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Abstract—Flow phenomena induced by jet intake in a water
body occur in natural environments such as pollutant discharge
in rivers and engineering applications such as marine waster
water outfalls. A study of buoyant and non-buoyant jets propa-
gating into open-channel flows has been performed through a 2D
SPH modelling.

Two-phase flows in open channels are treated through an
appropriate algorithm to model inlet/outlet boundary conditions.
SPH equations of fluid mechanics are coupled with a SPH form of
advective diffusion equation to treat different ranges of pollutant-
water density ratios. Attention is paid to determine the induced
flow and concentration field due to the interaction between the
jet and the ambient flow.

SPH simulations of coflow and crossflow jets in buoyant and
non-buoyant conditions have been carried. The model has been
validated near the jet nozzle and far from it, comparing the
numerical jet trajectories, velocities and concentration fields with
the analytical ones.

I. INTRODUCTION

Jets have been investigated intensively for many years
by the fluid mechanics community (see e.g. [1], [2]). The
interest comes from the importance of these phenomena in
several environmental and industrial flows. Jet discharges from
industrial and domestic sources often enter rivers and marine
areas. This flow configuration is of theoretical significance
in environmental hydraulics and fluid mechanics due to the
complex interaction between a jet and an ambient flow. This
interaction leads to large-scale vortical structures which play
a fundamental role in the entrainment of the ambient fluid
into the discharge jet. In addition the transport process gives
rise to mixing and dilution processes of the jet [3]. The present
analyses are addressed to investigate buoyant and non-buoyant
jets in shallow water streams.

SPH modelling of continuous jet discharges in open-channel
flows needs appropriate inlet/outlet boundary conditions. As
is common knowledge, the enforcement of these conditions is
not trivial for Lagrangian particle models. Some researches
have developed SPH models to treat upstream/downstream
conditions in order to simulate uniform flows [4], [5]. Federico
et al. [6] have proposed a suitable SPH-based algorithm to
model these boundary conditions in handling different flow
regimes in water streams. In this work, initial velocities,
pressures and water depths both upstream and downstream
in the computational domain are defined. Here, the basis of
the computational method given by Federico et al. [6] is

extended to model continuous two-phase fluids through the
intake of tracer with the same or a different density as the
surrounding open-channel flow. In order to determine the main
flow phenomena induced by jet-water interaction, appropriate
inflow-jet particles are introduced at different locations to
simulate crossflow and coflow jets. SPH equations of fluid
mechanics [7] are coupled with an advective diffusion SPH
model [8] to simulate the flow field and the consequent mass
transport for different range of jet-water density ratios. SPH
simulations are performed in near field and far one.

In the following section the adopted SPH governing equa-
tions are recalled. Afterwards the algorithm to model jets
in a finite open-channel flow through appropriate boundary
conditions is illustrated. Comparisons of the proposed SPH
model with analytical solutions are reported, showing the
evolution of jet trajectories, velocities and concentrations given
by the two-phase fluid interaction.

II. NUMERICAL SCHEME

A. Governing equations

The reference equations for the flow evolution assuming a
weakly-compressible fluid are:



Dv
Dt

= −∇p+ ρ f +∇ ·V + Fs

Dρ

Dt
= −ρ∇ · v

p = c20 (ρ− ρ0)

(1)

where v, p and ρ are, respectively, the velocity, pressure and
density of a generic material point, f represents the mass force
acting on the fluid, ρ0 the initial density at the free surface,
c0 the initial sound speed, V the viscous stress tensor and Fs
the surface tension forces. The continuum equations proposed
by Grenier et al [7] are here used to model two-phase flows.
The SPH scheme is:
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The subscrips indicate the quantities associated with the a-th
and b-th particles. The subscript k refers only to the particles
belonging to the fluid X containing the particle a. In particular,
being ra the position of a a-th particle, rab = ra − rb and
rak = ra − rk. The symbol ∆Vb is the b-th particle volume
and Vb = mb/ρb where mb is the b-th particle mass (constant
during the flow evolution). The symbol W (rab) represents the
kernel centered at the b-th particle position and evaluated at
the a-th particle position and a denotes the gradient taken with
respect to the coordinates of particle a. In the system (2) the
value of ρ is calculated through a Shepard kernel [9]. The
parameter χ ranges between 0.01 and 0.1, and the second
summation of the first equation in system (2) is applied to
all the particles which do not belong to the fluid of the a-th
particle; the latter set of particles is noted by Xζ .

In order to deeply investigate the physical processes due to
the two-phase flow interaction, the evaluation of the flow and
concentration field is required. Therefore the equations (1) are
coupled with the classical advective diffusion equation [1]:

DC

Dt
= D∇2C −∇ · (vC) (3)

where D is the diffusion coefficient and C is the concen-
tration.

A host of processes in rivers lead to a mixing to occur much
faster than by molecular diffusion alone [10]. Recently a SPH
model is formulated to solve the advective diffusion equation
[8], taking into account for the diffusion and advective contri-
butions occurring when a tracer propagates into a water stream.
Following the approach used by Cleary and Monaghan [11]
for determining a SPH formalism of heat conduction equation,
the rate of change of concentration, DCa/Dt, for two-phase
flows has been derived as follows:

DCa
Dt

=
∑
b

mb

ρaρb

4DaDb

Da +Db
(ρa + ρb)

rab · ∇aW (rab)
r2
ab

Cab

−
∑
b

mb
Cb
ρa

(va − vb) · ∇aW (rab)

(4)
The proposed form (4) gives a smoothed density gradient at

the contact surface of two fluids, preventing anomalous high

Fig. 1. Sketch of the computational domain: different colours are associated
to different sets of particles.

values of the concentration and leading to a natural decay in
the mixing processes [8].

B. Boundary conditions

Here, the techniques to model solid boundaries and enforce
upstream and downstream boundary conditions are described.

The upstream and downstream boundary conditions are en-
forced through the in/out-flow algorithm proposed by Federico
et al. [6]). In order to assign upstream and downstream flow
conditions and model the jet injection, five sets of particles
are defined as follows: fluid, fixed ghost, inflow, outflow
and inflow-jet particles. Fig. 1 shows the initial sketch of
the computational domain: different colours are associated to
different sets of particles. In this case the jet input is located
upstream the channel as an example of coflow jet. Further
jet configurations are also adopted in the present paper to
simulate crossflow jets. With reference to the computational
procedure, the flow is directed along the x-axis and is limited
by an inlet and an outlet boundary. An inflow and an outflow
threshold are defined, the particles that cross these thresholds
change the set they belongs to. The use of in/out-flow particles
permits the imposition of different velocity both upstream and
downstream in the computational domain. For what concern
the water levels, only the upstream condition is assigned while
the downstream one is determined by the flow evolution.

The solid boundaries are modeled through the fixed ghost
particles approach (see [12]). In this technique, the ghost
particles are fixed in the frame of reference of the body and
are created only once at the beginning of the simulation. To
compute the quantities attributed to each ghost particle, an
interpolation point is associated to it. This interpolation point
is obtained by mirroring the position of the fixed ghost particle
into the fluid domain. Then, at each time step the physical
quantities of the interpolation point are evaluated through a
Moving Least-Square interpolation (see e.g. [13]) of the fluid
particle values. In this way it is possible to enforce both
Dirichlet and Neumann conditions.
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III. NUMERICAL SIMULATIONS

A jet intake can be in the same direction as the ambient
motion, in the opposite direction, perpendicular to the ambient
motion, or at some intermediate angle. Here, attention is paid
to the flows referred to non-buoyant coflow and crossflow jets,
and buoyant crossflow jets.

For non-buoyant (advected) jets the initial momentum flux
generally dominates the behaviour close to the nozzle. This
type of flow is called strong jet and is weakly advected. The
behaviour of the flow is similar to that of the simple jet. Further
away from the source the entrained ambient momentum flux
dominates the flow and the kind of flow changes. The flow is
now said to be strongly advected. With reference to buoyant
crossflow jets, the flow has initially a jet-like behaviour (strong
jet). In this region, both the buoyancy-generated momentum
flux and the entrained ambient momentum flux increase in
size. If the buoyancy-generated momentum flux dominates
after the strong jet region, the flow behaves like a plume.
However, if the entrained ambient momentum flux dominates
the flow after the strong jet region, the flow is an advected
line momentum puff [14]. Fig. 2 shows a general sketch of
the three simulated test cases, where the densities ρ0 and ρ1

refer to water and jet, respectively. The symbol U0 refers to the
initial horizontal velocity in the open channel, U1 and V1 to the
horizontal and vertical velocity of the jet, and Ue = U1 − U0

to the excess velocity between the jet and the water.

A. Non-buoyant jets in crossflow

The first test case refers to a time-constant intake of tracer
transversely to the open-channel flow direction. The open
channel is characterized by L = 20 d, where L is the water
stream length and d is the jet diameter, H = 20 d, being H
the channel depth, and an initial horizontal velocity U0 along
x-axis. The jet with a velocity of V1 along z-axis is injected
perpendicularly to the incoming flow. Numerical simulations
are carried out adopting the same density values between water
(ρ0) and jet (ρ1). SPH results are compared with an analytical
method for predicting the axis of core jets in cross-flow [15]:

x =
Cd
π

U2
0

V 2
1

(z
d

)2
(

1 +
Nz

3d

)
d (5)

where the coefficients were set equals to: Cd = 1.5 and
N = 5.2 (V1/U0)−0.58.

Fig. 3 reports the comparisons between SPH simulations and
analytical method proposed by Crowe and Riesebieter [15] in
terms of axis of jet core, showing a general agreement between
the solutions. The results are obtained for two initial velocity
ratio between the vertical component of velocity of the jet
and the horizontal component of velocity of the water body
for V1/U0 = 2.0 (Fig. 3a) and V1/U0 = 4.0 (Fig. 3b).

The jet evolution into an uniform current using the proposed
SPH model is highlighted, respectively, in Figs. 4a and 4c
for the mentioned two velocity ratios. The jet trajectory is
characterized by a progressive strong deflection of the axis
core, particularly noticeable for V1/U0 = 2.0, due to its

Fig. 2. Sketch of non-buoyant jet in crossflow (a), buoyant jet in crossflow
(b) and non-buoyant jet in coflow (c).

interaction with the incoming ambient flow. The increasing
in velocity ratio leads to a growth of a relevant vortical
structure in the clockwise direction [2]. Figs. 4b and 4d show
the SPH simulations of the velocity field induced by jet-
water interaction, in which the velocity |v| =

√
(u2 + v2)

is reported. It can be observed a dispersion effect of the initial
high values of V1 into the ambient flow. The simulations are
carried out for t(U0/d) = 10.0, which represents a time
duration long enough to reach steady state conditions. The
adopted spatial resolution is dx = 0.01d.

B. Buoyant jets in crossflow

The second SPH simulation deals with a continuous buoyant
jet in a crossflow condition. In particular, a buoyant jet is
due to different densities between the jet and the surrounding
flow (ρ0 6= ρ1). They are common both in natural geophysical
situations, but also in hydraulic, environmental and industrial
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(a) (b)

(c) (d)

Fig. 3. SPH configuration of non-buoyant jets in crossflow at t(U0/d) = 10.0 and comparison with analytical method for V1 = 2U0 (a) and V1 = 4U0

(c). SPH streamline velocity field [(b) and (f)].

applications, including various types of discharges into water
streams or oceans in treatment facilities. The buoyancy of
these discharges is usually due to differences in temperature,
salinity or suspended solids [16].

The numerical water stream is defined through the following
dimensions: L = 20 d and H = 10 d. The velocity ratio is set
equal to V1/U0 = 2.0 and the jet density, ρ0 = 1.030ρ1. This
last ratio is typical for discharge of waste water in salt water as
in the case of marine outfalls. The densimetric Froude number
Fr1 = U1/

√
g′ d is set to 18, being g′ = g[(ρ0−ρ1)/ρ0] with

g gravity acceleration.
The performances of the SPH model are validated against

the following analytical relationship proposed by Papanicolaou
et al. [17]:

z =
lM

(RiR)−1/3

(
3

π
√

0.5

)[
RiR

x

lM
+ 0.5

(
RiR

x

lM

)2
]1/3

(6)

where Q = V1 d is the specific mass flux, M = QV1 is the
specific momentum flux, B = [(ρ0−ρ1)/ρ0] g Q is the specific
buoyancy flux. Being lM = M3/4/B1/2 and lQ = Q/M1/2,
the jet Richardson number is defined as Ri = lQ / lM .

Fig. 4 highlights the comparisons between SPH simulations
and analytical method proposed by Papanicolaou [17] in terms
of axis of jet centre, showing a general agreement between
the solutions. The results refer to the weakly advected and
transition regions. Also in this case, the simulations are carried
out for t(U0/d) = 10.0. The adopted spatial resolution is dx =
0.075d.

C. Non-buoyant jets in coflow

The last test case is referred to a continuous jet injected in
a co-flowing environments. This kind of jet occurs when its
direction is the same with respect to the surrounding flow. The
simulations refer to a jet with U1 = 4U0 in a open-channel
flow characterized by L = 20 d and H = 10 d.

With reference to the weakly advected region (near field)
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Fig. 4. SPH particle configuration of buoyant jet in crossflow compared with
the analytical trajectory of the core jet for t(U0/d) = 10.0, V1/U0 = 2.0
and ρ0/ρ1 = 1.030.

and the strongly advected region (far field), the horizontal
component of velocity at the jet core evaluated by SPH is
compared, respectively, with the following analytical solutions
[18]:


u(z < z0;x0) = U0 +

Ue
2
erfc

(
z1 − z
b

)

u(z ≥ z0;x0) = U0 +
Ue
2
erfc

(
z − z2
b

) (7)

{
u(z;x0) = U0 + Ue exp

[
(z − z0)2

b2

]
(8)

where Ue = U1 − U0, x0 is the initial jet position along
x-axis, z0 = 5.0 d is the initial core of jet axis, z1 = 4.5 d is
the initial upper jet limit, and z2 = 5.5 d is the initial lower jet
limit along z-axis and b is the jet spread, evaluated by [18]:

db

dx
= k

Ue
Ue + U0

(9)

being the velocity spread constant, k = 0.125 [19]. With
reference to a time interval long enough to reach steady state
conditions (t(U0/d) = 100.0), Fig. 5 reports the comparison
between the SPH simulations of the horizontal velocity field
and the analytical solution expressed by Equation (7) in the
weakly advected region for x0/d = 1.0 (Fig. 5a) and x0/d =
2.0 (Fig. 5b). These two spatial positions are characterized
by a nearly constant shape of the jet velocity. Adopting the
same previous time conditions, Fig. 6 shows the simulated
values of u/U0 in comparison with the analytical ones given
by Equation (8) in the strongly advected region for x0/d = 5.0
(Fig. 6a) and x0/d = 10.0 (Fig. 6b) where a defined gaussian
shape and a reduction of the velocity is evident. A general
agreement between SPH results and analytical ones can be
observed in Figs. 5 and 6. It is worth noting that the separation
of two mentioned flow zones occurs, in this case, at about
x0/d ∼= 3.0÷ 4.0.

The numerical simulation of the concentration field are com-
pared with an analytical solution deduced from the advective
diffusion equation as follows [10]:

C(z < z0;x0) =
C1

2
erfc

 z1 − z√
4Dx0
Ue



C(z ≥ z0;x0) =
C1

2
erfc

 z − z2√
4Dx0
Ue


(10)

where the diffusion coefficient, D, is set to 5 · 102m2/s.
This values proves to be in agreement with the empirical
values of D adopted for applications in water streams [10].

As in the case of the horizontal velocity field, Fig. 7
highlights the comparison between SPH simulations and ana-
lytical solution given by Equation (10) in the weakly advected
region for x0/d = 1.0 (Fig. 7a) and in the strongly advected
region for x0/d = 5.0 (Fig. 7b). The concentration field
highlights an exponential decay in the upper and lower zone
of the axis of the jet core when the flow exceeds the zone near
the jet nozzle.

Fig. 8 reports the SPH simulations referred to the time
evolution of the jet, the horizontal component of velocity and
the concentration field for t(U0/d) = 5.0, 10.0 and 20.0.
The adopted spatial resolution is dx = 0.01d. The spatial
configurations of the jet are shown in Figs. 8a, 8d and 8g.
At first an initial horseshoe shape of the jet occurs, followed
by some vortices at the upper and lower boundary of the jet tip
due to the progressive jet-water interaction. The principal jet
direction moves toward the water surface. This phenomenon
leads to a growth of vortical structures influencing also the
water level.

Figs. 8b, 8e and 8h show the horizontal velocity field,
u/U0, for the mentioned time steps. A temporal decay in
the magnitude of jet velocity induced by friction offered by
the ambient flow can be observed. The concentration field,
C/C1, being C1 the initial jet concentration, is shown in Figs.
8c, 8f and 8i. A larger vortex at the lower boundary with
respect to the upper one can be noticed. This phenomenon
leads to a successive general counter-clockwise rotation of the
concentration field near the jet tip.

IV. CONCLUSION

The work is concerned with a SPH-based model for the
analysis of buoyant and non-buoyant jets propagating into
water streams. The algorithm proposed by Federico et al. [6]
for the enforcement of upstream/downstream flow condition
has been extended to model two-phase flows through a suitable
set of inflow-jet particles. The model allows to simulate open-
channel flows in uniform, non-uniform or unsteady regime.
In addition the adopted equations of fluid mechanics have
been coupled with an advective diffusion equation within the
framework of the SPH formalism.
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(a) (b)

Fig. 5. Non-buoyant jet in coflow: comparisons between analytical solution of horizontal velocity and numerical results at t(U0/d) = 100.0 in the weakly
advected region for x0/d = 1.0 (a) and x0/d = 2.0 (b).

(a) (b)

Fig. 6. Non-buoyant jet in coflow: comparisons between analytical solution of horizontal velocity and numerical results at t(U0/d) = 100.0 in the strongly
advected region for x0/d = 5.0 (a) and x0/d = 10.0 (b).

(a) (b)

Fig. 7. Non-buoyant jet in coflow: comparisons between analytical solution of concentration field and numerical results at t(U0/d) = 100.0 in the weakly
advected region for x0/d = 1.0 (a) and in the strongly advected region for x0/d = 5.0 (b).
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Fig. 8. Non-buoyant jet in coflow: time-evolution of the jet [(a), (d), (g)], horizontal component of velocity [(b), (e), (h)] and concentration field [(c), (f),
(i)] for t(U0/d) = 5.0, 10.0 and 20.0.

Continuous jets in cross-flow and co-flow in shallow water
conditions are tested varying the inlet velocity and analyzing
the evolution of the flow field (jet trajectories and velocities)
and the associated concentration. The results obtained by SPH
have been compared with analytical methods, showing an
overall good agreement near the jet nozzle and far away. The
proposed SPH model could be extended through appropriate
boundary conditions to study counterflow and multiple jets.
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