.
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Theorem 4.1. Let GNN(1,n9,1,11,0,x,b, W) be a shallow random Gaussian NN with univariate output, and assume
that the activation function o is such that

0 < Var(a(s0Z)*) < co. (18)

Then:
i.

(2 2) < Cwy/Var(o(s0Z)’) 1

- Cp+ Cw]EO(S()Z)Z \/__7’11

) Cwy/Var(o(s0Z)?) 1

Cp + CwEo(s0Z)? \/_—”1

2
dw,(z?,2) < /2/n Cwi/Var(o(s0Z)") 1

\/Cb + CwEO'(S()Z)Z \/El

ii.

drv(z?,2)

IA

iii.

Note that the bound on the Kolmogorov distance is better than the one that can be obtained using the relation dx < dry.

Remark 4.2. Remarkably, theorem 3.3 in Favaro et al. (2023) shows that if GNN(1, 19,1, 11,0,x,b, W) is a shallow
random Gaussian NN with univariate output and the activation function ¢ is polynomially bounded to order r >
1 (see definition 2.1 in Favaro et al. (2023)), then there exist two constants C,Cy > 0 such that

G < max{dw, (z?,z),drv(z?,2)} < E
ni m

Although this inequality shows the optimality of the rate 1/n;, because the constants are not provided in closed
form, it cannot be directly used for the purpose of output localization (see Section 7). Moreover, the assumption
(18) on ¢ does not require any regularity of the activation function.

Proof. We prove the three bounds (i), (ii), and (iii) separately by the Stein method.
Proof of Part (i). Consider the Stein Equation (4) with
g(w) = 1(,00/y](51w).

Let f, be the unique solution of the Stein equation (see Lemma 2.6(i)). Then, for any y € R,
1z? <y} — Pz < y) =f3(? [s1) = @2 /51)fe (7 /5).
Taking the expectation, we have
P(z? < y) —P(z < y) = Efy(2? /51) — 2® /s1)fy(z? /s1)].
By Lemma 2.10(i), we have
E[(z?/s1)fo(z® /51) | F1l = 5, 2(Cp + CwODIE[f;(2? /51) | Fi]
= Els;*(Cp + CwOR))f3 (2P /s1) | F1], (19)
where the latter equality follows by the F-measurability of (95111). Then,

P(z? < y) =Pz < y) =E[f;(z?/51)(1 = 5,%(Cp + CwO))], yeR.

Setting

p(m) = s72Cy\/Var(OD) = s72Cp\/ Var(a(z")?) /i1, (20)
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we have

Pz? <y)-Piz <y

|-
o) = E[fy(z? /v)V, ], (21)

where

n (1)\2
Vo S2Cp+CwOD) o —o® 2l
ny = — = —

(1) \/ Var(Oi}l)) Viiy/ Var(a(z(ll))z)

Taking the modulus in (21) and then using that ||f¢]|,, <1 uniformly in y € R (see Lemma 2.6(i)) and that
EV2 =1, we have

— nlEa(zgl))z

dx(z?,2) < p(n)E[|Vy, [] < @(m1),
which, combined with (20), proves the statement.

Proof of Part (ii). Consider the Stein Equation (4) with g(w) := 1p(s1w), where B C R? is a Borel set. Let f; be the
unique solution of the Stein equation (see Lemma 2.6(ii)). Then,

15(z%) - E1p(2) = f3 (2?7 /1) — (27 [s1)f (2% /s1).
Taking the expectation and arguing as in (19), we have

P(z? € B) - P(z€B) = JE[fé(Z(z)/Sl)(l — 5, 2(Cy + CwO))].

1
Along similar computations as for (21), we have
P(z» € B) — P(z € B)
p(n1)
Taking the modulus on this relation and then using that ||f¢||., < 2 (see Lemma 2.6(ii)) and that I[-EV%1 =1, we have
drv(2%,2) < 20(m)E[|V,y, ] < 29(m1),

which, combined with (20), proves the statement.

= E[f}(z?/51)Vi .

Proof of Part (iii). Consider the Stein Equation (4) with g(y) := h(s1y), where h: R — R is Lipschitz continuous
with Lip(h) < 1. Let f, be the unique solution of the Stein equation (see Lemma 2.6(iii)). Then,

h(z®) —Eh(z) = fo(z% /1) = (2P [s1)fg(z? /1)
Taking the expectation and arguing as in (19), we have
Eh(z?) — Bh(z) = E[f}(z? /1)(1 — 5;%(Cp + CwO))].
Along similar computations as for (21), we have

EM=®) ~Bhz) _ g o
oo EET/sVil

Taking the modulus on this relation and then using that [|f¢]|., < $11/2/7 (see Lemma 2.6(iii)) and that ]EV%1 =1,
we have

dw, (2?,2) < s17/2/mp(m)E[| Vi, 1] < 51¢/2/19(n1),
which, combined with (20), proves the statement. O

Note that both Theorem 3.1 and Theorem 4.1 provide bounds on d; (z®,z2), s = TV, K, W;, with a common rate
1/4/n1, but different constants. In Table 1, we compare those constants in a special case. We observe that the con-
stants given by Theorem 4.1 are more effective than those in Bordino et al. (2024). We also note that Condition
(18) is satisfied by the ReLU activation function, whereas the assumptions of Theorem 3.1 do not hold for the
ReLU.
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5. A Key Estimate for the Collective Observables
The next theorem provides an estimate for the L*-norm of the random variable (’)ff? —0Y ¢=1,...,L. In Section
6, such an estimate will play a crucial role in the proofs of the results on the Normal approximation of the out-
put of a deep random Gaussian NN both in the convex and in the 1-Wasserstein distances (see Theorems 6.1
and 6.3).

Hereon, we denote by ||Y]|;> := (E[| Y|2])1/ 2 the L?>-norm of a real-valued random variable Y.

Theorem 5.1. Let GNN(L, 1, 141,01, 0,%, b, W) be a deep random Gaussian NN. Suppose that the activation function o
is such that:
i. Forany ay,ay > 0, there exists a polynomial

m
P(x) := Z dixk,
k=0

with nonnegative coefficients di = di(o(-),Cp,Cw) =0 dependent only on o(-),Cy,Cw and degree m >0 independent of
o(-),a1,a2,Cy, Cyy, such that

|0(x\/Cp + Cwaz)” — o(x/Cp + Cwar)’| < P(|x|)|ar — a1, forall xeR. (22)

ii. Foranyk € R, Ea(kZ)* < co.
Then, forany £ =1,...,L, we have

4
0O _ 00, < S @V2IP( 2]l F -2,
IOy, 1% k:zl( IP(1Z])Il,) N
where

e = c(ng, 0,%,Cp, Cw) := \/2Ea (51 2)* < 0, k=1,...,L. (23)

The proof of the theorem is given later on in this section. We proceed stating a proposition and a remark, which
clarify the generality of our assumptions on the activation function o.

Proposition 5.2. The following statements hold:

i. If o is the perceptron function, that is, o(x) := 1{x > 0}, x € R, then it satisfies Conditions (i) and (ii) of Theorem 5.1.

ii. If o is Lipschitz continuous and Cy, > 0, then o satisfies Conditions (i) and (ii) of Theorem 5.1. In particular, Condition
(i) holds with

2|0(0)|CwLip(o)
2VGy

iii. If o is Lipschitz continuous and o(0) = 0, then o satisfies Conditions (i) and (ii) of Theorem 5.1. In particular, Condition
(i) holds with

P(x):= X+ CwLip(a)zxz. (24)

P(x) := CwLip(0)*x*. (25)

iv. If o is such that o(-)2 is Lipschitz continuous and Cy, > 0, then o satisfies Conditions (i) and (ii) of Theorem 5.1. In par-
ticular, Condition (i) holds with

Lip(a2)CWx
2NC,

The proof of the proposition is given later on in this section.

P(x) = (26)

Remark 5.3. As a consequence of Proposition 5.2, we have that the most common activation functions satisfy the
assumptions of Theorem 5.1. Indeed, one can easily prove that the ReLU function o(x) := x1{x > 0}, the hyper-
bolic tangent function o(x) := (e** — 1)/(e* + 1), the sin function o(x) := sin(x), and the SWISH function o(x) :=
x/(1 +e™¥) are Lipschitz continuous and equal to zero in zero. Moreover, if C, > 0, then also the sigmoid function
o(x):=(1+e*) " and the softplus function o(x) := log(1 + e*) satisfy the assumptions of Theorem 5.1, and indeed
they are Lipschitz continuous. We emphasize that, if either the biases are nonnull or the activation function
vanishes at 0, then the conditions on the activation function of Theorem 5.1 are more general than the one
required in Basteri and Trevisan (2024), where o(-) is assumed Lipschitz continuous (see Theorem 3.2 and Propo-
sition 5.2 parts (ii) and (iii)). We also emphasize that the conditions on the activation function of Theorem 5.1 are
satisfied by the perceptron function that is noncontinuous and therefore non-Lipschitz (see Proposition 5.2(i).
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Another non-Lipschitz function that satisfies the conditions of Theorem 5.1 when the biases are nonnull I, for
example, a(x) := y/x1{x > 0}. Indeed, ¢? is the ReLU function and therefore Lipschitz continuous (see Proposition
5.2(iv)).

Proof of Theorem 5.1. We consider separately the cases of the first hidden layer and that of the following ones.
Case £ =1.
Because the random variables z(l) =1,...,n, are independent and identically distributed with law A/(0, s%),
we have

1 &
M _ Dy — (1y2 2
10, = OVl = |E o 21 a(z;’)" —Eo(s0Z)

1 &
= |E ZZ(G(Z;”)Z—EU(ZQ”)Z)

J=1

ﬂ Var(o(z\")?)

< \/_1 Eo(s0Z)* (27)

- \F ny
Note that this latter term is finite because of the assumption (ii).
Caset=2,...,L.
Take £€{2,...,L}. We have already noticed that, given F,_;, the random variables {zga}i:1
dent with Gaussian law with mean zero and variance

5t 1, = Cp+ COLD.

neg

(28)

n, are indepen-

,,,,,,

Therefore, letting Z,_; denote a standard Gaussian random variable, independent of F,_;, we have

(f)_ -
=5¢-1,n,_ 1folr 1_11"'171[

where the symbold £ denotes the equality in law (this relation immediately follows computing, for example, the
characteristic function of both random variables). Therefore, letting p(-) denote the standard Gaussian density,
we have

E[o(0) | Fr1]2 / (s 1n 2 p2)dz, rE{2A), i=1,...n (29)
and
E(’)ff? = EO’(Sg,l/nk] Zg,l)z.
By assumption (i) and the fact that Z,_; is independent of F,_;, we have
IEOY) — 0O = [E[o(s0-1,n.., Ze-1)'] = Elo(s¢-1Ze-1)’]]
< EP(|Ze)|OF ) — 0]

neg

< EP(|1ZI0L D — 0| 1.

Therefore,

109 — 0V, < |09 —EOY|» + [EOY — 01

=/ Var(0Y) + [EOY) — 09|
< y/Var(0Q) + EP(|ZI0OLD — 0]z (30)
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Note that
Var(O) = ( (Za(z@) ) — n2(Ea(2") )2>
= (n[Ea(zgaf +ne(ny — DEo(z\")20(z)? — n2(Ea(z\")*)?)
¢
= %(ng]Eo(z(f) )4 — TI[EO'(Z(lf))ZG(Z([)) + ngCov(a(zw))z, a(z(zf))z))
¢
= %(mVar(a(z(f))z) + (n% — ng)Cov(a(z(f) )2, a(z(zf))z))
¢
_ 1 Var(o(z“’)) )+ (1 )cOV(a(z“’)) a2y, (31)
By (29), we have

Elo(Z")"] = Eo(se-1,n, , Ze1)".
By assumption (i), we have
o(se1n, Ze1)* < P(1Z 4 |)|O£€ 11) OV 4 6(sp1Z1)?, P-as.
and so (using that Z,_; is independent of F,_; and the inequality (a2 + b)2 < 2a% +2b?,a,b €R),
Var(o(z(le))z) < ]E[a(zgf))4]
< 2EP(1Z|*)05 " — O VI3 + 2Ea(s,-12)"
= AlOg Y~ 0“ Il +¢, (32)

ng g

where A :=2EP(|Z |)2 < oo. Note that the quantities 09 ¢=2,... L, are all finite because of the assumption (ii).
Then, again by assumption (ii), we have

]EG(Sg_lZ)4 < oo, forany(=2,...,L

and therefore, ¢, < oo, for any £ =2,...,L. By the conditional independence of the random variables z(f) and z([)

given F,_1, we have

Cov(o(z\",0(z")?) = Cov(E[o(z\")* | Fe1], Elo() | Fral)
=E[(E[o(\")* | Fr_1] — Eo@ ) E[oG Y | Ferl —Eo(2))],

and so, by the Cauchy-Schwarz inequality and (29) we have
|Cov(o(z”)?,0(z"Y)| < EI(E[o(")*| Fr1] ~ Eo(z))?)’) (33)

Letting Px denote the law of a random variable X and again using (29), we have that the random variable
[a(z(f)) | Fe 1] — Ea(z(f)) has the same law as the random variable

/ (a(sgl,n“z)z— /[ )a(z«/Ch+CWy)ZIP’O([1)(dy))p(z)dz
R 0,00 ne-1

- /[O 0 2 ol T TR By (eI
Therefore, by (33) and Jensen’s inequality, we have
Covo"V, o DI SB[ (0t i 2 —ole/Cow Cup) P o (@ppla)d:
By assumption (i), it then follows that

neg

|Cov(a(z\")?, a(2")?)| < (EP(|Z]))? /[0 )E|@<" 1 y|21@0(n[:1>(dy) < AVar(@;ij})), (34)
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where the latter relation follows by the definition of the constant A. Combining (31), (32), and (34), we have
2
Var(©)) < A(Var(OY0) + 104 — 0 Vi) + o
¢

Iterating this inequality, we have

Var(0Y)) < A(A(Var(o<f2>)+||(9<“> O2|n) + L 1> + AL — 0, 4 X
Ne—q

-2 N2 ng g
c2 c2
= AVar(Of ) + A0 2 = O DI + AJOL D - O Dl + AL 4L
- o Nne_1 N

< AVar(0{7) + A0 — 0L, + AYOLD — 0|,

— 2 c? c?
+ AL — O |, + A2 L2 4 AL L
B Me—2 Me—1 W

(-1 t 2

c

< ATVar(O)) + Y ATHIOR) —~ 0Pl + Y _ATFE
k=1 k=2

-1 14 2
— _ . C
= 2A"Var(0f)) + > ATHIOY — OV|F, + Y A ké,
k=2 k=2

for any t=2,...,L, where the latter equality follows noticing that ]EO%) = OW. Here, we adopt the usual conven-
tion Zk = 0 if k; > ky. Note that by (27), we have

Var((’)(l)) < Ea(sOZ)
and so,
) < &
2Var(0,’) < P
Consequently,

C
Var(00) < Y ATHIOY — oW|E, + > " Ak
4 ; Z nk

Combining this inequality with (30) and using the elementary relation a; + a2 < Vi, + Va,, a1,a2 > 0, for any
=2,...,L, wehave

03] = 0z < ZA“ 210 - ol z+ZA“ 07 \/—+EP(|Z|)”OE€ V=0l
k=1

o
< Z B~ k)/zllo(k) O(k)” +ZB(€ K2 Sk ) (35)
k=2 k=1 G

where we used that EP(]Z|) < A'/2, and we set B := 4A. Recalling that VA =2||P(|Z])|l, and the definition of B,
one easily realizes that the claim reads as

¢

. C

”O;{;) —O(€)||Lz < Z(Z\/E)gflrii’ t=2,...,L. (36)
j= ]

Now, we use the relation (35) to prove (36) by inductionon ¢ =2, ...,L. Taking £ = 2 in (35), we have

||O(2) 09|,. < BY2L A, 2 o2, 2

Vi < 2
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for example, (36) with £ = 2. Now, suppose that
k .
109 — O¥]|.2 < Z(zx/ﬁ)"‘f%, forany k=2,...,0— 1.
= Vi

Then, by (35), we have

I0© — 0|, < ZB(f k>/222k igt=n/2 G _ +ZB(£ K2 Sk Ck
=1

k
. . Cj C
ok-iglt-p/2_S_ | N gk S
Z & ; Vit

10— l
. ; Ci C
ok-ige-nz 5 N pge-h/2 Sk
Z Vi ; Vi

=
—1 [ (-1

So 1 | B Gy S
j=1 k=j \/— \/7
(-1

| ‘ |
=Y (2VB)" \% " % =Y VB \%

=1 ] t = i

TT
- N

IA
ST

IA

~
-
I
—_

where we used that
Zz" T+1= Z 2+1=27, foranyj=1,...,6-1
k=j
because {2°},, is a geometric progression. The proof is completed. O
Proof of Proposition 5.2.
Proof of (i). The claim immediately follows not1c1ng that, because of the nonnegativity of the quantities
VCy + Cway and VCy, + Cway, we have |6(xV/Cy + Cwatz)* — 6(x/Cp + Cwar)*| =0, for any x € R.
Proof of (ii). Because o is Lipschitz continuous, we have
|02/ Cy + Cwaz)® — 0(x+/Cy + Cwar |
= |o(x/Cp + Cwaz) — o(x/Cp + Cwwar)||lo(xr/Cp + Cwaz) + o(x/Cp + Cyar) |
< Lip(0)|xllv/Cp + Cwaz — v/Cp + Cwar [ (|0(x/Cy + Cwaz)| + |0(x\/Cyy + Cwar)|)

< Lip(0)|x|lv/Cs + Cwaz — \/Cy + Cwar |[2]5(0)]

+ Lip(0) x| (v/Cp + Cwaz + /Cy + Cwar)], (37)
where the latter inequality follows noticing that (again by the Lipschitz continuity of o) for any x,x € R,
lo(kx)| < [0(0)| +Lip(a(-)) | xllx]. (38)

Multiplying and dividing the term in (37) by v/C, + Cwa, + V/Cp, + Cwai, we easily have that

|o(xVCp + Cwaz)? — 0(x\Cp + Crr)*|

, 2|0(0)]
< CwL
wlLip(o)lx| (\/Cb + Cwaz + VCy + Cyay

< P(|x])|az —a1],

+Lip(o)|x|> lay —aq

where P(x) is defined by (24). As far as Condition (ii) of Theorem 5.1 is concerned, we note that by (38)
a(xZ)* < (]o(0)] +Lip(o)|1<||Z|)4, almost surely
and so the claim is an immediate consequence of the fact that the absolute moments of Z are finite.

Proof of (iii). The proof is similar to the proof of (ii) and therefore is omitted.
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Proof of (iv). If o(-)? is Lipschitz continuous, then

|lo(x/Cp + Cwaz)” — a(x1/Cy + Cyar )?|

< Lip(6®)|xllv/Cy + Cwaz — /Cp + Cya |

. VCp + Cwaz + VCp + Cwm
= Lip(0?)|x]|\/Cp + Cwaz — \/Cp + Cwa
ip(@*)1allv/Cy + Cwaz = /Cy + Ci 1|\/Cb+CWa2+\/Cb+Cwa1
1
= Lip(c?)|x/|(C + Cwaz) — (Cp + Cwa
lp( )l ”( b W 2) ( b W 1)|\/Cb+CWa2+\/Ch+CWCll

< Lip(az)CW
T2VG

which shows that Condition (i) of Theorem 5.1 holds with P(x) given by (26). Furthermore, using (38) with o(-)?
in place of o(-), for any x € R,

o(xZ)* < (Ja(0)]? +Lip(o(-)2)|1<||Z|)2, almost surely.

|xlaz —a1],

Therefore, Condition (ii) of Theorem 5.1 is an immediate consequence of this latter relation and the fact that the
absolute moments of Z are finite. O

6. Normal Approximation of Deep Random Gaussian NNs
6.1. Normal Approximation of Deep Random Gaussian NNs in the Convex Distance
The following theorem holds.

Theorem 6.1. Let GNN(L, ng, 141,01, 0;xb, W) be a deep random Gaussian NN, and let the notation and assumptions
of Theorem 5.1 prevail. Then,

L
4.z, 7) < ¢, (;[AD/EHP( 1Z )21 \/CZ—k>

. - Lk Ck .
SCI(;M\@IIP(IZI)IIU} N R

where the constants cy, k=1,...,L, are defined by (23),

80 48
C1=Ci(no,nr+1,%,0,Cp, Cw) := Ciy (3 +5—+ 20‘5) /2, (39)
S 5L

80 48
Cy = Co(nr41,Cp, Cw) :=Cw <C3/2 + C—h + 20\5) nii/ly‘
b

and

80 48
Cs = Cs(no,n+1,%,0,Cw) := Cw ( (CyOL)2 + CpOTHD + 20@) ot

Here, sp.41 := 1/ Cp + CwOYY  and clearly the upper bound with constant C, holds under the additional assumption that
the biases are nonnull.

Remark 6.2. Let GNN(L, 1o, np.41,n1,0;%,b,W) be a deep random Gaussian NN. Theorem 3.5 in Favaro et al.
(2023) shows that if

con < ny,...,np <cin, for some constants c; > ¢, >0 and some n > 1 (40)
and o is polynomially bounded to order r > 1, then there exists a constant C such that
d.(z"Y,z) < Con~ V2.
We stress that the bounds in Theorem 6.1 provide (under different assumptions on ¢ and without any condition

on the widths of the hidden layers) a detailed description of the analytical dependence of the upper estimate on
the parameters of the model.
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Proof. Throughout this proof, for ease of notation, we put
k:=d(z¥Y,z) and y:= CW“O;LL) — 0D,

We preliminarily note that it suffices to prove that

1 < (80IIZ, L 157 + 4811, [l + 20V2)n2 %2y (41)
Indeed, the claim then follows by Theorem 5.1, noticing that
1
-1 _
||Z‘nL+1 ||op - g (42)

and that C; < C;,i=2,3.
If y > 1/e, then the inequality (41) holds because x < 1 (which follows by the definition of the convex distance) and

20V21 2y > 20V2y > 20v2/3 > 1.

From now on, we assume y < 1/e. Let h(-) := 1c(+), where C is an arbitrarily fixed measurable convex set in R"*,
and let
h(y) := Eh(Vtz + V1 —ty), te(0,1), yeR".

For any t € (0,1), by Lemma 2.8(i),
1
funly) = % / %S(Eh(«/iz +V1—ty) — Eh(z))ds, yeR""
1=

solves the Stein Equation (5) with nr.41, h;, Xy, ,, defined by (12), and z, in place of d, g, £ and Ny, respectively, that is,
h(y) — Elh(2)] = <y, V(Y. — (Zongr Hess fon(y)ps., y € R™. (43)
By Lemma 2.9, it follows that

4 20 t
K < = sup |Eh(z"Y) — Ehy(z)| + ”L“i,
31161”“1 \/E 1—t

Without loss of generality, hereafter we assume that z is independent of 7. Therefore, by (43), we have

te(0,1). (44)

Nnr41 Nnr+1
E[h(z"Y) — (@) | F] =Y B[z, 1@E D) | FLl =Y Lo, ()ELDGf, u(254) | F1]. (45)
i=1 i,j=1

By Lemma 2.8(i), for any t € (0,1), the mapping y +— 9f; ,(y) is in C}(R"+') and has bounded first-order deriva-
tives. Then, because z'*1) | F1 is a centered Gaussian random vector with covariance matrix

= (Cp+ CwOId,,,,, (46)

by Lemma 2.10(ii), we have

N1
(20, (2N Fil = > %), GBI n(z )| FLl.
j=1

On combining this relation with (45) and taking the expectation, we have

NL+1

E[h(z"V) = h(2)] = > BT, (i) = Ty, G )DELD, n(2") | FL]
i,j=1

= Y BIE[E),  ()) — Su o ()25 D) | FL]

i,j=1
= E(Z}, | — Zu.. Hess(f, n(z“)) . (47)

Nr+1

where in the second equality we used the F;-measurability of Oﬁﬁ). Taking the modulus on the relation (47) and
applying the Cauchy-Schwarz inequality, we have

B[ (2) ~ hu(2)]] < /BN, , — ZuplBrs o ElHess(f, iz s - (48)
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By Lemma 2.8(ii), for any h € Z,, ,, we have

E|Hess(f, n(z" ) s < 1T, i

(n%H(log t)21< +5301,%), te(0,1).

nr+1 ||0P
Moreover,

EIZ,, = Zulfis, = naCillol) — W2 (49)

[
On combining these relations and using the elementary inequality ya; +a, < \a, +Vay, ai,a; > 0, we have

sup |P(Viz+V1 -tz e C) —P(Viz + V1 — tz € Q)|

CGC"LH

3/2 23/12
< Cwllz,? Il (7 [log £l i +24n7 ) |OL — 0D ..

On combining this latter inequality with (44), we have

20mp41 Vi
_||znm||op(ni/f1 llog t| Vi + 24n> )y + \f“l . te(0,1). (50)
 1—t
Because x < 1, by this relation, we have
20
K < —||ZHL+1||Op(nzﬁ|logt| +24n212)) 4 LA Vi ; teO1).

V2 1-t
Setting t = 2 in this latter inequality (note that this choice of the parameter t is admissible because y < 1/e < 1),
we have

< S (2 log |-+ 2421y + et
||an+1 llyp (217 [log y| +24n77, )y +20V2n111y, (51)
where in the latter inequality we used the relation
T < V2y, (52)

which holds because y < 1/e < 1/V2. We rewrite the inequality (51) as

3/2 23/12“2

8
K < §||ZHL+1||0an+1y|log)/| +(32n7)] +20V2n141)y.

nr1 ”UP

Taking the square root and multiplying by |logy|, we have

llogy| Vi < \/ I, ey i log |2

+(32nii/112||2 ||op +20\/_nL+1)1/27/1/2|10gy|

N+l

Because max{sup . /¢y llogy|*2, ,SUP,c( 1/e]]/l/zllogyll/z} < 4, we have

llogy |V < 4\/ =, | ;;Zni/fl +4320n; P Nl +20V201.00)'

\/'
= 8—||an+1||1/2 ae

< 8£||Z ||1/2 VA 16V s I L2 +1/20V2 n’2

nr+1

l<8?+ 16\f> 1,0 7 + \/20\F] 2| n2

o+ 6y (53)

+432; P Nl +20V201.00) "

np1 ”0

< (30||=;t

nr+1
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By (50) with t = )2, (52), and (53), we finally have (41); indeed,

4
K < §||Z ! ||gp(2nif1 [logy |V + 24ni3+/112)7/ + 20\/§nL+17/

N+

4 .
<5l U 1l L6011, 1102 + 12032 + 240 2Ty +20V2n 11y

N+ nr+1 top

< (8011, I577 +48I1Z,. Ly + 20V2)n /.
The proof is completed. O

6.2. Normal Approximation of Deep Random Gaussian NNs in the 1-Wasserstein Distance
The following theorem holds.

Theorem 6.3. Let GNN(L, ng, 141,01, 0,x,b, W) be a deep random Gaussian NN, and let the notation and assumptions
of Theorem 5.1 prevail. Then,

L
dw, (Z(L+1),Z) < K; (;[4\/§||P(|Z|)”L2]Lk\;—z—k>

L —k Ck .
<K <;[4‘/§||P(IZI)IIU]L k\/—n_k>, i=23

where the constants ¢y, k =1,...,L, are defined by (23),

nr1Cw

Kl = Kl(n()/ nr+1,X,0, Cb/ CW) = L 7
1n+1Cw
Ky =Ks(n , C , C =
2 2( L+1 b W) \/C_b
and n1+1VCw

K3 = K3(n01 nLJrlr X,0, CW) =

Voo

Remark 6.4. Let GNN(L,n9,1,n;,0,x,b, W) be a deep random Gassian NN with univariate output, widths of the
hidden layers satisfying (40), and a polynomially bounded to order r > 1 activation function o. Then, by theorem
3.3 in Favaro et al. (2023), we have that there exist two constants C, Cy > 0 such that

Here again, the upper estimate with the constant K holds if C; > 0.

C C
=< dw, (Z(LH),Z) < —.
n n

Clearly, this inequality shows the optimality of the rate 1/n. Here again, we note that the corresponding bound pro-
vided by Theorem 6.3 gives (under different assumptions on o and without any condition on the widths of the hidden
layers) a detailed description of the analytical dependence of the upper estimate on the parameters of the model.

Proof. Let g € £,, ., (1) be arbitrarily fixed. Without loss of generality, we assume that z is independent of ;. By
Lemma 2.7, we then have

NL+1

E[g(z!*V) —g(z) | F1] = fra[zﬁ“”afg<z<“l>> | FLl = o, G DELf (D) | 1L, (54)

-1 ij=1
where

foly) == /OOOIE[g(z) —gle 'y + V1 —e2z)]dt, yeR"™",

Again, by Lemma 2.7, we have that the mapping y +— 9if,(y) is in C'(R"*') and has bounded first-order derivatives.
Applying Lemma 2.10(ii) exactly as in the proof of Theorem 6.1 (see a few lines before Equation (47)), we have

Elg("") ~g(@)] = (T, | — T, Hess(fy(2" s,
where the matrix I, | is defined by (46). Therefore, applying the Cauchy-Schwarz inequality as in (48), we have

[Blg(2") ~ g()]| < \/BIZ;,, — a5y ElHess (B0 s (55)
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By Lemma 2.7, we have

\/]EIIHeSS(fg(Z(L“)))lle < sup [Hessfo(Ylls. < VaralZ, lopllZn. o’
yeRV’LH

On combining these relations with (49), we have
|E[gz") = g@)]I < naaCwllZy,) ol I 105 — OV

The claim follows taking the supremum over g on this inequality and then using Theorem 5.1, relation (42), and
the fact that ||Z,, ,[l,, = 2. 0O

7. Localization of the Output

In this section, we want to show the potentiality of the obtained results for practical applications. Indeed, both
Theorem 4.1(ii) and Theorem 6.1 allow one to explicitly estimate the probability that the output of a random
Gaussian NN evaluated at the input x belongs to a suitable set without resorting to computationally expensive
Monte Carlo simulations. This is what we call output localization, which can suggest a suitable architecture
design to estimate a target function f. Indeed, in statistical learning, given a training set

{(xi,f(x1)}ieg CR™ X R,

the goal is to estimate the unknown function f by a NN with a certain fixed architecture. This is performed by
minimizing an empirical risk function over the space of NN’s parameters, that is, the biases and the weights.
Such kinds of minimization problems are nonconvex and are usually addressed by a gradient descent procedure;
the latter stabilizes toward a solution that depends on the initialization point. Because in practical applications
the initialization point is given by a realization of a random Gaussian NN, it can be convenient to choose L, n;, o,
Cp, and Cyy by exploiting output localization, that is, in such a way to have a good estimate of the probability
P(z*V(x;) € V;), i € I, where V; is an appropriate neighborhood of f(x;).

Hence, in the following we want to show how to use the upper bound on the total variation distance provided
in Theorem 4.1(ii), for a shallow random Gaussian NN with univariate output, and the upper bound on the con-
vex distance provided by Theorem 6.1, for a deep random Gaussian NN, to localize the output. Indeed, given a
measurable convex set V C R"*!, by the definitions of both the total variation and the convex distances, we have

]P(Z € V) - Cbound < P(Z(L+1) € V) < P(Z € V) + Cboundr

Cwy/ Var(a(s0Z)?) 1 (56)

2 =
Cy + CwEa(s0Z)* vy

whereL=1,1n, =1, and

Cround =

for the case of a shallow NN, whereas

L
_k Ck
Crouna 1= C1 | D_[4V2IPIZ D) == ), (57)
for the case of a deep NN, where C; is given by (39) and the constants ¢y, k =1, ..., L, are defined by (23).

L+1
LetV:= H “[ri,si] be a rectangle of R"*!. Because z is an ny.+1-dimensional centered Gaussian random vector
with covarlance matrix (12), we have

P(zeV):ﬁ(P(z S%) —IE”(Z si—))

Now, we furnish numerical values of the constant Cy,,,,,; in (56) and (57); in both cases, we take o(x) := x1{x > 0},
that is, a ReLU activation function. Because the ReLU function is Lipschitz continuous with Lipschitz constant
equal to 1, EZ? = 1 and EZ* = 3, by Proposition 5.2(ii), we have

IP(1Z))ll;2 = Cwy/EZ*1{Z > 0} = Ciy+/3/2.

By the expression of the constants c; in Theorem 5.1, we have

cr =2 V2EZM{Z >0} =52 N3, (=1,...,L.
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Table 2. Values of Cyyypg in (56) for Different Inputs x for a Shallow Random Gaussian NN with Architecture L = 1,
ng=4,n, =n,n, =1, and ReLU Activation Function

x = (0,0,0,0)

n 1 10 10* 10° 10* 10°
c Cw 001 01 1 001 01 1 001 01 1 001 01 1 001 01 1 001 01 1
b
1 002 021 149 001 007 047 000 002 015 000 001 005 000 000 001 000 000 0.00
10 001 007 047 000 002 015 000 001 005 000 000 001 000 000 000 000 000 0.00
x=(0.1,0.1,0.1,0.1)
n 1 10 10% 10° 10* 10°
c Cw 001 01 1 001 01 1 001 01 1 001 01 1 001 01 1 001 01 1
b
1 002 021 149 001 007 047 000 002 015 000 001 005 000 000 001 000 000 0.00
10 001 007 047 000 002 015 000 001 005 000 000 001 000 000 000 000 000 0.00
x=(0.5, —0.5,0.5, —0.5)
n 1 10 10* 10° 10* 10°
c Cw 001 01 1 001 01 1 001 01 1 001 01 1 001 01 1 001 01 1
b
1 002 022 154 001 007 049 000 002 015 000 001 005 000 000 002 000 000 0.00
10 001 007 047 000 002 015 000 001 005 000 000 001 000 000 000 000 000 0.00
x = (10,10, 10, 10)
n 1 10 10* 10° 10* 10°
c Cw 001 01 1 001 01 1 001 01 1 001 01 1 001 0.1 1 001 01 1
b
1 003 048 044 001 015 014 000 005 004 000 002 001 000 000 000 000 000 0.00
10 001 009 036 000 003 011 000 001 004 000 000 001 000 000 000 000 000 0.00
Table 3. Values of Cyyypg in (57) for Different Inputs x for a Deep Random Gaussian NN with Architecture L = 3,
ng=4,n, =ny =n3 =n,ny =1, and ReLU Activation Function
x=(0,0,0,0)
n 10* 10° 10° 107 108 10°
c Cw 001 01 1 0.01 0.1 1 001 0.1 1 001 0.1 1 001 0.1 1 001 0.1 1
b
1 003 058 8859 001 0.18 2801 000 006 88 000 002 280 000 001 089 000 0.00 028
10 007 138 33157 002 044 10485 001 014 3316 000 0.04 1049 000 0.01 332 000 0.00 1.05
x=(0.1,0.1,0.1,0.1)
n 10* 10° 10° 107 108 10°
c Cw 001 01 1 0.01 0.1 1 001 0.1 1 001 0.1 1 001 0.1 1 001 0.1 1
b
1 003 058 8930 001 0.18 2824 000 006 893 000 002 28 000 001 089 000 000 028
10 007 138 33185 0.02 044 10494 001 014 3318 0.00 0.04 1049 000 0.01 332 000 0.00 1.05
x= (0.5, —0.5,0.5, —0.5)
n 10* 10° 10° 107 10® 10°
c Cw 001 01 1 001 0.1 1 001 0.1 1 0.01 0.1 1 001 0.1 1 001 0.1 1
b
1 003 058 10614 001 0.18 3356 0.00 006 1061 000 002 336 000 001 106 000 0.00 0.34
10 0.07 138 33862 002 044 10708 0.01 0.14 3386 0.00 004 1071 000 001 339 000 000 1.07
x = (10,10,10,10)
n 10* 10° 10° 107 108 10°
c Cw 001 01 1 001 0.1 1 001 0.1 1 001 0.1 1 001 0.1 1 001 0.1 1
b
1 003 190 299850 0.01 0.60 94821 0.00 019 299.85 0.00 0.06 9482 0.00 0.02 2999 000 0.01 948
10 0.07 1.69 3,02747 002 054 95737 0.01 0.17 30275 0.00 0.05 9574 0.00 0.02 3027 000 001 957
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Table 4. Values of C; in (39) for Different Inputs x for a Deep Random Gaussian NN with Architecture L = 3,
ng=4,n, =np, =n3 =n,ny4 =1, and ReLU Activation Function

x = (0,0,0,0) x =(0.1,0.1,0.1,0.1) x = (0.5, —0.5,0.5, —0.5) x = (10,10,10,10)
c Cw o001 0.1 1 0.01 0.1 1 0.01 0.1 1 0.01 0.1 1
b
1 155 1480  85.04 1.55 14.80 85.00 1.55 14.80 83.86 1.55 14.78 33.09
10 0.36 352 3183 0.36 3.52 31.83 0.36 3.52 31.82 0.36 3.52 30.28

By the definition of the quantities o9 ¢=1,... L, (see (10)), we have
09 =s2 EZ21{Z>0}=52 ,/2, (=1,...,L
with 0© given by (11). Therefore,

Table 2 gives the values of Cpyypg in (56) in the case of a shallow random Gaussian NN with architecture L = 1,
no=4,n; =n, and ny =1 for different values of n € {1, 10,10%,10°,10%, 105}. Table 3 gives the values of Cpyypg in
(57) in the case of a deep random Gaussian NN with architecture L = 3, ng =4, ny =np =nz =n, and ny =1, for
different values of n € {10*,10°,10°,107,108,10%}. In both tables, we consider four different inputs,

x €{(0,0,0,0),(0.1,0.1,0.1,0.1), (0.5, —0.5,0.5, —0.5),(10,10,10,10)},
whose Euclidean norm is, respectively, 0, strictly less than 1, 1 and strictly larger than 1, and
C,e{1,10} and Cy €{0.01,0.1,1}.

It is clear from Table 2 that for a shallow random Gaussian NN, the Gaussian approximation of the output is
very good for any of the choices of the parameters 7, C;, and Cyy and of the input x. It is also clear from Table 3
that for a deep random Gaussian NN, such as the considered NN with three hidden layers, the Gaussian approx-
imation of the output is very good for some choices of the parameters C,, Cy, and n and of the input x (also
when the number 7 of neurons in the hidden layers is not excessively large), but it is very poor for other choices
of these quantities. In order to analyze the influence of the parameters C, and Cyy and of the input x on the value
of Cpouna in (57), in Table 4 we reported the value of the constant C; that appears in (57), and it is explicitly given
in (39). As it can be seen from this table, the value of Cp,nq strongly depends on the value of C;, which, in turn, is
closely related to the choice of the parameters C;, and Cyy and does not depend much on the norm of the input
vector x.
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